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OPTIMAL CONTROL PROBLEM FOR NON-LINEAR
DEGENERATE PARABOLIC VARIATION INEQUALITY:
SOLVABILITY AND ATTAINABILITY ISSUES

Nina V. Kasimova! Olha P. Kupenko! Iryna M. Tsyganivska!

Abstract. We investigate the optimal control problem with respect to coefficients of
the degenerate parabolic variational inequality. Since problems of this type can have
the Lavrentieff effect, we consider the optimal control problem in a class of so-called H-
admissible solutions. We substantiate the attainability of H-optimal pairs via optimal
solutions of some nondegenerate perturbed optimal control problems.

Key words: parabolic variation inequality, optimal control problem, control in coeffi-
cients, approximation, existence result, attainability result.
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1. Introduction

The purpose of this paper is to investigate optimal control problem associated
with a degenerate parabolic inequality. The control is a matrix of coefficients in
the main part of elliptic operator. It is well known that degenerate control prob-
lems of this type may admit nonuniqueness of admissible solution classes, which
implies non-uniqueness of optimal solutions of particular kind and the optimal
control problem in the coefficients can be stated in different forms depending on
the choice of the class of admissible solutions (for example W- or H-solutions if
we consider the weighted Sobolev space W or its subspace H as the phase space,
correspondingly) (see [1], [2] and references there). These spaces allow to enlarge
the class of boundary value problems and variational inequalities which are sol-
vable by functional-analytical methods. In fact, we consider variational inequality
with some degenerate weight function which is not bounded away from zero and
infinity but only satisfying some local integrability conditions. Under these as-
sumptions the nonlinear differential operator in our inequality is not coercive in
the classical sense.
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Since the range of OCPs in coefficients is very wide, including as well optimal
shape design problems, optimization of certain evolution systems, some problems
originating in mechanics and others, this topic has been widely studied by many
authors (see [1]- [3], [6] and others).

As F. Murat showed (see [7]), in general, such problems have no solution even
if the original elliptic equation is non-degenerate. It turns out that this feature
is typical for the majority of problems for optimal control in coefficients. So,we
have to restrict our optimization problem by introducing some additional control
constrains (see, for instance, [8]). An optimal control problem for a variational
inequality with the so-called anisotropic p-Laplacian in the principle part of this
inequality is studied in [9] where the authors showed that the original problem is
well-posed and derived existence of optimal pairs. In [10] an optimal control prob-
lem associated to Dirichlet boundary value problem for non-linear elliptic equation
on a bounded domain is considered. In [6] the authors study the existence of op-
timal solutions in coefficients associated to a linear degenerate elliptic equa-tion
with mixed boundary condition where by control variable they mean a weight
coefficient in the main part of the elliptic operator. The sufficient conditions of
the existence of weak solutions to one class of Neumann boundary value problems
(BVP) are obtained in [11], and moreover, the authors propose a way for their
approximation. In [12] the existence of H-optimal solutions for optimal control
problem in coefficients for degenerate variational elliptic inequalities of monotone
type in the class of so-called generalized solenoidal controls was proved. The solv-
ability results for optimal control problems for degenerate elliptic and parabolic
variation inequalities one can find in [13-16].

Taking into account a wide spectrum of application of the optimal control
theory, in particular, we deal with possibilities of some types of approximation of
original problems by those that are better researched and converge to the original
problems in a suitable way. As for problems similar to the one studied in the given
paper, in application a degenerate weight p occurs as the limit of a sequence of non-
degenerate weights p for which the corresponding “approximate” optimal control
problem is solvable. Thus, naturally, it arises the question: if limit points of the
family of admissible solutions to the perturbed problems appear to be admissible
solutions to the original problem, whether all optimal solutions are attainable in
this sense? Note that for some optimal control problems the attainability and
approximability questions remain in the focus of attention. In particular, similar
questions were raised in [17] where the author studies the attainability issue for
optimal control problem in coefficients for degenerate variational inequality of
monotone type in the class of H-admissible solutions. In [2]| the authors prove
the existence of W-solutions to the optimal control problem and provide way for
their approximation. In [18,19] the author investigates the attainability issue for
optimal control problem for degenerate linear elliptic and parabolic inequalities
respectively.

Here we concentrate on the solvability of optimal control problem in coeffi-
cients for degenerate parabolic inequality in the so-called class of H-admissible
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solutions. Moreover, we are interested about attainability of H-optimal solutions
to degene-rate problems via optimal solutions of non-degenerate problems.

2. Preliminaries and Notations

Let Q be a bounded open subset of RV (N > 2) with Lipschitz boundary. For
any subset F C 2 we denote by |F| its N-dimentional Lebesgue measure L(E).
The space I/VO1 () is the closure of C§°(€2) in the classical Sobolev space W11 (Q).
Let p be a real number such that 2 < p < oo and let ¢ be its conjugate, namely
p~ '+ ¢ ! = 1. We say that a weight function p = p(x) is degenerate in RV if

p(z) >0 ae. in RY and p+ p~ /=Y ¢ Ll (RY), (2.1)

and the sum p 4 p~ /=1 does not belong to L>(), in general. For a given
Q € RY we associate to this function the weighted Sobolev space W = W (£, pdxr)
which is a set of functions y € I/VO1 1(Q) for which the norm

N » 1/p
lyll, = (/Q (|yrp+,o2 ) dw) (2.2)
i=1
is finite.

Together with W let us consider the space H = H (€, pdx) which is the closure
of C§°(Q) in W.

Note that the spaces W and H are reflexive Banach spaces with respect to
the norm || - ||, due to the estimate

1/p p/(p—1)
[ 1sld < ( / p|Vy£dx) ( oo da:) < Cllyll
Q Q Q

where ||, = (Z]kvzl ‘77k|p) v is a Holder norm of order p in RV. It is clear that
HCW.

Since the smooth functions are in general not dense in the weight Sobolev
space W, it follows that H # W; that is, for a “typical” degenerate weight p
the identity W = H is not always valid (for the corresponding examples we refer
to [3,5]). However, if p is a non-degenerate weight function, that is, p is bounded
between two positive constants, then it is easy to verify that W = H = VVO1 P(Q).
We recall that the dual space of H is H* = W—1=2/(=1(Q, p=1/ =D dz) (for
more details see [6]).

dy
8901-

Remark 2.1. Assume that there exists a value v € (%, —i—oo) N [ﬁ, —i—oo) such

that p=” € L'(Q). Then the following result takes place (see [6]): relation (2.1)

implies that
N » 1/p
liylllpe = [/ 5 pdx]
Qi1

ox

Jy
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is a norm of the space H equivalent to (2.2) and the embedding
H — LP(Q)

is compact and dense.

Parabolic Variational Inequalities. Following Lions [20], let us cite some well-
known results concerning solvability and solution uniqueness for non-degenerate
non-linear parabolic variational inequalities which will be useful in the sequel.

Let V be reflexive Banach space and H be Hilbert space and

YV CHCV. (2.3)
Let us consider such operator A that:

— A is an infinitesimal generating operator of a semigroup (2.4)
s — G(s) in V,H,V*, which is a compressive semigroup in #. '
Let us consider a non-linear operator A such that

A:V — V" is a pseudomonotone operator, i.e.

it is bounded and if y; — y weakly in V),
Y,y € K and km (A(yr), y& — y)y < 0 then (2.5)
—00

lim (A(yk), yx — v)v = (A(y),y —v)y Vv €V,

k—oo

and

A is a coercive operator :
there exists such element vy € K that (2.6)
(A(v),v — vo)y
[olly

— o0 as |jv]| — oo,

where
KC is a convex closed set in V. (2.7)

Using operators, spaces and sets discussed above, and taking A = %7 we can
consider the following problem for variational parabolic inequalities in its “weak”

statement (see for details [20]): find u € K such that
(Avyv = by + (A, = by 2 {0~ uy o
Yo € K, v € V*, v(0) =0, '

where f € V*.
Let us consider some “consistency conditions” for A and K: Vv € K there
exists some ‘“regularizing” sequence v; which satisfies the following conditions:
(IS K, ’U;- eV, ’Uj(O) =0,
v; = vinV, j — oo, (2.9)

lim (Av;,v; — v)y < 0.
j—00
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Theorem 2.1. [20, Theorem 9.1] If for convezr set K and semigroup G(s) we
have
G(s)K C K Vs >0,

then (2.9) takes place.

Theorem 2.2. [20, Theorem 9.2] Let conditions (2.3), (2.4), (2.5), (2.6) with
vo € K such that v, € V, v9(0) = 0, and (2.9) are fulfilled. Then Vf € V* there
exists the solution w € K for the variational evolution inequality (2.8).

Theorem 2.3. [20, Theorem 9.4] Let conditions of Theorem 2.2 are fulfilled.
Let us assume that Yu,v € K :

(A(u) — A(v),u —v)y <0=u=no. (2.10)
Then the inequality (2.8) admits a unique solution.

Smoothing. Throughout the paper € denotes a small parameter which varies
within a strictly decreasing sequence of positive numbers converging to 0. When
we write € > 0, we consider only the elements of this sequence, while writing
€ > 0, we also consider its limit ¢ = 0.

Definition 2.1. We say that a weight function p with properties (2.1) is approxi-
mated by non-degenerate weight functions {p®}.>¢ on € if:

p°(z) >0 ae. in Q, p°+ (p°) 71 € L®(Q), Ve > 0, (2.11)
P = p, (p°)V ) 5 p7 V=Y iy L1(Q) as e — 0. (2.12)
Remark 2.2. The family {p°}.>0 satisfying properties (2.11)-(2.12) is called the

non-degenerate perturbation of the weight function p.

Examples of such perturbations can be constructed using the classical smoo-
thing. For instance, let ) be some positive compactly supported function such
that Q@ € L®(RY), [on Q(z)dz = 1, and Q(z) = Q(—x). Then, for a given
weight function p € L} (RY), we can take p° = (p)., where

loc

1 T —z

P = [ @ ( ) poydi= [ Qeple+ende.  (213)
9 RN g RN

In this case, we say that the perturbation {p® = (p)c }e>0 of the original degenerate

weight function p is constructed by the “direct” smoothing scheme.

Lemma 2.1. [12] If p,p /=D € L} (RN) then the “direct” smoothing {p° =
(p)e te>0 possesses properties (2.11)-(2.12).

Radon measures and convergence in variable spaces. By a nonnegative Radon
measure on () we mean a nonnegative Borel measure which is finite on every
compact subset of 2. The space of all nonnegative Radon measures on 2 will



6 N. V. Kasimova, O.P. Kupenko, I. M. Tsyganivska

be denoted by M (). If y is a nonnegative Radon measure on 2, we will use
L™(Q,du), 1 < r < oo, to denote the usual Lebesque space with respect to the
measure p with the corresponding norm || f||zr(q, au) = (fQ |f(x)|" dﬂ) T

Let {ue}tes0, p# be Radon measure such that p. —* pin M (Q) : that is,

lim [ pdu. = / odp Yo € CRY), (2.14)
Q Q

e—0

where C§° (R™) is the space of all compactly supported continuous functions. A
typical example of such measures is du. = p°(z)dz, du = p(x)dx, where 0 <
p° — pin L'(Q). Let us recall the definition and main properties of convergence
in the variable LP-space.

1. A sequence {v. € LP(), dug)} is called bounded if

e—0

hm/ |ve|P dpe < +00.
Q

2. A bounded sequence {v. € LP(,dpu.)} converges weakly to v € LP(Q,du)
if im0 [ vepdpe = [ovedp for any ¢ € C§°(Q) and we write v. — v in
129, dpe).

3. The strong convergence v. — v in LP(§),du.) means that v € LP(Q,du)
and

lim [ veze dpe = / vzdp as ze — z in LI(Q, dpue). (2.15)
e=0 Jo Q
The following convergence properties in variable spaces hold:
(a) Compactness criterium: if a sequence is bounded in LP(€2, dpu.), then this
sequence is compact with respect to the weak convergence.
(b) Property of lower semicontinuity: if v — v in LP(£, dpu.), then

lim [ |vel|P dpe > / P dp. (2.16)
e—=0JQ Q

(c) Criterium of strong convergence: v, — v if and only if v. — v in LP(£2, du.)

and
lim/ |ve|P dpte :/vpdu. (2.17)
e—0 Q (e}

Concluding this section, we recall some well-known results concerning the
convergence in the variable space LP(, dpu.).

Lemma 2.2. If {p°}.>0 is a non-degenerate perturbation of the weight function
p(x) >0, then: (A1) (p°)~t — p~ 1 in LI(Q, pfdx). (As) [ve — v in LP(, dpu.)]
= [v. = v in LY(Q)]. (A3) If a sequence {v. € LP(Q, p°dx)}eso is bounded, then
the weak convergence v. — v in LP (), p°dx) is equivalent to the weak convergence
pve — pvin LY Q). (Ay) If a € L®(Q) and v. — v in LP(Q, p°dx), then
ave — av in LP(Q, p°dx).
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Variable Sobolev Spaces. Let p(z) be a degenerate weight function and let
{p°}e>0 be a non-degenerate perturbation of the function p in the sense of Defini-
tion 2.1. We denote by H (2, p°dx) the closure of C§°(€2) with respect to the norm
|| - || p=- Since for every e the function p° is non-degenerate, the space H (£, p°dx)
coincides with the classical Sobolev space I/VO1 P(Q).

Definition 2.2. We say that a sequence {y. € H(Q, p°dz)}->0 converges weakly
to an element y € W as ¢ — 0, if the following hold: (i) This sequence is bounded.
(ii) ye — y in LP(Q). (iii) Vy. — Vy in LP(Q, p°dz)V.

Theorem 2.4. [12] Let p* = (p): be a direct smoothing of a degenerate weight p €
LE (RN) and let y° € H(Q, pfdx), y° — y in LP(Q), Vy — v in LP(Q, pdx)V.

loc

Then y € H and v = Vy.

Functional spaces. For some interval S and some Banach space {X, | - ||x}
we can consider the set of all measurable by Bochner functions u € (S — X)
LP(S;X), 1 <p < oo for which [ [lu(s)|[Pds < oc.

Theorem 2.5. [21, Theorem 1.11] The set LP(S;X), 1 < p < oo which forms a
linear space with natural linear operations becames a Banach space with norm

lull osi, = ( / Hu(s)l!”ds) " (2.13)

Remark 2.3. Taking into account the definition of LP(S;X), Theorem 2.5 and
properties of Bochner’s integral (see [21]), the properties of the given section are
valid for LP(S; X) as well as for X.

Compensated Compactness Lemma in Variable Lebesque and Sobolev spaces.
Let {p°}c>0 be a non-degenerate perturbation of a weight function p.

In order to discuss the attainability of H-optimal solutions we use the following
result, which we can obtain applying similar suggestions to [12,22].

Lemma 2.3. Let {p°}c>0 be a non-degenerate perturbation of a weight function
p(x) > 0. Suppose that sequences { fe}e>0 and {ge}e>0 are such that:

(i) 86%5 - cjiv(pgfe) =0 in the sense of distributions in  x [0,T];

(i3) fo — f in L9(0,T; LY(Q, p°dx)N) as e — 0;

(iii) ge is bounded in L°°(0,T; L?(R)) and g- — g in LP(0,T; H(Q, p°dzx)) as
e —=0.

2N
Ifp > N1z then

T T
] £ . = — _’.
lim /0 /Q F - Vgepp® dudt /O /Q F-Voopdardr, o10)
Vi € C°(Q x [0, T]).
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3. Setting of the Optimal Control Problem

The OCP, we consider in this paper, is to minimize the descrepancy between
a given distribution zp € LP(0,7; LP(f2)) and the solution y of the degenerate
variational inequality by choosing an appropriate matrix U € L% (Q;RN*N),
namely we deal with the following minimization problem:

T
I(U,y) = /0 /Q\y(t,x) — z9(t, x)|P dxdt — inf, (3.1)
Ue MM (Q),yek, (3.2)

W v =y rorw) + (= div (U(@)p(@)[(Vy)’?Vy) v — >LP(OTW)
+ (|ly[Py, 0 - Y)e.rw) = (v =y reorw)  (3.3)

vek, o eL0,T;LYN)), v(0,z)=0,

where f € L1(0,T; L4(S2)) is a fixed element, Mﬁ’B(Q) C L®(Q; RN*N) is a class
of admissible controls, L C LP(0,T; W) is a closed convex subset and

[772] = diag{|m |72, [n2/"7%, .. Inw P72} Vi € RY.

Let a and 3 be constants such that 0 < o < 8 < +00. We define M;’B(Q) as
a set of all symmetric matrices U(x) = {a;;(z)}1<ij<n in L®(Q;RY*N) such
that the following conditions of growth, monotonicity, and strong coercivity are
fulfilled:

la;j(x)] < Bae inQVi,je{l,...,N}, (3.4)

(U(x) (1¢P%)¢ - [n”‘z]n) = N)py = 0ae inQV,neRY,  (35)

(U@ ) pr = Z a;;(2)|GP2¢¢ > af¢p ae. in Q. (3.6)

i,j=1

Remark 3.1. Tt is easy to see that M, B (Q) is a nonempty subset of the space
L®(Q; RV*N) and its typical representatives are diagonal matrices of the form
U(z) = diag{oi(z),02(z),...,0n(z)}, where a < §;(z) < S ae. in Q Vi €
{1,...,N}.

For every fixed control U € My » (©) let us define a non-linear operator A :
LP(0,T;H) — L0, T; H*) in the following way:

<%J
i,j=1

Oy
Ox;j

+/ /|y\p2yv dxdt. (3.7)
0o Jo

(A(Y), v) Lr0,1:m) //E

P=2 9y \ 9
9y v
895]) a%pdmdt
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Definition 3.1. We say that a matrix U = [a,;] is an admissible control to
degenerate problem (3.2)-(3.3) if U € U,q, where the set Uy is defined as follows

Uga = {U = [@1,...,dn] € MFP(Q)|| div(pd;)| < v, ae. in Q,Vi =1, N}.
(3.8)
Here v = (y1,...,7n) € RY is a strictly positive vector.

Definition 3.2. Let K be the convex closed subset of H, 0 € K, K = {v|v €
LP(0,T;H),v(t) € K a.e.} be the convex closed subset of LP(0,T; H). We say
that a function y = y(U, f) € K is an H-solution to degenerate variational in-
equality (3.2)-(3.3), if

<U/a v = y>LP(O,T;H) + <A(y)7 U= y>LP(O,T;H) > <f7 U= y>LP(O,T;H)

C e B (3.9)
velk, v eLi0,T;LI(Q)), wv(0,z)=0.

Definition 3.3. We say that the set Zp is the set of admissible pairs to the
optimal control problem (3.1)-(3.3), (3.8) if

Eg ={(U,y) € Uyy x LP(0,T; H)|y € K, (U,y) are related by (3.9)}.

Remark 3.2. We can inroduce a W-solution and the set =y by the similar way.

Hence for given control object described by relations (3.2)-(3.3) with both
fixed control constraints (U € U,q) and fixed cost functional (3.1), we have two
different statements of the original optimal control problem, namely

inf  I(U, and inf (U, .
<(U7y)€EW ( y)> <(U,y)eEH ( y)>

As a matter of fact, there is no comparison between these problems, in general.
Indeed, having assumed that W # H for a given degenerate weight function p > 0,
we can come to the effect which is usually called the Lavrentieff phenomenon. It
means that for some U € Uy and f € L9(0,T; L9(2)) an H-solution yg (U, f) to
problem (3.2)-(3.3) does not coincide with its W-solution yy (U, f). In this paper
we deal with H-solutions to problem (3.2)-(3.3).

Definition 3.4. We say that a pair (Up,yo) € L=(Q;RYN*N) x LP(0,T; H) is an
H-optimal solution to problem (3.1)-(3.3), (3.8) if (Uy, yo) € Zg and I(Up,yo) =
inf(y ez, LU, y).-

Definition 3.5. We say that a sequence {(Ug,yr) € Ex }ren is bounded if
2u§[HUkHLoo(Q;RNxN) + Yl Lo o.10r ) + VRl Lr 0,750 (2, pda) V)]
€

is finite.
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4. Existence of H-Optimal Solutions

In this section we show that considered optimal control problem (3.1)-(3.3) for
degenerate parabolic variational inequality with monotone operator is regular in
the class of H-admissible solutions. Imposing additional control constrains (3.8)
and using the special version of compensated compactness lemma (Lemma 2.3) we
prove that the set of H-admissible solutions for problem (3.2)-(3.3) is sequentially
closed. And using the direct method of Calculus of Variations we prove the
existence of H-optimal solutions for considered problem.

Theorem 4.1. For every control U € Mﬁ"ﬂ(Q) and every f € L9(0,T; L1(Q))
there exists a unique H-solution to degenerate parabolic variational inequality

(3.2)-(3.3).

Proof. Let U € My B (©) be a fixed matrix. Let us consider the following elliptic
operator Ay : H — H*:

(4, Z/@J

3,0=1

p—2 o

Y

. > 5 pdar—i—/ ly[P~2yv da.
j

xj

Then taking into account (3.6) from [12, Lemma 1] we have the next coercivity
property for operator Ai:

(A1(y), y)rr = min{e, 1}{|y[[7. (4.1)

Hence from (3.7) and (2.18) we have that

(AW), ) oo, s = min{o, YT o 7. (4.2)

T
where ”yHLP(QT;H) = fo ||y’|gdt'
Let us fix an element vy € K such that vj € L(0,T; L)), v9(0,2) = 0

and show the coercivity property (2.6). For all y € K we consider the following
pairing, by estimate (4.2), we have:

(A(y),y — vo) Lr(0,r;#r) = min{a, 1}Hy||’£p(0’T;H) — [{A(y), vo) oo,y (4-3)
From [12, Lemma 1] and (3.4) it follows that
(A1 (y), v0) ] < max{ 8, 1} [lwolrlylf -
Further from (3.7) and (2.18) we obtain similar estimate:
[(A(y), v0) oo, | < max{ 8, 1Yol oo,z 191 o0 1.0y (4.4)

Combining (4.3) and (4.4) we have the coercivity condition (2.6).
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Taking into account the estimate (3.5) and the strict monotonicity of the term
|y[P~2y we obtain:

(A(y) — A(v),y — V) 1o(0,1:H) = 2072 ||y — || Lr(o,m;r(2)) > 0 (4.5)

Vy # v a.e. in Q = Q x (0,7). Thus we have the strict monotonicity of operator
A.

From the semicontinuity property of operator A; (see [12]) we obtain the
similar property for operator A. Taking into account (3.4) and the definition of
operator A we obtain the boundedness property for A. Hence, from the strict
monotonicity, boundedness and semicontinuity we obtain that A is a pseudo-
monotone operator (see for details |20, Proposition 2.5]).

If we consider V = LP(0,T; H), H = L*(0,T; L*(Q)), V* = LI(0,T; H*) we
obtain condition (2.3), for A = % the condition (2.4) is valid, for operator A
properties (2.5) and (2.6) take place. Note that for considered set K we have that
0 € K, thus we have that G(s)K C K Vs > 0 (see [20]) and from Theorem 2.1 we
have conditions (2.9).

Hence, for problem (3.2)-(3.3) all conditions of Theorems 2.2 and 2.3 hold
true. Therefore for every control U & M;"B(Q) and every f € L1(0,T; LY(f2)) the
considered problem has a unique solution. O

Let us study the topological properties of the set of H-admisible solutions
Eg C L®(Q;RY*N) x LP(0,T; H). Let 7 be the topology on L>®(Q; RN*N) x
LP(0,T; H) which we define as the product of the weak-* topology of the space
L®(Q; RV*N) and the weak topology of LP(0,T; H). In order to discuss further
results we suggest that the following assumption is fulfilled:

Hypothesis A. Let for a sequence {uy, },>1 that is weakly convergent in LP(0,T; H)
we additionally have that u, € L>(0,T; L*(9)) for all n € N.

Theorem 4.2. Let p(z) > 0 be a degenerate weight function, let Hypothesis A
hold true and let Hypothesis 2 from [12] hold true for X = L4(2). Then for every
f € L0, T; LY(R)) the set Eg is sequentially T-closed.

Proof. Let {(Ug, yx) }reny C Eg be any T-convergent sequence of admissible pairs
to the problem (3.1)-(3.3), (3.8) (in view of Theorem 4.1 such choice is always
possible). Let (Uy,yo) be its 7-limit. Our aim is to prove that (U, yo) € Zp.
Since {Uy, = [d1k, - - -, ANk]}ken C Ugg, it follows that | div(pdi)| < 7, a.e. in
QVi=1,...,N and Vk € N. Let us show that Uy € Uyq.
Indeed, passing to the limit as k — oo in the relations

Q Q
—%-/ ® §/<p div(pc_iik)dxgvi/ pdr, Vi=1,...,N,Vp >0,
Q Q Q

we may suppose that | div(pa?)| <; a.e. in Q Vi€ {1,..., N} and
div(pdy) — div(pd)) in LY(Q)  as k — oo. (4.6)
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Thus Uy — Up = [@?, ..., a%] weakly-+ in L (Q;RY*N) and Uy € Upg.
It remains to show that the pair (Up, yo) satisfies variational inequality (3.9).
Since each of the pairs (Ug, yx) is admissible to the OCP (3.1)-(3.3), (3.8), we
have

W' v =y oo + (— div(Uep(@)[(Vyr)? Vi)
Yk P Yk, v — Yk) oo, 15)

> (f,v— yk)LP(O,T;H)- (4.7)

Since Uy, — Uy weakly-* in L= (Q; RY*N) and 3, — yo weakly in LP(0,7T; H) as
k — o0, one gets

div(pdg,) — div(pa?) in LY(Q),Vi=1,...,N,
Yk — Yo strongly in LP(0,T'; LP(€2))(see |22, Proposition 4.1]),
Vi — Vo in LP(0,T; LP(Q, pdz)N),

[y P2 yr — |yolP~2yo in LI(0, T; LI(Q)) within a subsequence,
{Ur[(Vyg)P™ ]Vyk}keN is bounded in L4(0, T; LI(Q, pdx) ™).
Then Uy[(Vyr)P 2V := & — € in LI(0, T; L9(Q, pdz)N) within a subsequence.
Similarly to [12, Theorem 5] we obtain that function — div(p&k) + |yeP2yx €
L9(0,T; L9(2)) having that Hypothesis 1 from [12] holds true if we set V =
H, X = L1(Q) and f,v" € L10,T;L1(Q)) Vk € N, and, obviously, div(p;) €
L9(0,T; L9(2)) Vk € N. Further, the relation

/OT/QdiV(pgk)Sdedt:—/T/&-Vgopdxdt
- / /5 Vp dudt = / /dlv o) dudi

means that div(p&;) — div(p€) weakly in L9(0,T; L9(2)) implying {&}pen is
bounded in X', where

X = {f € LU0, T; L, pdx)"™)| div(pf) € LI(0,T; LU(Q))},
that is
v g . g 1
klinolo(HgkH%’I(O,T;L‘I(Q,pdx)l\’) + ” dlv(pgk)H%q(QT;Lq(Q))) /4 < +00.

Therefore, as a result, passing to the limit in (4.7) as k — oo, we obtain

(0,0 = yo) ooy + (— div(p€) + [yolP %0, v — Yo) Lo (0.7 1)
> <f7 Gl y0>LP(O7T;H)> Vv € ’Ca v’ € Lq(oa Ta LQ(Q))’ U(O7 l’) =0. (48)
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It remains to prove that £ = Up[(Vyo)P~2] V.
To do this we apply the similar suggestions to [12, Theorem 5| and [22]| and
by initial assumptions (see (3.5)), we have

T
/0 /Q(Uk([(vi/k)p_ﬂv.yk —[27732) - (Vyp — D)ppdzdt >0 (4.9)

for a fixed element 7 of RY.

Let us show that the sequence {div(pUy[(2)P~2]2) }ren is weakly convergent in
L%(0,T; L4(£2)). Taking into account the definition of the elements div(pUy[2P~2]7)
for all k € N (see [12]) and boundedness of {div(pUx[(Vyr)?~2]Vyr)}ren in
L9(0,T; LI(2)) we get

div(pUk ([(Vye)P Vi — [2772]2))

— div(p€) — div(pUp[2P2)2) in L4(0,T;L9(Q)). (4.10)
Combining the property (4.10), and the fact that
Ux[2~%)Z = Up[2"~?]Z in L7(0, T; (L9(R2, pdx))™)

it is easy to see that all suppositions of Lemma 2.3 for the sequences {p® =
(p)}eso are fulfilled having put in the statement of this lemma ¢ = k, f =
Up([(Vyr)P2]Vyr — [2P72])2) and g. = yi for all k € N. Hence, we get

T
| [z 22- (v - Dppdudi =0, vie RV
0 Q
for all positive p € C5°(2 x [0,T]). After localization, we have

p(E = Uo[277212) - (Vyo — 2) 2 0 (4.11)

Taking into account conditions (3.4)—-(3.6) and suggestions from [22]| we have that
the identity & = A(Uy, Vo) = Uo(z)[(Vyo)?~2]Vyo holds true a.e. in Q x (0, 7).
Thus, the above inequality takes the form

(0,0 = y) oo, + (— div(pUo[(Vyo)P Vo) + |yol” Yo, v — Yo) e (0.7
> (f,v = Y0) Lr (0,1 H (0, pdz)) TV € K,v' € L0, T; LY(Q)),v(0,z) = 0.

Thus 7-limit pair (Up, yo) is admissible to the problem (3.1)-(3.3), (3.8), hence,
(Uo,v0) € En- O

Theorem 4.3. Let p(x) be a degenerate weight function. Then the set of H-
optimal solutions to the problem (3.1)-(3.3), (3.8) is non-empty for every f €
L0, T; L1(Q)).
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Proof. First of all we note that in virtue of Theorem 4.1 for the given function f €
L9(0,T; L9(€2)) and every admissible control U € U,q there exists an H-solution
y=y(U, f) € LP(0,T; LP(R2)) to the problem (3.2)-(3.3). Let {(Uk, yx) € Ex }ren
be an H-minimizing sequence to the problem (3.1)-(3.3), (3.8), that is,

lim I(Ug,yx) = inf I(U,y) < +oo.

k—o0 (Uy)EEH
Hence, taking into account the Definition 3.1 of U,y and Definition 3.5, we may
suppose that within a subsequence, there exists (U*,y*) € L>®(Q;RN*N) x
LP(0,T; H), such that Uy — U* weakly-* in L= (Q; RV*N) g — y* in LP(0,T; H).
Since Ep is sequentially 7-closed, the pair (U*,y*) is H-admissible to the prob-
lem (3.1)-(3.3), (3.8). In view of lower T-semicontinuity of the cost functional we
obtain that I[(U*,y*) < lim,_, . I(Ug,yx) = infyye=, [(U,y). Hence, (U*,y")
is an H-optimal pair. ]

5. Attainability of H-Optimal Solutions

In this section we propose an appropriate non-degenerate perturbation for
the original degenerate OCP (3.1)-(3.3), (3.8) and show that H-optimal solutions
of (3.1)-(3.3), (3.8) can be attained by optimal solutions of perturbed problems.
In view of results obtained in the previous section we assume that the set of
H-optimal solutions to the considered problem is non-empty.

Let p be a degenerate weight function with properties (2.1), and let {p°}.~0
be a non-degenerate perturbation of p in the sense of Definition 2.1.

Definition 5.1. We say that a bounded sequence
{(Uz,ye) € Y = L (Q; RN 5 LP(0,T; H(, p°dx)) }eso

w-converges to (U,y) € L®(;RY*N) x LP(0,T; W) in the variable space Y as
e — 0, if U. — U weakly-+ in L®(QRV*N) . — y in LP(0,T; LP(Q)) and
Vy. — Vy in LP(0,T; LP (S, p°dx)N)

Similarly to |17, Definition 8] we consider the next concept.

Definition 5.2. We say that a minimization problem

< inf  I(U, y)> (5.1)

(va)EEH

is a weak variational limit (or variational w-limit) of the sequence

{<( inf IE(UE,yE)> 182 eY, e> 0} ) (5.2)

UE:yE)GEa

with respect to w-convergence in the variable space Y, if the following conditions
are satisfied:
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(1) if {ex} is a subsequence of {€} such that ¢ — 0 as k — oo, and a sequence
{(Uk,yr) € E¢, }e>0 — w-converges to a pair (U, y), then

(U,y) €En: I(U,y) < kliim I, (Uk, yr); (5.3)
—00

(2) for every pair (U, y) € Ex and any value § > 0 there exists a realizing sequence
{(U:,9:) € Y}eso such that

(U€7ys) S uz—: Ve > 0 (Usays) ﬂ> U 3:/ (5'4)

1
SR P ( ly— ynpdt) (5.5)
I(U,y) > l1mI (U, 9:) — 6. (5.6)

Similarly to |23] we can assume that Definition 5.2 is motivated by the follow-
ing property of variational w-limits.

Theorem 5.1. Assume that (5.1) is a weak variational limit of the sequence
(5.2), and the constrained minimization problem (5.1) has a solution. Suppose
{(U9,40) € E}eso is a sequence of optimal pairs to (5.2). Then there evists a
pair (U°,4°) € 2y such that (U2, y0) w-converges to (U°,y°), and
inf I(Uy) =I1U%y°) =lim inf I(U.vy.).
iz, W) =IO =l e Uere)
Remark 5.1. Let us recall that sequential K-upper and K-lower limits of a sequence
of sets { Ey }ren are defined as follows, respectively:

Ky —lmE, ={yc X :30(k) = o00,3yp = y,Vk EN:y € Eq(ky}s
K,—lmE, ={ye X : 3y, —y, 3k >k € N:y, € E}.
The sequence {E}j}ren sequentially converges in the sense of Kuratovski to the
set E (shortly, Ks-converges), if E = K; — lim B}, = K, — lim E,.

Let us consider the sequence {K}.~o of non-empty closed and convex subsets,
which sequentially converges to the set I in the sense of Kuratovski as ¢ — 0
with respect to weak topology of the space LP(0, T H(S2, p°dx)) and the sequence
{Kc}eso ~of non-empty closed and convex subsets, which sequentially converges to
the set £ = {v € LP(0,T;H)|v' € L1(0,T;L1()),v(0,2) = 0} in the sense of
Kuratovski as € — 0 with respect to the topology 77:

ve — v in LP(0,T; H(S, p°dz)), vl — v" in LI(0,T; LY()),v-(0,2) = 0.

Let Hypothesis 2 from [17] hold true for X = L%(Q) and V = H(Q, p°dzx) Ve > 0.
Taking into account Theorem 5.1, we consider the following collection of perturbed
OCPs in coefficients for non-degenerate parabolic variational inequalities:

Minimize{ (U,y) = / / (@) — 2 )\pdmdt} (5.7)

UeU:,ye K., (5.8)
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<Ulv Ol y>LP(0,T;H(Q,p5dI))
+ <_ dlv(pEU[(vy)p_Q]vy) + ’y‘p_va Ol y)LP(O,T;H(Q,pEdI))
> <f,’U - y>LP(O,T;H(Q7p5d1‘)) Yo € K, (59)

ca={U=[a,....an] € M7 (Q)
|d1V(pEC_I:,L)| S Yi, a.e. in Q, Vl — 1, . _’N}’ (510)

where the elements zg € LP(0,T; LP(Q)), f € L1(0,T;L9(Q)) and v = (71, .., N)
€ RY are the same as for the original problem (3.1)-(3.3), (3.8). For every ¢ > 0
we define Z; as a set of all admissible pairs to the problem (5.7)-(5.10), namely
(U,y) € = if and only if the pair (U,y) satisfies (5.8)-(5.10).

Note that each of perturbed OCPs (5.7)-(5.10) is solvable provided {p®}.~0 is
a non-degenerate perturbation of p > 0 (see [20]).

Lemma 5.1. Let {p® = (p)c}es0 be a “direct” smoothing of a degenerate weight
function p(x) > 0. Let {(Us,y:) € Zc}eso be a sequence of admissible pairs to
the problem (5.7)-(5.10) and let Hypothesis A hold true for weakly convergent
sequences in LP(0,T; H(Q, p°dx)). Then there exists a pair (U*,y*) and a subse-
quence

{(Uakvyak)}keN C {(Uaaya) € Ea}a>0
such that (Ug,, e, ) w-converges to (U*,y*) as k — oo and (U*,y*) € Ep.

Proof. Let us consider the variational inequality

(Ué7 Ve — ya>LP(O,T;H(Q,p5dm))
+ (= div(p U [(Vye )P IV Ye), Ve — Ye) 1o (0,71 (Q,pe dr))
+ (YelP 2 Ye, ve = Ye) Lo (0, (9 pod)
> (f, 0= — Ye) o0 H (@ peda))» T0e € Koo (5.11)
As follows from (5.10) that the sequence {U.}.~¢ is bounded in L (£; RVXN),
Let us prove the boundedness of {ye}.~¢ in the space LP(0,T; H (S, p°dx)) by

contradiction. Namely, suppose that ||ye || rr0,7;m(0,p2dz)) — 00, € — 0. Then on
the one hand

(= div(pEUs[(vZ/s)p_z]vae) + |y€|p—2y5’ Ve — ys)LP(O,T;H(Q,pEdz))
< <*Uéa Ve — y€>LP(0,T;H(Q,p5dm)) +(fyve — ye>LP(o,T;H(Q,psdz))
< (lvellLago,rsnacy) + 1 fllpao,riza@) ) ve = velloo,rm@,peday)s  (5:12)
Y. € I@E and Ve > 0.

On the other hand, for arbitrary fixed element v € K let us consider the
sequence {v. € K.}c>0 such that v. — v in 7i-topology (such sequence always
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exists provided K = K, —1im K.) and then, using the estimate (see Theorem 4.1)

(AU ),y = ) ooz = minfes LHwIZ, o o
— {8, Lol 0. 10ty sy © € ZPO, T H),

we obtain the following relations:

(= div(p°Ue[(Vye)P I VYe) + |yelP2ye, ve — Ye) Lp (0,5 H (Q,p¢ dx))
|y — Us||LP(0,T;H(Q,p€dx))

. max{B,1}|vell Lp 0,7 H (2, p da))
(mln{a, 1} — TocT e —
> || || YellLP(0,T;H (Q,pE dx))
Ye LP OT H(Q psdx)) (1 HUEHLP(O,T:H(Q,/)de)))

HyEHLP(O,T;H(Sl,pEdz))

— o0 as e — 0,

since the sequence {v:}.>o is bounded in LP(0,T; H(2, pdx)). The obtained
contradiction with (5.12) implies that {y}->0 is bounded in LP(0,T'; H (2, p°dzx)).

Hence, there exists a subsequence {ej} of the sequence {¢} converging to 0
and elements U* € M;"ﬁ(Q), y* € LP(0,T; LP(Q)), ¥ € LP(0,T; LP(, pdx)N) and
€ e L0, T; L4(9, pdz)N) such that

U, — U*  weakly-+ in L(Q; RN*V),
Yer —y" in LP(0,T;LP(Q)),
Vye, =0 in LP(0,T; LP(pfrda)N),
U [(Vye, )P Vye, = &, — € in LY(0,T; LY(Q*dz)"). (5.13)

By Theorem 2.4, taking into account properties of the Bochner integral and
definitions of equivalent functions (see [21, Definition 1.6]), we have that y* €
LP(0,T; H) and ¥ = Vy* and moreover, we have y* € K.
Following arguments of the proof of [17, Lemma 11| we obtain that U* € U,gq.
In what follows, we consider the relation (5.11) for (U, ,y.,) and pass to
the limit in it as k — oo using the property of the strong convergence and the
following relations:

Y [P 2ye, — |y*|P~2y* in L9(0, T; L9(Q)) within a subsequence, (5.14)

(= diV(Pskgsk)» y€k>LP(0,T;H(Q,pEkda:)) — (= diV(Pg)a y*>Lp(0,T;H)- (5.15)
The latter is valid in view of Lemma 2.3 and boundedness of the sequence {f_;k} C
X (Q, p*dx), which we can obtain by the similar manner as in Theorem 4.2 for

X(Q, pda) = {f € LI(0,T5 L(Q, p*da)™)| div(p™ f) € L9(0, T LY(Q))},

with the norm

1/q

||ﬂ|X(Q,p5kdx - (HfHLq(()TLq Q,p%kdz)N + H le( )H%q(QT;Lq(Q)))
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Let us prove relation (5.14). We have that y., — y* in LP(0,T; LP(Q?)), Vy., —
Vy*in LP(0,T; LP(S, p°+dz)™V) and from [22, Proposition 4.1] we obtain that there
exists an element § such that y., — ¢ strongly in L'(0, T; L*(2)). However, it is
easy to see that y., — y* in L1(0,T; L'(2)). Hence, y* = 7 a.e. on (0,T) x (.
It means that up to a subsequence y., — y* a.e. in (0,7) x Q and together
with boundedness of {|ye, [P"?ye, }ken in L9(0,T; LY(Q)) we have |y, [P ?y., —
|ly*[P~2y* in L9(0,T; L9(£2)) (within a subsequence).
Since vz, — v’ in L9(0,T; L9(S2)) we can obtain that

<vék,vak = Yeu ) LP (0,15 H (Qup%k dar)) — (', v — Y*)Lr(o,1;H) @S k — 00. (5.16)

Therefore, as a result of limit passage in (5.11), taking into account (5.14),
(5.15) and (5.16), we obtain

(W', v =y poo.15m) + (= div(p€),v — y*) Lo o,rm) + (ly* P2y, V) Lp(0,T;H)
- klgroloqysk ’p_zyak ) y€k>Lp(07T;H(97PEk dz))

> (f,v =y oo, Yo € K. (5.17)

In order to prove the lemma, it is left to show that £ = U*[(Vy*)P~2]Vy*. However
it can be done in a similar manner as we did it proving Theorem 4.2.
Now, let us show that

lim (|ye, ‘p_2y5k ) y€k>L1’(0,T;H(Q,pEkda:))

k—oo
T T
= lim/ /\yek]pda;dt:/ /|y*|pdmdt.
k=oo Jo Ja 0 Jo

On the one hand, in view of property of lower semicontinuity, weak convergence
Ye, — y* in LP(0,T; LP(Q2)) as k — oo, implies that:

T T
/ /\y*!pdwdté hm/ /\ygk]pda:dt.
0 Q k—oo0 JO Q

On the other hand, from (5.17), taking into account the representation of the
vector-function &, we obtain:

T
Jin [ e dodt < f = @i @p@I09 Y E19G) = L0 =5 o)

+<|y*|p_23/*av>Lp(o7T;H), Yo € K.

Having put in the last inequality v = y*, we get

T T
lim/ /]y€k|pd:cdt§/ /\y*]pdxdt.
k—ooJo Ja 0 Jo
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Hence, summing up, the chain of inequalities

T T
/ /Iy*lpdl‘dtﬁ hm/ /|y€k|pdﬂcdt
o Ja k—ooJo JQ

T T
< hm/ /!y€k|pdxdt</ /\y*[pda:dt
k=00 Jo Jo 0o Jo
turns into equality

T T
lim/ /|y€k\pda:dt:/ /]y*|pd:vdt
k=oo Jo Ja 0o Ja

which implies, in view of criterium of strong convergence that y., — y* strongly
in LP(0,T; LP(Q2)) as k — oo.
Therefore, variational inequality (5.17) can be represented in the form

(0,0 = y*) oo,y + (= div(U* () p(2) (V)P 2] Vy)
+ Yy Py v — Y ) pro,imy = (f0 = Y ) peorim), Y0 € K. (5.18)

Thus, w-limit pair (U*, y*) is admissible to the problem (3.1)-(3.3), (3.8), hence,
(U*, y*) €=g. O

Theorem 5.2. Let {p° = (p)e}e>0 be a “direct” smoothing of a degenerate weight
function p(x) > 0. Then the minimization problem (3.1)-(3.3), (3.8) is a weak
variational limit of the sequence (5.7)-(5.10) as ¢ — 0 with respect to the w-
convergencs in the variable space Y.

Proof. As an evident consequence of the previous lemma and the lower semi-
continuity property of the cost functional (5.7) with respect to w-convergence in
variable space Y, we have the following conclusion: if {ex} be a subsequence of
indices {e} such that e, — 0 as k — oo and {(Ug, yx) € E¢, }ken is a sequence of
admissible solutions to corresponding perturbed problems (5.7)-(5.10) such that
(Uk,yr) — (U, y) with respect to w-convergence, then properties (5.3) are valid.
To discuss properties (5.4)-(5.6) similarly to suggestions from [17] and [19]
we can obtain that for an admissible pair (U,y) € Zp there exists a realizing

sequence { (U, J:) € Y}eso such that

(Ue,§je) € Be Ve >0, U. — U % —weakly in L>®(Q; RV*N);
div(pfa;e) — div(pd;) in LI(0,T; LY(Q)) Vi e {1,...,N},
e — y strongly in LP(0,T; LP(2)), Vy. — Vy in LP(0, T; LP(Q; p°dz)™).

From these suggestions the equality I(U,y) = lim._,o I.(Us, §) follows.
Taking into account Definition 5.2 and previous suggestions of this proof we

obtain the statement of the theorem. O
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SINGULAR DIFFERENTIAL EQUATIONS AND THEIR
APPLICATIONS FOR MODELING STRONGLY
OSCILLATING PROCESSES
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Abstract. The normal system of ordinary differential equations, whose right-hand sides
are the ratios of linear and nonlinear positive functions, is considered. A feature of these
ratios is that some of their denominators can take on arbitrarily small nonzero values.
(Thus, the modules of the corresponding derivatives can take arbitrarily large value.)
In the sequel, the constructed system of differential equations is used to model strongly
oscillating processes (for example, processes determined by the rhythms of electroen-
cephalograms measured at certain points in the cerebral cortex). The obtained results
can be used to diagnose human brain diseases.
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2010 Mathematics Subject Classification: 34A34, 34D20, 37D45, 93A30.

Communicated by Prof. G. Sklyar

1. Introduction

In this article a dynamic process determined by observed electroencephalo-
gram (EEG) rhythms measured at a certain point in the cerebral cortex is inves-
tigated [1]- [5]. The main tool of such research is recurrent analysis [6]- [15].

The application of recurrent analysis to the study of EEGs was considered in
many scientific articles [2]- [5]. In our opinion, the most fundamental approach
to revealing the hidden laws that determine the behavior of the mentioned EEGs
was demonstrated in [1].

Let

X0 ::L'(to),l’l :ZE(tl),...,l’N ::L'(tN) (1.1)

be a finite sequence (time series) of numerical values of some scalar dynamical
variable z(t) measured with the constant time step At¢ in the moments t; =
to+iAt; x; = x(t;); i =0,1,..., N (thus, At = tn5/N) [16-18|.

Using the methods of Recurrence Quantification Analysis (RQA), the dimen-
sion m of the embedding space and the optimal time delay 7 of the mentioned
time series are determined.
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It must be said that the quantities m and 7 must be determined very pre-
cisely. The fact is that if the dimension m is less than the real dimension of the
space in which the process takes place, then there is no need to talk about high-
quality modeling. With the help of these characteristics, the hidden variables
x(t),y(t), z(t), ..., which determine a system of rational differential equations sim-
ulating electrical signals in the cerebral cortex, are restored.

The properties of this system are the main subject of study in this work.

Note that in the problem of studying brain diseases, the time series (1.1) has
a chaotic behavior. A common practice in chaotic time series analysis has been
to reconstruct the phase space by utilizing the delay-coordinate embedding tech-
nique, and then to compute the dynamical invariant magnitudes such as unstable
periodic orbits, a fractal dimension of the underlying chaotic set, and its Lya-
punov spectrum. As a large body of literature exists on applying of the technique
of the time series to study chaotic attractors [19]- [23], a relatively unexplored is-
sue is its applicability to dynamical systems of differential equations depending on
parameters. Our focus will be concentrated on the analysis of influence of param-
eters of found dynamic system on the behavior of its solutions. These parameters
are determined by the structure of series (1.1) and by choice of approximating
functions in right sides of the got system of differential equations.

To create a model by measuring the variables characterizing any dynamic
process, it is necessary to solve the following three main problems.

Usually, a continuous dynamic process is described using a system of differen-
tial equations. This remark leads to the first problem.

Problem 1. It is necessary to establish the type of functions on the right side of the
differential equations, which most correspond to the description of the processes
presented on the electroencephalograms.

It is known that any dynamic process depends on many variables. Most of these
variables are functions of some small number of independent variables. Identifying
these independent variables leads to the second problem.

Problem 2. Determine the dimension of phase space in which the explored process
takes place.

Problem 3. After the structure of the differential equations describing the dynamic
process is established, it is necessary to determine the numerical value of coeflicients
of these equations.

After that, it remains only to check how the resulting model (solutions of the
resulting system of differential equations) is adequate to the real process.
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2. Mathematical preliminaries

2.1. Model design

We will begin this section by studying Problem 1. For this study, we will
consider EEGs obtained for healthy and sick patients (see Fig.2.1, Fig.2.2).
Let’s note several features inherent in these EEGs.

1. The diagrams have a pronounced oscillating character with a frequency of 400 -
500 hertz.

2. The oscillation amplitudes in the diagram of the sick patient are several times
greater than the amplitudes of oscillations in the diagram of the healthy patient.

3. Both diagrams contain a large number of spontaneous bursts of amplitudes, which
indicates the chaotic nature of the processes.

4. The presence of times t;, at which a spontaneous increase in the amplitude of
oscillations is observed, indicates that at points t; there is a sharp increase in the
derivative of the process under study; i = 1,2, ....

5. The oscillating process takes place in some ball centered at the point O.
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Fig. 2.1. The electroencephalogram taken from a certain point in the cerebral cortex: (al) a

healthy patient, (a2) a patient with an epileptic disease (see [24]).

Let’s return to modeling the process x(t), which is generated by the time series
(1.1).
We introduce the following real singular function depending on parameters
a,b,v,w, f and e (or 0,7, 5,w,a and €):
a-sin(yt) + b - cos(vt) dsin(yt + )

ht) = 1 — f-sin(wt) — e - cos(wt) 1 e cos(wt + )’ (2.1)
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(b1) (b2)

Fig. 2.2. Graphs of the same processes as on Fig.2.1, but in coordinates (x(t),z(t 4+ 7)): (bl)
the healthy patient, (b2) the patient with an epileptic disease (see [24]).

b
where v,w € R;d = va? + 1?2, sin(B) = g,cos(ﬁ) = %; le] = Vf2+e? <1,
sin(a) = g,cos(oz) = —g (see Fig.2.3).
Taking into account the form of the function h(t), we can assume that the
simplest description of the derivative #(t) satisfying items 1) - 5) should look like

this:
c-x(t) d sin(wt + )

- 1+ ecos(z(t) + ) Tt 1+ ecos(wt + )’

a(t)

where the last term takes into account the possibility of the influence of external
perturbations on the formation of the structure of differential equations; here
¢, a,€,0,w, B, u are real constants.

Using the function h(t), we construct the following system of ordinary differ-
ential equations:

( (t) = anzi
! 1 — fiisin(x1) — eg1 cos(zy)
A1,n—1Tn—1
+ -
1 — fin—1sin(zp—1) — €1n—1cos(zp_1)
by sin(xy,) + ¢1 cos(zy,)
1 — finsin(z,) — e, cos(zn)’

An—1,171 (2.2)

) —
() 1 — fo—11sin(x1) — ep—1,1 cos(z1)
T Gp—1,n—1Tn—1
1= fo1n—18I0(Tn—1) — €n—1,n—1 cOS(Tp—1)
n bp—1 sin(xy,) + ¢p—1 cos(zy,)

1 — facipnsin(z,) — en—1p cos(zy)’

In(t) = w.
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Fig. 2.3. Graphs of function (2.1) for different parameter values: (al) ¢ = 0.93, v = —3.3,
B=6w=-3a=-2;(a2) e =095,v=-12, 8 =2,w=1,aa = —4; (a3) e = 095,y = -2,
B=-1w=10,a=10; (ad) e = 0.8,y = —10, f = —10,w = —10.3,a = —3; (ab) e = 0.9,y =
99, 8=-1L,w=23,a=-52; (a6) e=03,y=-2,8=-1L,w=10,a=1; 6 = 1.
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Here a;j;, fij, €ij,bi,ci,w > 0 are real parameters; ,/ 1-2]- —1—612]- <Lit=1,...,m—
1;5 =1,...,n. (Thus, system (2.2) depends on (n—1)2+2n(n—1)4+2(n—1)+1 =
n(3n — 2) parameters, and all of them are rationally included in this system.)

Note that the denominators in the right-hand sides of system (2.2) can take
on arbitrarily small positive values.

Definition 2.1. System (2.2) will be called singular.

The inclusion of external perturbations in equations (2.2) cannot always be
correctly described. Therefore, sometimes instead of model (2.2), it is necessary
to consider the following model

. ai111 aA1,nTn
t) = ’ 7
#1() 1 — fisin(x1) — ey cos(z1) Tt 1 — fusin(x,) — e, cos(zy,)
R e o
1) = ; : )
Eat) 1 — fisin(x1) — e; cos(zq) ot 1 — fpsin(xy,) — ey cos(zy,)

(2.3)

Now, if we put 6 = 1,7 = 0,8 = «/2 in formula (2.1), then after a linear

change of variables x — Ax, system (2.3), can be transformed into the following
system:

21(t) = hi(anzr + - + ainTn),

To(t) = ho(agiz1 + -+ + agnTn), (2.4)

En(t) = hp(aniz1 + -+ + apns).

Here
aj1T1 + -+ GinTn

1 teicos(anzr + -+ + ainen + o)’

hi(aiizy + ... + ainxy) =

ande; =\/f2+e <l;i=1,..,n.
System (2.4) can be considered as a system of neural ODEs, which makes it
possible to use neural network methods for its study [15,22,23,25|.

2.2. On boundedness of solutions of singular system (2.2)

We now recall several well-known results from the theory of differential equa-
tions [26,27].

Let’s define the norm of the vector w = (wy,...,wz)? € R¥ by the formula
|w| = |wi| + --- + |wg]. The norm of matrix C € R*** is defined similarly:

Consider the system of ordinary differential equations
(1) = (A+ B(t)x(t) + g(t) € R, (2.5)

where x(t) = (21(8), ., 2k(E)T, () = (g1(8), .o, e (t)T € RE, A = {as;}, B(t) =
{bij(t)} S Rka;i,j =1,..,k.
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Theorem 2.1. [26] Assume that for a homogeneous (g(t) = 0) system (2.5) the
following conditions are fulfilled:

(al) the matriz A is constant and such that its eigenvalues N\; satisfy the
condition Re(\;) < 0,i=1,...,k;

(a2) the variable continuous matriz B(t) depends on time and such that

/OO
to

Then for any vector of initial conditions Xo the solution x(t,xq) of system
(2.5) is bounded at t — oo.

Theorem 2.2. [26] Let us assume that under the conditions of Theorem 2.1 for
an inhomogeneous (g(t) Z 0) system (2.5) the following conditions also fulfilled:

/t:og(t) dt

Then for any vector of initial conditions Xo the solution x(t,xq) of system
(2.5) is bounded at t — oo.

Theorem 2.3. [26] If the function ¢(t) tends monotonically to zero (limy_,o0 P(t) =
0) and the function ¥ (t) has a bounded antiderivative (j;zo Y(t)dt < o00), then

the integral ftzo d(t)(t) dt converges.

Theorem 2.4. [27] (Global Existence and Uniqueness) Suppose that the function
F(t,x) € R is piecewise continuous int and Vx,y € R¥ Vit € [tg, 00) satisfies the
conditions

’B(t)H dt < oo.

/ tr(A+ B(t)) dt > —oo and < o0.

to

[F(t,x) = F(t,y)|| < Lix =yl and [[F(t,x0)|| < P,

where L > 0, P > 0 are constants. Then, the state equation %x(t) = F(t,x) with
the initial condition x(ty) = xo has a unique solution over [tg, 00).

Let x1 = (21, ..., xn,l)T € R*1. We introduce the following square matrices

= {a;; _ ), fisin(z)) + e cos(z;) (n—1)x(n—1).
A = {az]}v Bl(Xl) = {am 1— fz’j Sin(l‘j) ~ ey COS(:L‘J') eR ;

t,7=1,...,n—1.
Let us also introduce the real (n — 1)-vector

T
(1) = by sin(wt) + ¢; cos(wt) bp—1 sin(wt) + ¢,—1 cos(wt)
A Jinsin(wt) —eg pcos(wt)” 1 — fr_1psin(wt) — ep_1,, cos(wt) |

In this case, instead of system (2.2), we can consider the following system
X1 (t) = (Al + Bl(Xl))Xl + g1 (t) S R ! (26)

with the initial condition x;(t9) = x10.
The following theorem is the main one in this paper.
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Theorem 2.5. Let the matriz Ay = {a;j};4,5 = 1,...,n — 1, in singular system
(2.6) be Hurwitz. If ffj +e < 1;e =1,. —1;5 = 1,...,n, then for any

vector of initial conditions x1g the solution Xl(t,Xlo) of system (2.6) is bounded
at t — oo.

Proof. (cl) Let us estimate the norm of the matrix (A; + Bi(x1)). Since

\/ 2+e < 1, then we have
n—1n—1

;]
A1+ Bi( =
I+ Bl = D2 5= ity — e con(ay)

=1 j=1

n—1n—1

|aij|
<Zzl az;+2_K>0.
=1 j5=1 \/

(c2) Let g1(t) = 0. Now suppose that a solution w(t) = x1(¢,x19) of system
(2.6) exists. Then we can estimate its norm ||w(t)]|.
We have

w(t) = exp(Aito)w(ty) + /OO exp(A1(t — 7)) By (w(7))w(T) dT

to

and
[w(t)]] < || exp(Ato)ll[[w(to)l| + /too | exp(A1(t — 7)) Br(w(7))|||w(7)] d7

Since the matrix A; is Hurwitz, then we have || exp(A41t)|| < ¢ - exp(—At) <
c¢-exp(—Aty) = N; and according to the Bellman-Gronwall Lemma [27], we have

WOl < Milwit)lesp( [ e Biwr)ldr), 1)

where ¢ > 0, —A = max(Re(A1), ..., Re(\n)) <0, and A1, ..., A\, are eigenvalues of
matrix Aj.
A rougher estimate of the norm ||w(t)|| can be obtained as follows:

W@ < A1+ Bi(wi @) - [[w(@)]] < Kffw ()]

From here it follows that ||w(t)|| < exp(Kt)||w(to)]l.
(c3) Now, let’s estimate the integral

/ exp(Ay(7)B1(w(r)) dT, (2.8)
to
where the elements of the matrix By are

o, Si(w; () + eij cos(w; (2))
71— fijsin(w;(t)) — e;j cos(w;(t))

bij =
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Let tj, be the root of the equation w;(t; x+1) = w;(tjr)+2mj=1,....,n—-1;k =
0,1,.... In this case, we can get the following estimate:

/00 exp(A;(1)B1(w(r))dr

to

< /tooHeXp(Al(T)Bl (W(T))H dr

n—1ln—1

< C‘aw‘

! tj k+1
X [lim Z / exp(—At)|fij sin(w;(t)) + ;5 cos(w;(t))] dt

l—>00k:0 t
—0
ZR0) )
n / exp(—At)| iy sin(w; (£)) + e cos(uw; (1)) dt
t] I+1
n—1n—1 c\aw\
253 " exp(—A0) | sin (s (1)) + e cos(uy (6)] de
i=1 j=1 1-— 2 + 6 tjl+1

n-ln- 1\%\\/f + €7 75(1)
<2 Y il ”/ | sin(w; (t)) + cos(w; (t))| dt
Z1]11—1/!}%—1—6 tii+1

n—1n— 1‘%]‘ 2+2

<2
V2 NG

Here cg = ¢+ (A)~! - exp(—Atg); wj(tj,g(l)) <wj(tj41) +2m5j=1,...,n—1
Thus, integral (2.8) is bounded.
As follows from item (c2), the solution w(t) of system (2.6) has an order of
growth no higher than the function exp(Nit):

Aw®I
t—o0 exp(Kt)

< oQ.

=1(0<1<o0). (2.9)

Taking into account (2.9) (||w(t)|| ~ lexp(Kt)), we estimate the integral

- ° fijsin(w;(t)) + es; cos(w;(t))
Hig /to 1 — fijsin(wj(t)) — e;ij cos(w;(t)) dt.

Since €;5 = 4 /fizj + e?j < 1, it is obvious that

[ figsin(lexp(Kt)) + e;; cos(lexp(Kt))
@ij = /to 1 — fijsin(lexp(Kt)) — ej; cos(lexp(Kt))

dt.

Let’s change the variable s(t) = lexp(/Nit). Then we will have
o0 05 sin(s + B4 > hii(s)ds
HijNQij:/ ( i3 SIn(s + i) ds:/ ”(S) 7
50

s(1 4 g4 cos(s + aj)) s
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where the function h;;(s) is defined by formula (2.1) and so = s(to) = lexp(Ktp).
The improper integral @;; can be written as follows

Q= | °° o5 (s) ds,

where the functions ¢(s) and (s) satisfy the conditions

1 > s g5 s g
hm (Z)(S) = ].lm - = 07 hm w(s) dS — hm i Slﬂ(S + /BZ])
S—00 500 § s=00 [ s=00 [ 1+ Eij COS(S + O[Z-j)

< lim % / sin(s + fB;j) ds| < M <
S— 00 1 o 812] 50 1 — 62

ij

Thus, the indicated functions ¢(s) and ¢ (s) satisfy the conditions of Theorem
2.3. Consequently, the integral );; and also the integral H;; converge. Therefore,
integral (2.8) also converges. Then according to (2.7), we get ||w(t)|| < oco. All
conditions of Theorem 2.1 are satisfied.

(c4) Now let g1(t) # 0. It is necessary to estimate the integral

/t:o g1(t) dt.

Any component of the vector gj(t) has the form

_ bisin(wt) 4 ¢; cos(wt)
1 — finsin(wt) — ej, cos(wt)

Gin

Further reasoning repeats the reasoning of item (c3).
Let us introduce a number ¢; ;. such that wt; 41 = wt; ; + 27. In this case, we
can get the following estimate:

n—1 n—1
o0 o0 1
[ st | oo 52
to i=1]7to i=1 — g2

m

! tik+1
X | lim Z ‘/ (b; sin(wt) 4 ¢; cos(wt)) dt’

—0

tie(n)
v ‘ / (b sin(wt) + ¢; cos(wt))dt‘
ti 141

n—1 A/ b? —+ CZ2 ! ti k41
< Z 4 ——— x| lim Z ‘/t (sin(wt) + cos(wt)) dt‘
i=1 k=0’ tik

2 l—o00
1—e5, =

—0

tie ) n_l \ b} + ¢}
+ ‘/ (sin(wt) + cos(wt)) dt‘ <2 Z ———— = Ny < 00,
ti 141

i=1 1/1— E?n
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where Ny > 0 is a constant.
Further, using the technique of proving that the integral H;; is bounded (see
item (c3)) and condition a1y + - - - + any, < 0 (see [26]), we obtain

- n—1 0o Qis
/ tr(Ay + Bi(w(t)) dt = Z/ 1= fa sin(w'(t))“— eii cos(w;(t)) “
o = Jt i ) i )

n—1 o
ds
= Qi . 2.10
; “/80 s(1 + g4 cos(s + ;i) (2.10)

For the integral in formula (2.10), we have the following estimate:

. s ds
lim
s—oo Jo o 14 €45 co8(s + o)

. 2 1-— Eii s+ (077}
= lim ————arctan tan
s=oo f1 2 1+ ey 2

i

— ——— arctan Sii tan S0 + Qi < T .
1*82 1+€ii 2 1—52

(22 (22

Now the last inequality and Theorem 2.3 allow us to obtain such an estimate
for integral (4.2):

e n—1
1
/ tr(Ay + By(wi(t) dt > 2m(a11 + -+ + @n10-1) Y ——— > —00.
to i1 4/1 — &2

(23

Now, to prove the boundedness of the solutions of system (2.6), it only remains
to apply Theorem 2.2.
(c5) Consider the linear system

Xl(t) = (A1 + By (W(t)))xl + g1 (t) e R L. (2.11)

where B;(w(t)) is piecewise continuous functions of .

Now we check the fulfillment of the conditions of Theorem 2.4 for system
(2.6). Over any finite interval of time [ty, c0), the elements of A; + Bi(w(t)) are
bounded. Therefore, we have

[F(t,x1) = F(t, y)| = [[(Ar + Bi(xa))x1 = (A1 + Bi(y)yill < Niflxi =y,

|F(t,x10) || = [[(A1 + Bi(x10))x10 + 1(t)[| < Nil[x10]| + N2 < P.

Thus, if L = Ny, P > Ny, and ||x10]] < (P — N2)/Ny, then the conditions
of Theorem 2.4 are satisfied for any ¢ € [tp,00). This means that under these
conditions a solution to system (2.6) exists and is unique.

The proof of Theorem 2.5 is complete. O
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Note that systems (2.3) and (2.4) are particular cases of system (2.6) (Only
it should be remembered that in these systems A € R"*™.) Therefore, Theorem
2.5 is also true for systems (2.3) and (2.4).

3. Rationale for using equations (2.2) to model EEG rhythms

In the study of dynamic processes, as a rule, only a few variables describing
the process are available for direct measurement. The remaining variables (the so-
called hidden variables) are inaccessible to observation. This raises the problem
of reconstructing these unobserved variables from known observable variables.
The first step towards solving this problem is to establish the minimum number
of all variables (measured and hidden) on which the dynamic process depends
(Problem 2).

EABNLD: BAGHLD
1 ] Lniversity of B I Uriversiy of
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i ’ i I I ! I
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Fig. 3.1. Dimension of the embedding space for time series (1.1): healthy (al) and sick (a2)

patients.

Consider the time series (1.1). Using the recurrent analysis [2,17,18,25,28|,
we calculate the dimension m of the embedding space and the optimal time delay
7. Using these characteristics, we construct m time series

r1(t) = {z1(to) = x(to), x2(t) = {z2(t0) = 2(to + 7),
a;l(tl) = x(tl), xg(tl) = :C(tl —+ 7'),
o1 () = 2(t)}, za(te) = olts + 7)),
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— 1)7‘ <t N.)

As experimental studies show, the processes presented in Fig.2.1 can be em-
bedded in the phase space, the dimension of which is 4,5, or 6 [28|. Therefore, in
the future, we will assume that m =5 (see Fig.3.1).

defining the behavior of a real dynamical system. (Here t; 4+ (m

In addition, at the next stage of modeling (see Section 4), a model will be
built that depends on a small number of parameters and adequately describes the
processes presented in Fig.2.1.

In the case m = 5, to simplify system (2.2), some of the parameters f;;, e;; in
the denominators will be omitted. As a result, instead of (m — 1)2 +2m(m — 1) +
2(m —1)4+1=16 + 40 4+ 8 + 1 = 65 parameters, the newly obtained system will
contain only 16410+8+1=35 parameters a;;, f;, €;, b;, ¢;,w. An example of such
system is given below:

(t) =

0- 1.y

1—O2Z’>s1n((:)1c)1 0.85 cos(x ) 1+ 0.725sin(y) — 0.37 cos(y)
z ‘U
L. 0.67sin(z) + 0.67 cos(z) 1 + 0.68 sin(u) — 0.68 cos(u)
0-sin(v) 4+ 0 - cos(v)
1 —0.69sin(v) + 0.70 cos
n G370 o1
= 17023 singx) +0.85cos(xz) 1+ 0.72sin(y) — 0.37 cos(y)
n -2 n 10.9 - u
1 —0.67sin(z) +0.67cos(z) 14 0.68sin(u) — 0.68 cos(u)
n 0 -sin(v) + 0 - cos(v)
1 —0.69sin(v) + 0.70 cos(v)’
5(t) = 10 ; 0y (3.2)
1-0.23 sin%x) +0.85cos(x) 1+40.72 smg y) — 0.37 cos(y)
z u
_l’_

1 —0.67sin(z) + 0.67 cos(z)
0 - sin(v) + 110 - cos(v)

1 —0.69sin(v) + 0.70 cos(v)’
0-z

1 + 0.68 sin(u) — 0.68 cos(u)

—20 -y

at) =

+

—1104 - 2

1-0.23 sin%x) + 0.85 cos(z) *

1+ 0.72sin y? — 0.37 cos(y)
—0.1-u

1 —0.67sin(z) 4 0.67 cos(z)
—100 - sin(v) — 110 - cos(v)

o(t) = w.

1 —0.69sin(v) + 0.70 cos(v)’

1+ 0.68sin(u) — 0.68 cos(u)

The following Fig.3.2 shows the application of system (3.2) (at certain values of
the coefficients) for modeling the processes shown in Fig.2.1.

Thus, model (3.2), with the help of appropriate parameter settings, can cor-
rectly describe the dynamics of rhythms (see Fig.3.2) in the cerebral cortex, shown
in Fig.2.1.

In the case of m = 5, system (3.2) can be transformed into system (2.3). For
this, it is necessary:
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Fig. 3.2. Simulation of the process shown in Fig.2.1 with the help of system (3.2): (al) w = 10.5;
(a2) w=12.

1) In the first four equations of system (3.2), make substitutions b; sin(v) +
cicos(v) = apvii =1,...,4;
2) Replace the fifth equation of system system (3.2) with equation

o(t) = as1x + as2y
1— fisin(x) — ey cos(z) 1 — fosin(y) — ez cos(y)
+ e - ot
1 — fssin(z) —ezcos(z) 1 — fysin(u) — eq cos(u)
i assv

1 — fssin(v) — e5cos(v)

Note that the number of parameters in the newly obtained system at m =5
will remain the same: 35.

4. Simplified identification of processes described by system (2.2)

In this section, we will begin to solve Problem 3. In the future, the number
of variables in systems of equations, we will denote by n, where n > m = 5.

Note that the bounded variables xo(t), ..., 2, (t) derived from the measured
variable z1(t) = x(t). Therefore, for models built using EEG, the equation &, (t) =
w must be replaced by the equation &, (t) = annxn(t)+o(z1(t), ...., xn—1(t)), where
ann < 0. A possible form of such model can be as follows:
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() = o + -+ a1 p-1Zn-1 + by sin(zy,) + c1 cos(zp)
' 1 — fysin(zy,) — eq cos(zy,) ’
ina(t) = An-1,0 4+ + @Gn—1n—1Tn—1 + bp—1sin(x,) + cp—1 cos(xy,)
" 1 — fn—1sin(xy,) — en—1 cos(zy) ’
(1) = wotwizy+ -+ wpky.

(4.1)

Here a;j, fi,ei, bi, c;,w; are real parameters; \/fl-2 +e§ <Lit=1,..,n—1;5 =
0,...,n. (Thus, system (4.1) depends on (n — 1)n+4(n—1)+n+1=n%+4n -3
parameters, and all of them are rationally included in this system.)

Note that by replacing

t
xn(t) = wot + / (wiz1(t) + -+ - + wnap(t)) dt — wt,
to

system (4.1) can be reduced to system (2.6) . This means that under the con-
ditions of Theorem 2.5 the solutions of system (4.1) will be bounded. (To prove
Theorem 2.5 for system (4.1), it is necessary to slightly change item (c4) in its
proof. In the presence of item (c3) in the same proof, such changes are quite
obvious.)

Model (4.1) is still difficult to study. Therefore, in the future we will focus on
the study of the following model:

1 n
1(t) >y,

1 — fisin(x;) — eq cos(x;) Py

&;(t) = Z ai;Tj, (4.2)

1 — f;sin(x;) — e; cos(z;) =

)

1 n
[ t = y .
Ealt) 1 — fpsin(z;) — e, cos(x;) j—zo o g

Here f? +e? < 1;i € {1,...,n}. (In total, n different models of type (4.2) can be
designed in this way.)
Let us introduce the following matrix

ail cee Q141 ali+1 - -- A1n
A = ai—-1,1 --- Ai—1,4—-1 Qi—1,i4+1 --- Gi—1n c R(=1)x(n-1)
Qi+1,1 -+ - Aili—1 Qi1+l -+ A4ln

anl oo Qni—1 Qn,i+1 oo Qnn
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Theorem 4.1. Suppose that for some i € {1,...,n} the matriz A; for the singular
system (4.2) be Hurwitz. If Vi € {1,...,n}, we have \/ f? + €2 < 1, then for any

vector of initial conditions Xg the solutions

$1(X0)(t), ceny ﬂfi_l(xo)(t), :L’Z'+1(X0)(t), veny JIn(XQ)(t)

of system (4.2) is bounded at t — oco. If, in addition, a;; < 0, then the solution
xi(x0)(t) is also bounded.

Proof. Let the vector b = (by,...,b;,b;11,...,b,)7 be the solution of the linear
equation a + A;b = 0, where a = (10, -, @i—1,0, Gi+1,0, -+ Gno) -

Without loss of generality, we can assume that a = 0. Indeed, if this is not
true, then with the help of the change of variables y; = x; +b;, j # i, we will pass
from system (4.2) to a new system in which condition a = 0 is already satisfied.

Now it remains to apply Theorem 2.5 to system (4.2).

Let aj(t) =1 — f;sin(zi(t)) — ejcos(xi(t)); j =1,...,n.

We have that the obtained solutions x1(t), ..., x;—1(t), ©i+1(t), ..., zn(t) of sys-
tem (4.2) are bounded. In this case, in the i-th equation

: aiizi(t)
$z(t) —1_ fi Sin(mi(t)) p COS(.%(t)) + ¢(x1(t)> 7xn(t))
of system (4.2) the function ¢(x1(t),...,x,(t)) is also bounded. Finally, by virtue
of conditions a;; < 0 and «;(¢) > 0, we obtain that the solution z;(¢) and all solu-
tions x1(t), ...., 2, (t) of system (4.2) are bounded. O
Note that Theorem 4.1 admits the following obvious generalization.

Theorem 4.2. If, under the conditions of Theorem 4.1, the matrix A; is replaced
by a matriv A = {a;;} € R™™ such that A is Hurwitz, then the assertion of
Theorem 4.1 remains valid.

In this paper, Theorem 4.2 will not be required. It is presented in order to
show how you can expand the modeling capabilities for time series (1.1).

4.1. Algorithm for constructing model (4.2) from known time series

Let us write the equations of system (4.2) in the following form

T+t QinTn
1 — fisin(z;) — e; cos(x;)

;i (t) = ¢i(T1, ..y Tp);i =1,...,m. (4.3)

Now we rewrite the equations of system (4.3) as follows

zi(t) = apnx; + -+ - + @iy + &4 fi sin(x;) + e cos(x;)

4.4
=i(x1, .y xp);i =1,...,n. (4.4)

From the point of view of the theory of differential equations, systems (4.3)
and (4.4) describe the same dynamics. However, from the point of view of ap-
proximation theory (determining the coefficients a1, ..., ain, fi, €; from the known
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values of the functions x;(t),i = 1, ...,n), these are different problems for systems
(4.3) and (4.4).

Indeed, in case of system (4.3) it is necessary to minimize by a1, ..., €, the loss
function Y | |&; —¢i(x1, ..., Tn, @11, .., €n) |, and in case of system (4.4) it is neces-
sary to minimize by ai1, ..., e, the loss function Y1 | |&;—;(21, ..., Tn, @11, ..., €n)],
where the equations (4.3) are rational and the equations (4.4) are linear.

It is clear that in the case of system (4.4), the approximation problem will be
simpler than in the case of system (4.3). That is why we chose system (4.4) for
solving the approximation problem. (It should be remembered that the approxi-
mation results for system (4.4) may be worse than for system (4.3).)

To simplify the notation, we can assume that in model (4.2) i = n.

1. Based on the known time series x(t) = {zo, z1,...,xn}, determine the di-
mension of the embedding space m and the delay time 7.

2. Based on the known m (here m = 5) and 7, construct five time series

X(t) = {anxla:l:Qv ...,:L‘L},X(t + T) = {y07y17yQa ---vyL}a
x(t + 27) = {20, 21, 22, ..., 20}, X(t + 37) = {wp, u1, ug, ..., ur},
x(t + 471) = {vg, v1, v2, ..., v }

that are given on the same time interval 77, < tg + (m — 1)7 < T in equally
spaced L < N nodes: 0, At,...,kAt, ..., LAt =T, <T. Thus, At =T /L.

3. Fix a learning selections
L0y L1y eees ThsYOs YLy o5 Yks R0y Rly ooes Rks UQy ULy oovy U3 VOy ULy --vy Uy
where 36 < k < L.

4. Construct the columns of numerical derivatives D,, Dy, D, D,,, D,,, where

Tr1 — X0 V1 — Vo

1
eERF ...D,=—
YA

T — Tk—-1 Vg — Vk—1

1

- c Rk,
At

D,

5. Construct five Jacobi matrices J, Jy, J., Ju, Ju:

1 i) Yo 20 uQ Dxl Sin(vo) Da:l COS(U())
o= 1 i : : eR®T,
I 2p1 Yr—1 2k—1 Uk—1 Dgpsin(vg—1) Dy cos(vp—1)

1 =z Yo 20 U D, sin(vp) D1 cos(vp)
Ju=| o or : : ER™,

1 Tp—1 Yk—1 2k—1 Uk—1 Duyrsin(vg—1) Dy cos(vi—1)
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1 =z Yo A U )
Jy=1| : : : : : : —

1 Zp 1 Yk—1 2Zk—1 Up—1 Vg1

D1 sin(vp) Dy cos(vp)
. e RkXS‘
Dyisin(vg_1) Dy cos(vg—_1)
6. Introduce a vector of unknown parameters

P = (Pus-yPu)

T 36
= (aw, a1, 12, a13, @14, f1, €1, ..., as50, a51, @52, 453, A54, G55, f5, 65) eR

Pz Pv

7. Fix the parameters 0 < € < 1 and A > 0, and minimize the five loss functions
(see [29]):

| JePz — D3 + A||pz||1 with restriction /2 4+ €3 <1 —¢,

o [ JuPo — Dyll3 + Allpwlls with restriction /2 + €2 <1 —e.

8. Using any search optimization method, calculate the vector p = p* =
(p%,...,p%)T whose subvectors pZ, ..., p} minimize the introduced loss func-
tions.

The results of the operation of this algorithm are presented by the following
examples.

(1) —180.15 — 3.03z + 8.10y + 1.732 + 0.57u
X =
1 — 0.80sin(v) — 0.56 cos(v) ’
—58.21 — 10.23z — 3.96y + 13.09z — 2.71u

[p) =
i) 1 — 0.70sin(v) — 0.66 cos(v :
(1) 22.01 +0.05z — 12.17y + 1.942z + 9.61u A5
i(t) = .

1 —0.90sin(v) — 0.40 cos(v) ’ (45)
(t) 219.68 — 2.11x — 0.01y — 10.98z + 4.24u
u =

1—0718152) 0.63 cos(v) ’

199.01 4 3.27z — 3y—13lz—752u

1 — 0.40sin(v) 4 0.55 cos(v)

\

Here initial values are: x¢g = 91.70,y9 = —11.01, 2y = 10.02, ug = —10.74, vg = 0.
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( (1) = 138.74 — 7.44x + 15.11y — 0.092 4 2.16u
= 1+ 0.80sin(v) — 0.50 cos(v) ’
() = 80.68 — 12.12x — 1.48y 4 13.22z + 0.50u
= 1— 0.70sin(v) — 0.65 cos(v) ’
(1) = —52.62 — 0.52z — 12.38y + 2.882 + 9.01u (4.6)
B 1—0.80 singv) + 0.40 cos(v) ’ '
) —66.91 — 0.96z — 44y —12.64z + 2.22u
u(t) = :
1 —0.3sin(v) 4 0. 880086 ’;
(1) = 10+292:1:—379y—1162—1 9u
v =
L 1+ 0.30sin(v) — 0.10 cos(v)

Here initial values are: xg = 11.96,y9 = —11.01, 25 = 10.02, ug = —10.74, vg = 0.

( i(t) = 145.70 — 7.50x 4+ 15.11y — 0.102 + 2.13u
N 1 4 0.80sin(v) — 0.55 cos(v) ’

i(t) = 81.25 — 12.12x — 2.52y + 13.25z + 0.50u
Y= 1 —0.71sin(v) + 0.65 cos(v) ’

() = —54.11 — 0.53x — 12.38y + 2.882 + 9.02u 47)
= 1 —0.89sin(v) + 0.42 cos(v) ’ (4
a(t) = 232.55 — 2.342 4+ 0.34y — 10.712 4+ 2.97u

B 1 —0.33sin(v) — 0.88 cos(v) ’

) 10.12 + 291z — 3.79y — 1.162z — 10.77Tu

o(t) = :
1 —0.10sin(v) — 0.30 cos(v)

Here initial values are: zg = 18.70,yg = —10.00, 29 = 85.01, up = —15.00,v9 = 0.
(Examples (4.5)-(4.7) of modeling EEG for a sick patient.)

() = —1.00 +0.222 — 7.23y — 5.782 — 8.15u
B 1-0.78 sin%vg — 0.56 cos(v) ’
)(t) = —0.00 4+ 4.192 — 0.57y — 2.96z — 5.75u
Y= 1 —0.77sin(v) + 0.56 cos(v) ’
(1) = 1.22 4+ 2.73xz + 3.26y — 0.142 — 2.44u (4.8)
= 1 —0.29sin(v) + 0.14 cos(v) ’ '
(1) 0.34 4+ 7.00x 4+ 6.91y + 5.10z — 0.30u
wlt) =
1 —0.67sin(v) — 0.43 cos(v) ’
) 17.32 — 4.82x + 0.56y + 0.87z + 3.58u
0(t) = .
1+ 0.87sin(v) + 0.20 cos(v)

Here initial values are: x¢g = 1.70,y9 = 6.06, 29 = 11.41, ug = —10.21,v9 = 0.
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0 9.61—0.74:U+274y—|—25lz—373u
€T =
1+0.78 sin% v) + 0.46 cos(v)
(1) = 17.22 — 3.04z — 0.187y + 2.61z + 2.05u
Y 1= 0.64sin(0) +036cos(v)
0 —0.04 — 2.52z — 2.05y + 0.36z + 3.49u 49
Z(t) = :
1-0.79 sin%v) + 0.14 cos(v) ' (4.9)
0 —9.04 + 3.43z — 2.06y — 2.90z — 0.04u
u =
1 —0.82sin(v) — 0.43 cos(v) ’
(1) —2.18 — 4051’—}-4 8y—191z—227u
o= 1+ 0.30sin(v) — 0.40 cos(v)

Here initial values are: xg = —21.70,yg = —1.26, 29 = 10.07,up = —10.21,v9 = 0.

a(t) = 24.51 — 0.922 + 2.45y + 2.932 — 4.37u
B 1 — 0.48sin(v) — 0.56 cos(v) ’
(1) = 3181 200 5y+2502—|—206u
. 774 2 g sinte) ¥ 056c0sm) o)
; M4 —3.70z — U.00y + z+ u
t - .
) 1 —0.90sin(v) + 0.40 cos(v) (4.10)
() = =540+ 3442 — 102y — 2.70: = 3.86u
N 1 —0.71sin(v) — 0.63 cos(v) ’
b(1) = 2318 = 4120 + 3,22y — 1702 ~ 1.99u
B 1 —0.0sin(v) — 0.0 cos(v) ‘

Here initial values are: xg = 40.02,y9 = 33.43,29 = —11.21,uy = 7.62,v9 = 0.
(Examples (4.8)-(4.10) of modeling the EEG for a healthy patient.)

It should be said that in all the above examples, the solution v(t) is un-
bounded (it oscillates around the straight line v = asot). In this case, we get a
contradiction with the time series vg,v1, v, ..., which is built from the bounded
series xg, 1, T2, ..., and therefore must also be bounded.

This contradiction can be removed in the following way. For example, let’s
replace the fifth equation of system (4.9) with the equation

—2.18 — 4.052 4+ 4.08y — 1.912 — 2.27Tu + as5v

o(t) = 1+ 0.30sin(v) — 0.40 cos(v) (4.11)

Consider the graphs of the trajectory v(t) at ass = 0 and as; # 0:

Comparing graphs Fig.4.2(b2) and Fig.4.3(a4) , it can be seen that the behav-
ior of the curves presented in these graphs is similar. We add that the behavior
of the curves z(t),y(t), z(t) and u(t) obtained from the system (4.9) and the be-
havior of the same curves obtained from the system (4.9), taking into account
(4.11), is also similar. As for quantitative differences, we note that the variable
v(t) is included in the first four equations of system (4.9) (and the same system,
but with equation (4.11)) only in complex «;(t) = 1 — f;sin(v(t)) — e; cos(v(t)),
where 0 < a;(t) < 2;i = 1,...,5. The last restriction gives quantitative differences
in the solutions of system (4.9) (and the same system, but with equation (4.11)).
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Fig. 4.1. The electroencephalogram taken from a specific point in the cerebral cortex of the
patient with an epileptic disease: at points 1-500 of time series (1.1), (al) in coordinates (z(t), t)
and (a2) in coordinates (z(t), z(t+7)); at points 501-1000 of time series (1.1), (b1) in coordinates
(z(t),t) and (b2) in coordinates (z(t), z(t + 7)); at points 2001-2500 of time series (1.1), (cl) in
coordinates (z(t),t) and (c2) in coordinates (z(t),z(t + 7)).
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Fig. 4.2. The electroencephalogram taken from a specific point in the cerebral cortex of a healthy
patient: at points 1-500 of time series (1.1), (al) in coordinates (z(t),t) and (a2) in coordinates
(z(t), z(t + 7)); at points 501-1000 of time series (1.1), (b1) in coordinates (z(t),¢) and (b2) in
coordinates (x(t), z(t+ 7)); at points 1-4065 of time series (1.1), (c1) in coordinates (x(t),t) and
(¢2) in coordinates (z(t),z(t + 7)).
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Fig. 4.3. Graphs of the variable v(t) from equation (4.11): (al) ass = 0; (a2) ass = —1; (a3)
ass = —2. Graph of the projection of the phase trajectory of system (4.9) with equation (4.11)
onto plane (z,y) at ass = —2 (ad).

To complete the simulation, it is necessary to analyze the Lyapunov exponents
for the time series presented in Fig.2.1(al,a2) [21].

Before starting the calculations of Lyapunov exponents, sectioning of each of
the time series shown in Fig.2.1(al) and Fig.2.1(a2) was carried out.

Each time series consists of 4065 points. This set of points was divided into 4
disjoint subsets (~ 1000 points each). Thus, we get the following differences.

1. The Lyapunov exponents for a sick patient have greater modulo values than
the same exponents for a healthy patient. (The number of positive Lyapunov
exponents for a sick patient is 2. For a healthy patient, the same number
varies from 2 to 3. Thus, both processes shown in Fig.2.1 are hyperchaotic.)

2. The dimension of the embedding space of a sick patient for each section is
m =4 or m = 5. At the same time, the dimension of the embedding space
of a healthy patient for similar sections varies from m = 4 to m = 6.
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Fig. 4.4. The electroencephalogram Fig.2.1(al) and the distribution of its Lyapunov exponents

for time series (1.1)

3. Now let’s compare the experimental Lyapunov exponents (Fig.4.4, Fig.4.5)
and the Lyapunov exponents of dynamic systems (4.6) and (4.9) simulating
the corresponding time series (see Fig.4.6).

Let Ay > ... > A, are the Lyapunov exponents for a dynamical system in R™.
Assume that j is the largest integer for which A;+---+A; > 0. The Kaplan-Yorke
dimension is given by the formula [30,31]:

AL+ A

4.12
T (4.12)

dgr =J+

In the equations (4.5)-(4.10), for coordinate v(t), we have v(t) — oo or
v(t) — —oo as t — oo (see Fig.4.3). This means that systems (4.5)-(4.10)
behave as nonstationary. Therefore, it is necessary to consider the attractors
of these systems as projections along the axis v onto a 4-dimensional subspace
(2,7, 2,u) € R®. In this case, the dimension of the attractor in this case will be
less than 4.

Let’s compare the fractal dimensions of the attractors presented in Fig.2.2 and
Fig.4.1, Fig.4.2 calculated by formula (4.12).

Taking into account Fig.4.4, we have two situations: 1) A; =~ 0.3, A2 =~ 0.25,
A3 ~ 0.2,A4 =~ 0.0,A5 =~ —1.0; from here it follows that dx ~ 4.75. 2) A} =~
0.25,As ~ 0.15,A3 =~ 0.0,A4 =~ —0.25,A5 ~ —0.5,A¢ =~ —1.0; here we have
dKL ~ 4.6.
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Fig. 4.5. The electroencephalogram Fig.2.1(a2) and the distribution of its Lyapunov exponents

for time series (1.1)

Taking into account Fig.4.5, we have: 1) Ay = 0.6, A2 ~ 0.03, A3 =~ 0.0,A4 =~
—0.7; from here it follows that dg, ~ 3.9 or 2) A} =~ 0.6, Ay ~ 0.2, A3 ~ 0.0, Ay ~
—0.2, A5 =~ —0.7; from here it follows that dg ~ 7.0.

Thus, the fractal dimension of the healthy patient attractor is greater than
that of the sick one. This statement also holds for the attractors of model system
(4.6) (for Fig.4.6(al), we have A; ~ 0.11, Ay = —0.07, A3 ~ —0.31, A4 ~ —0.82;
here dg 1, =~ 2.8) and model system (4.9) (for Fig.4.6 (a2), we have A; ~ 0.19, Ay =
0.03, A3 = —0.13, A4 = —0.51; here di ~ 3.7). The only question is: why is
the dimension of the sick patient attractor greater than m = 57 The fact is that
when calculating the Lyapunov exponents for time series, the noise component
plays an important role. Its presence gives an overestimated value of the fractal
dimension (especially for the attractor of a sick patient).

This suggests that the chaos generated by the signals of the cerebral cortex
of a healthy patient has a more complex structure than the chaos generated by
the signals of the cerebral cortex of a sick patient. The same statement can be
confirmed by comparing Fig.4.1(a2),(b2),(c2) and Fig.4.2(a2),(b2),(c2).

In addition, we note that attractors are not explicitly represented in these
figures, but can be constructed from trajectories (see [2]). In both cases, the
normal activity is the internal trajectory (solid black area; see Fig.4.1 and Fig.4.2),
and the seizure is the external trajectory (higher amplitude activity; sparse area
formed by a single trajectory; see Fig.4.1).
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Fig. 4.6. Distribution of Lyapunov exponents for model (4.6) (al) and model (4.9) (a2). Here
m = 4 is less than the dimension m = 5 of the real embedding space (see Fig.4.5). This means

that different models (see Fig.4.3) must be used for different measurement intervals.

5. On the existence of limit cycles in system (4.2)

It is known that chaotic processes in dynamical systems usually begin with
a cascade of bifurcations of limit cycles (Feigenbaum’s scenario of doubling the
period [32]). Since the processes presented on any EEG are clearly chaotic (see
the figures of this article), it is necessary to show that model (4.2) , at certain
values of the coefficients, generates a limit cycle.

Consider the following simplest version of system (4.2) for n = 2:

ailxri + aiax2 ag1x1 + a22x2

{ = { = . 1
() 1 —¢ejcos(xy)’ #2(t) 1 — g9 cos(xa) (5.1)
We introduce a matrix S = {s;;} € R**? such that either
1 . Al 0 1 . A 1%
STHAS = ( 0 )" STHAS = IR (5.2)

where A = {a;;} € R**? and det A # 0.
Now we introduce a change of variables x1 = s11y1 + S1292, T2 = S21y1 + S22¥2
in system (5.1) and construct the following function

_ ity

v 2

Then, taking into account (5.2), we get

&1(y1, y2) cos(s11y1 + S12y2) + d2(y1, y2) cos(sa1y1 + S22y2)

Vi = My + Ay
t = A1y + A2y + le1] ™t — cos(s11y1 + s1292)
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¥1(y1,y2) cos(s11y1 + s12y2) + Y2(y1, y2) cos(s21y1 + S22y2)
lea| =t — cos(sa1y1 + s22y2)

(Here ¢;(y1,y2),¥i(y1,y2) are quadratic forms, |g;| < 1; ¢ = 1,2. The situation
A1 = A2 = A is not excluded.)

Let us introduce the set H = {(y1,72)7 € R?|V; > 0} and the boundary L =
{(y1,12)T € R?|V; = 0} of this set. Now we use Theorem 2.5. Since the matrix A
is Hurwitz, then A\; < 0, A2 < 0. Consider the behavior of the function V (y1,y2)
on the line s11y1 + S12y2 = S21y1 + S22y2 = (2k + 1) /2, where k =0+ 1,£2, ...
Obviously, if £ — oo, then s11y1 + S12y2 = S21y1 + S22y2 = (2k + 1)7/2 — o0. In
this case Vi(y1,1y2) — Ay? + A2y2 < 0 and the nonnegative function V (y1,y2) is
decreasing along the mentioned straight line.

It is clear that there must be a moment ¢, > 0 such that Vi(y1(t.), y2(te)) = 0.
From here it follows that the boundary IL of the set H is closed and the set itself is
a compact positively invariant set with respect to (5.1). Thus, all the conditions
of Theorem 2.2 25| are satisfied and the set L contains a stable limit cycle (see
Fig.5.1). (If (y1,12)" € H, then Vi(y1,12) > 0 and the unique equilibrium point
(0,0)T € H is a repeller. Therefore, the trajectory (y1(t),y2(t))T is attracted to
some set C C L, which must be the limit cycle.)

_|_

NN NS

YR B R AR AL

Fig. 5.1. Limit cycles of system (5.1) at the following parameter values: (al) ai1 = 0.52,a12 =
—7.23,0,21 = 1.19,@22 = —0.57,61 = 0.99,52 = —0.85; (a2) a1l = 0.36,@12 = —10.21,@21 =
15.22,a22 = —0.37,e1 = 0.97,e2 = —0.87. Here z(t) = x1(t), y(t) = z2(t).

6. Conclusion

The paper presents new models (2.2), (2.3), (2.4), (4.1), and (4.2) describing
strongly oscillating processes. As an application of one of these models (this
is system (4.2)), the problem of modeling signals arising in the cerebral cortex,
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in particular, signals arising in epilepsy, was considered. It is shown that the
constructed model distinguishes quite well the signals generated by the brain of
a healthy patient and a patient with epilepsy.

However, the question of using model (4.2) for the diagnosis of epilepsy re-
mains open. The fact is that the model (4.2) does not give accurate quantitative
characteristics of epileptic seizures occurring in the cerebral cortex of a sick pa-
tient. In our opinion, this is due to the fact that rather crude computational tools
are used to tune the model parameters (4.2): least squares method, methods
LASSO, SIND [14,29], and so on. Therefore, to improve the quality of modeling,
it is necessary to use a more powerful tool. This tool is recurrent neural networks.

The use of neural networks will bring the quality of modeling to such a state in
which it will be possible to take bifurcation analysis [9,16] to study system (4.2).
In this case, we will be able to connect the values of the coefficients of model (4.2)
with the parameters of EEG, and hence with the real state of the sick patient.

At the moment, model (4.2) makes it possible to distinguish between healthy
and sick patients only (without detailing their states): in a sick patient, the
amplitude of signal oscillations is several times greater than in a healthy patient.

Why model (4.2) is presented in this form? There are three main reasons:

1. The electroencephalogram x(t) shows that the electrical processes occurring
in the cerebral cortex have a strongly oscillating, almost periodic nature.
This means that there is a sequence of times t1, t2, ... such that the modules
of the derivatives |z(t1)],|#(t2)], ... increase sharply. It is this fact that is
taken into account in the proposed form of denominators in systems (2.2)
and (4.2).

2. The calculated variables x2(t), z3(t), ... are obtained from the experimental
dependence z;(t) = x(t) using the delay method [6,9] (here ¢ = 1). This
means that the jump moments of the derivatives #(¢;), (t2), of the function
x1(t) must be shifted for the functions xo(t) = 1 (t+7), x3(t) = x1(t+27), ...
by 7: t1 + 7,t1 + 27,...,t9 + T,t9 + 27, ... That is why the terms in the
denominators of the equations of system (4.2) are linear combinations of
the terms of only one denominator 1 — fsin(z1(t)) — ey cos(x1(t)). (In
system (4.2), any function x;(t) can be taken as an experimental variable;
i€ {l,..,n}. In examples (4.5)-(4.10) : =5.)

3. In all denominators of equations (2.4) in the role of the function cos(t)
any periodic function can be taken. Let us assume that the amplitude of
oscillations of this function is A. Then in all equations (2.4) parameter ¢;
must be replaced by parameter €;/A;i =1, ..., n.

In conclusion, let us say a few words about future studies of epilepsy models.

First of all, we note one important circumstance. All real EEGs are usually
very noisy. Therefore, before modeling, it will be necessary to filter the data
obtained from these EEGs.
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The standard filtering process is to cut large amplitudes (jumps). However,
in our situation, such a process must be carried out very carefully: filtering can
remove amplitudes that are critical for diagnosis. (In this case, the introduction
of functions (2.1) would be unjustified.)

As previous studies have shown, it is impossible to build one model that would
approximate the entire time series. Therefore, along with filtering, the question
of sectioning the time series also arises. This sectioning should be done in such a
way that only one model is used to model each section of the series.

Let i be any number from the set {1,...,n}. In the present work, model

aip +a1121 + -+ a1pTy

o (4 — ’
#1(t) 1+¢e1-cos(z; + a)
o Gt anm ot g,

(1) = , )
;(t) 1+ ¢;-cos(z; + ay) (6.1)
j:n(t) _ apo + Gp1x1 + -+ + AppTp

L 1+ ey, - cos(z; + an)

was investigated. (There are n?+3n parameters ajg, Aip ..., Appy 1y Oy vvy Eny O )
The next step is to explore the universal model

B aio + a11x1 + -+ Aipn
1+ep-cos(biizy + -+ binzn +71)’

o1 (t)

(6.2)

- Gno + Ap1Z1 + ++ + GunTp
14+ep- Cos(bnlxn + -+ by + 'Yn)

&n ()

(There are 2n? + 3n parameters a10, Gin..., Gnn, D11, o, Drns €1, Y1y s Ens Y-)
Finally, we note that it is possible to propose a model that generalizes models
(6.1) and (6.2):

1 (t) = aip + a1xy + -+ aipy
1+4¢e1-cos(hi(z1, .y xp))’
e (6.3)
_ Qpo T ap1T1 + -+ AQppn
 14ep-cos(hp(@n, ...y Tn))

dn ()

I

where h;(zy, ...,xy);i = 1,...,n, are continuous functions of their arguments.
In order to guarantee the boundedness of solutions of systems (6.1), (6.2), and
(6.3) the following conditions:

1. The matrix A = {a;};4,5 =1,...,n, is Hurwitz;
2. The parameters |g;| < 1;i =1, ...,n,

must be satisfied. (The proof of the last assertion almost completely repeats the
proof of Theorem 2.5. Therefore, there is no need to give it again.)
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The fulfillment of these conditions makes it possible to vary the parameters
of systems (6.1), (6.2), and (6.3) within a very wide range, which guarantees the
absence of unbounded solutions (a mandatory condition for any simulation).

We hope that the use of recurrent neural networks to adjust the coefficients
of systems (6.1) and (6.2) will lead to more adequate models of epilepsy than the
models discussed in this article.
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Abstract. For the problem of optimal control of a parabolic-hyperbolic process with
nonlocal point boundary conditions, an explicit form of the solution is obtained in the
form of formal series according to the system of eigenfunctions, which are generated by the
spatial differential operator and boundary conditions. At the same time, the unequivocal
solvability of the intermediate problems is established for each iteration. In addition,
sufficient conditions for the convergence of the series are established, which determine the
obtained formal solution of the optimal control problem, which justifies its correctness
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1. Introduction

It is known [1] that problems of optimal globally bounded distributed control
for linear stationary parabolic or hyperbolic equations with local boundary con-
ditions and a linear quality criterion have unique solutions in the form convergent
series in a complete system of eigenfunctions generated by a spatial differential
operator and boundary conditions. Problems of construction of approximate con-
trols for of nonlinear parabolic equations were considered in |2, 3| and for wave
equations were studied in [4]

In this paper, we substantiate the possibility of generalizing the above ap-
proach to non-self-adjoint optimal control problems related to parabolic-hyperbolic
equations with non-local boundary conditions and a linear quality criterion. A
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formal solution of the problem is constructed. The unique solvability of inter-
mediate problems at each iteration is established. Sufficient conditions for the
convergence of the series defining found a formal solution.

Some types of optimal control problems for such systems were considered
in [5]. The properties of solutions such problems that had no analogues in the
self-adjoint case were set there.

When implementing this generalization, a number of features should be borne
in mind. First, under a fixed control, we consider the classical solution of the
corresponding boundary value problem with absolutely continuous control. Se-
condly, as a control norm, which is globally bounded, we consider a special equiv-
alent norm generated by some positive definite operator. Thirdly, at intermediate
iterations, the Fourier coefficients of controls are determined at different time
intervals.

2. Statement of the problem and its preliminary analysis

Let the controlled process be described by function y(z,t), which satisfies the
equation

Ly(x,t) = u(z,t), (z,t) € D, (2.1)
initial condition
y(@, —a) = p(z) (2.2)
and boundary conditions
y(0,t) =0, y'(0,t)=y'(1,1), —a<t<T, (2.3)

where D = {(z,t): 0<z <1, —a<t<T, a,T >0}, control u and function
o will be assumed to be given, and their smoothness properties will be refined

Yt — Yazy t > 0,
L =
Y { Yit — Yoz, t < 0.

below,

The formal solution of the problem (2.1) — (2.3) can be represented [6] as

y(@, 1) = Xo(@)yo(t) + > (Xop—1()yar—1(t) + Xor(@)yar(t),  (24)
k=

—_

where the functions y;(t) are defined as solutions to the Cauchy problems

dyo(t)
dt —u(](t)a t>0a
d?yo(t)
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-
dyan(t) Apyar-1(t) = uge-1 (1), £>0

dt
dde’ftl() + Xyop_1(t) = ugr_1(t), t <0, (2.6)
Yok—1(—) = pap—1, Ap = 2km;
dyiik( ) + Nyor(t) = —2Xkyar—1(t) + uok(t), t >0,
(2.7)

dyor (1)
a2 Noyor (1) = =2 py2k—1(t) + ugk(t), t <0,

kaI(_a) = P2k, k= 1727”')

and here y;(t) = (y(),Yi(-))1,00) € CH(=a. 1), i) = (u(-,1),Yi() 50,1

i > 0; functions X;(x) and Y;(z) belong to the Riesz bases
Wo ={Xo(z) =z, Xop_1(x) = zxcos(2rkx), Xop(x)=sin(2nkz), k=1,...},

Ry = {Yo(x) =2, Yor_1(z) = 4cos(2mkz),
Yor(z) = 4(1 — z) sin(27kx), k=1,...};

Lo =7
(X3, Y5)a0,0) :5”:{ 0, @ # j,i,j = 0,1,..;
the sequence of numbers {py} is taken from the representation functions ¢(z) in

the Riesz basis W.
For any function ¢(x) € Ly(0,1) fair assessment 7]

7"H¢||?;2 (0,1) = Z¢k < RHQbHLQ 0,1) (2.8)

rie 7 =3/4, R =16, ¢r = (¢, Y&)L,(0,1)-
Moreover, in [8] it is proved that in the space L2(0,1) we can introduce an

equivalent norm according to the rule

16llH = (Do, ¢) = Zqﬁk, (2.9)

where D : Ly(0,1) — L2(0,1) — some positive definite operator.
In [6] the problem (2.1) — (2.3) was studied for u(z,t) = 0 and in [9] for

u(z,t) # 0 it is proved that series (2.4) is the unique solution to the problem
(2.1) - (2.3) and y(z,t) € CY(D)NC?*(D_)NC?*Y(D,) if a is a rational number,

v € (C(0,1), ue C(D) and the conditions

o
Z/\%<‘902k—1| + \wzk\) <0

k=1

(2.10)
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> )\k(HUQk—lHC(—a,T) + ||U2k”C(—a,T)) < 00, (2.11)
=1

where D_ = {(z,t): 0 <z <1, —a<t<0}, Dy ={(zt): 0<zx<]l,
0<t<T}.

In the paper [9] for a fixed continuous control an integral representation for
solution of problems (2.5) — (2.7) is obtained

0
yo(t) = Q. ()0 + Vol (t, T)uo()dr

t
+U8,+(t)u0(0)+/ Uy (t,m)uo(r)dr, t > 0,
0
0

yo(t) = 5 _ (o + [ Vo_(t,7)uo(7)dr

t
+US_(uo(0) + [ VO_(t, T)ug(r)dr, t < 0, (2.12)
where
(I)g,—&—(t) = 17 ‘/E)?—i—(tﬂ—) = —(Od + T)7 Ug,—l—(t) = Q, u(()),+(t77—) = 17

(I)g,—(t) =1, VYO?— (ta 7-) = —(Oé + t)v U(()),—(t) =+t V(()),—(t7 T) =t—-r;

0
yor—1(t) = B3 "1, (D)1 +/ Vo (6, T)vg (7)dr

—Q

t
+URTL L (Dugr—1(0) + / Usp ! (6, T)ugk—1(7)dr, >0
0

0
e (6) =037} _(hemor + [ VB (6 m)usea(r)dr
—Q

t
+ UZ L (H)ugr—1(0) + / Vit _(t, T)ugk-a(T)dr, <0, (2.13)

—Q

here the following notations are used

—Ajt) exp(—A7t)
p2k—1 _ eXP(ik 2k—1 _ _SxXPITAY
2h—1,+(t) Se(@) Vor 1.4 (t,7) 5 (o) sin A (a4 7),
_ exp(—A2t) sin( Az B
U22/§*11,+(t) = ( (5:(62))\]6( )’ u22115711,+(t7 T) = eXp(—A%(t - 7)),
_ 3 (]t]) _ sin g (t + @)
‘I>2k 1 _ % 2k—1 _ >R T
21@*1,*(25) Sp(a)’ ‘/21@71,7(@7) o0k () Sr(I7),
sin At + )

1
2k—1 _ 2k—1 1 _
U2k7177(t) R WAT) VQkil’i(t,T) = sin A\g(t — 7),
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yor(t) = D35 | ()par—1 + B3y (£)p2m
0
[ (VB e () + VR (6 7)) d

+ USE 1 4 (H)ugr—1(0) + Usf: , (t)ugi(0)
+/ (Uzk 1 +(t,7')u2k_1(7) +Z/{22,]§7+(t,7')u2k(7')) dr, t>0,
0
yor(t) = D31 _()pan—1 + B3y _(t)pon
0
+ / <V2k 1t T)ugg—1(7) + Vzgklff(tﬁ)u%(ﬂ) dr
+ USE 1 (H)ugr—1(0) + Usf: _(t)ugi(0)

t
+ / (V%,’:_L_(t,f)u%_l(ﬂ+V§,’;_(t,7)u%(7))d7, t<0; (2.14)

where
exp(—M\2t .
<I>§£717+(t) = I(;g(a)k) ((a — 1) sin A\ga — ad cos Agar — 2)\kt(5k(a)>,

Y
o2 (1) = TP ,
2k,+( ) 5]6(@)

— T1cos A\g(a + 1)

Vo g 4 (6,7) = exp(—Ait) <COS Apasin AT

pYRACY) N

or(|T|) sin 2\« ) sin A\pav
5@ (a— N )+2s1n)\k(a+7)( 5 +)\kt) ,

exp(—A\2t) |
VQk +(t 7') —)\kék(ak)sln)\k(T‘Fa),

2 .
Uzt 14(t) = (W(—Qsm2)\ka+a—w—2t)\ksin)\ka5k(a)>,
exp(—A7t) sin A\
U+ (t) = 5 (@) N
Uk 1+( 7) = = 2X\(t — 7) exp(=A{(t — 7)),

Usi 1 (t,7) = exp(=AR(t — 7)),

) =
o 1-(t) = 21 ( —28in A\, (t + a) + 9x(Jt]) (sin Agaw — Agav cos Agav)
0j:()

+ 0k (o) (sin Mgt — Agt cos Agt) + adg([t]) sin Ay — t0; () sin )\kt) ,
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T )
in A (t+ ) [ (1 —7)sin \g7 2sin A\ (a0 + 7)
Voo - (67) = = — —rcos A\ — — 7
ke (57) Or () Ak F A0k ()
cos \ga Ok (|7]) [ Ok([t]) /sin g 1 /sin A\t
- A
* Ak 5,3(04)( Ak ¢ CO8 kOé) +6,%(a)( N
sin Acady (|r]) | |
—tcoshpt) | = —RCORTV (s, (1) sin Aper — £6 A\t
08 Ak )) Ae02 () (a k([t]) sin Aga — 26y () sin A, >,
in A (¢ + a)dg(|7])
vk (¢, _sin)y |
2 ( ) )\kdk(a)
2k () = — 2sin Ag(t + o) sin \p« B cos Aga [ Or(]t]) (sin)\ka
2k—1,— - )\kég(a) A 5]%(04) A
1 /sinAgt
_aCOSAka)-i-m( " —tcos)\kt>>
sin Ay« ) ‘
+ W <a5k(|t|) sin Ay — t0g () sin /\kt>7
in A (t+a)
o) = T
Vi1 (t,7) = ! (t—T)cos)\k(t—T)_w 7
V2t (7 = SRAEZT)
9 Ak

The above integral representation of the solution to the problem (2.5) — (2.7)
contains a function

Ok (a) = cos A\ga + A sin Adga (2.15)

in the denominator. For sufficiently large k£ and rational positive «, it satisfies

the estimates
sin(Apa + Wk:)’ <y /1+ X2,

[0k ()] = /1 + A%
_ ./ 2 | g / 2 ain
|0x(c)| = /1 + AL ‘sm()\ka + 'yk)‘ > 4/1+4 A;sin 2% (2.16)

here v, = arcsin (\ /14 )\i) 1, a=p/q, 2kp = sq+r, p,q are positive integers,
r is a non-negative integer not exceeding ¢ — 1, s is a non-negative integer.

Consider the following optimal control problem: we need to find the function
u(x,t), which returns an extreme value to the quality criterion

T ,l
J(u):/ /0 q(z, t)y(z, t)dxdt, (2.17)
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when restrictions are met

OOO <ﬂ§(—a) +/ vf(t)dt> < (2.18)

y(@,T) = ¢(x), (2.19)

where g(x,t) € La(D), (x) € L2(0,1) are fixed functions whose properties will
be specified below.

u;i(t) = ti(—a) + /t vi(T)dr, t>—a, 1=0,1,.... (2.20)

—

If the condition (2.19) is satisfied, then the solution to the problem (2.17) —
(2.20) exists and is reached on boundary of the domain (2.18): the linear func-
tional reaches extreme values in control when the last is located on the boundary
of a closed convex region.

3. Formal solution of an extremal problem

The functions g(x,t), ¥ (x) have series expansions

[e.9]

a(@,) = Yo@ao(t) + Y (Yor-1(@)aze-1 (1) + Yor(@an(®)),  (3.1)
k=1

U(z) = Xo(@)to+ ) (sz—l(ﬂﬁ)wzk—l + sz(x)wzk), (3.2)
k=1

where qz(t) - (q(7 t): Xi('))L2(0’1)7 i = (w()v Y;;('))LQ(O,I)’ 1=0,1,....
Then the problem (2.17) — (2.19) becomes

J(u) = f; ( /_ z qi(t)yi(t)dt) = eatr, (3.3)

if

>/ T
; <U12(—Oz) + /_a vf(t)dt) =% (3.4)

yi(T) = i(z), i=0,1,.... (3.5)
The Lagrange functional for the problem (3.3) — (3.5) will have the form

o T 00
L= ‘ (/ Qi<t)yi(t)dt> - ;m (4i(T) — i(x))

o <yz B :0 (@g(_a) 4 / Z vf(t)dt)) , (3.6)
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where m, p;, ¢ =0,1,... are Lagrange multipliers.
The Lagrange functional (3.6) can be represented as

o0
m
L=1Ly+ ZLQ}C_L% + 5 v
k=1

where

T T
Lo= [ Ot +onl@) i) - 5 (da)+ [ o). 69

—Q

2k

T
L= 3 ( | 600+ () - b5)

j=2k—1 N T

- 5 (@?(—O&)—F/_z vf-(t)dt)). (3.9)

Let us obtain optimality conditions for the above problems, taking into account
integral representations (2.12) — (2.14), (2.20). For the problem (3.8) we get

oLy 0 . B
Bin(—a) ag + poby — mig(—a) =0,
0Ly ad _(t) + puob _(t) — muvo (), t€ (—a,0),
0=—-—1()= ’ ’ ’ 3.10
] 0= .4 (0) + ol 4 (1) — muo (1), 1 € (0,7, S
where

agz/_(;(qo(t)(_i%? (t,7)dr + US_( >+/t0q0 Vi — Tt)d7‘>dt
+/0T(q0(t)(/_i‘/0+(trd7+Uo+ ) /tho L{0+(Tt)d7>dt

b) = v0+( T)dr + Ug , ( )+/ Uy (T, 7)dr
0

—Q

af_(t) = /t 0 ( / 0 w0 (EVE_(E, r)d&) ar+ | 0 W)U (€)de

_I_/t 0 () (/E V(()J’_(g’f)dq-) d¢ + /O </0T QO(E)‘/()?+(§,T)d€> dr

/Oqu@Uo+ €)de + / / Qo (UL, (&, 7)dgdr,

_|_
bo, _ [ VO (T, €)de + U, Tuo T, 7)d
— - ] 0+ E §+ 0+( )+ 0 0,+( 7T) T,
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T 13 T
ad  (t) = /t q0(€) ( /t U8,+(£,T)d7> g, by (t) = /t us (T, 7)dr,

0 Ly
81}0
The parameter po in the equations (3.10) is determined from the moment

equality (3.5) for ¢ = 0 and has the form

(t) is the Frechet derivative of the functional Ly.

m(% - ‘1’8,+(T)<Po> — 70

— 3.11
Ho RO ) ( )
where
0 T
mo= [ d @ (0de+ [ ob (088 (00,
— 0
0

Ry = (b9)? —I—/

—

T
8 (Pd+ [ (28 (0.
0
In (3.11) Rp > 0. Indeed, let Ry = 0. Then
bp=0, by _(t)=0, te[-a,0, b}, (t)=0,te(0,T] (3.12)
From the last equation of the system (3.12) it follows
Uy (T, t)=0, te(0,T].

Since bgﬁ (—a) = b3, then subtracting from the first equation of the system (3.12)
second one, we get

Vo (T,t) =0, te[—a,0]

Taking into account the two equalities obtained above, it follows from the first
equation of the system (3.12) that U& +(T) = 0. The resulting equalities contradict
the definition of the functions U87+(t, T), VOO’Jr (t,7), U87+(t), ie. Ry > 0.

Then from (3.10) — (3.11) we find

. 1 1
do(—a) = E'Ag + By, vo+(t) = %Ag}(t) + B+ (1), (3.13)
where
0
A0 — g0 bgro 80— by <¢0 - ‘I’O,+(T)<Po>
0 RO ’ 0 RO ’
0 o oo Ban L B=0(v - 204(T))
Ag JF(t) = ao?(t) Ry ) BQ;( ) = Ry .
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For the problem (3.9) we get

OLoj 1.2k .
A = ah T+ Z 1057 = miigp_1 (—a) = 0,

Ditzg—1(—a) j=2k—1
OLok—1 2k ok 2h ok
T2%k—12k B2k mdion(—a) = 0
aan(_a) 2k+ ._Z Hj J mqu( Oé) )
Jj=2k—1
0= Lar—rom| ayy ()+ZJ ob_1 105" () — mugg 1 (1), £ <0,
Ovap—1 agy” %+( )+Z] o1 M jb?li Y(t) — muo_1,4(t), t >0,
0= ook o _ agi ()+ZJ Dot HUF () = muvag,—(¢), t <0,
ok asy; +( )+ Z] 2k— 1#]5% (t) — m a4 (1), >0,
(3.14)
where

0 0
t= [ (o [ v i vt o)
0
+ / ok (T)Var_t (7, t)dr | dt
t
T 0
+/0 Q2k1(t)</ V22kk—_11,+(t77')d7'+Uzzlf—_ll,+(t))

T
+ / ok (MU~} (7, t)dr) dt
t

o (w(t)(/av% (6T + U (1)

—Q

0
+ / qgk(T)Vglf_l’_ (7, t)d7'> dt
t

+ /OT (q%(ﬂ(/_oa V22kk717+(t77)d7 + U221571,+(t))

T
+ / q2k;( )u2]§71:+<7_’ t)dT) dt,

0 T
21 2h—1 21 2h—1
bop—1 = / Vor1 4 (T, m)dr + Uy ( +/0 U~y (T, 7)dr,
o
0 T
byt = / Vi 1+ (T,7)dr + U. Sh 14( +/0 o 1+(T,7)dr,
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0 0 0
= [ <q2k<t>( | vt i g @)+ [ q%(T)v%,f,_(m)dT)dt

T 0 T
- (qgkw( | vt enir+ gt o) + [ q2k<f>u§;f,+<r,t>d7)dt

—Q

2k
ka 1=

aglg:i,_(t) _ /to (/Oa Qor—1(E) Vi~ 1 (&, )d§> dr+/0a Q2k—1(§)U22,]:__117_(§)d§
+/t0 @r—-1(§) </t5 Vi % (& 7)d ) dg§ + /0 </T qok— 1(5)‘/22;€k_117+(f,7')d§> dr

T

[ e €)de + / / Gk (UL (€, 7)dedr
0 0

/ ( / eV L (€, )d&) dr o+ /_ (U, (€)de

/ aon(€ < / Vi, )d£+ / O ( /0 quk(f>vgik_1+<£,r>ds> dr

+ /0 Qo ©UZE |, (€)de + / / Gon(EUZE (€, 7)dédr,

0 T
o, = [ VEL@oar VB + [ W

T
B0 = [V o i+ [ @

T
bSZ OE /t Vak (T, 8)de +Usg_y ((T) +/0 Uy, (T, 7)dr,

T
a§£:17+(1§) :/t qok-1(§) </ U= 11+(£,7')d7'> d¢

T
G ( / U§§_1,+(§,T)d7) de.

T
k— k— k
bgk i+ _/t u22k711,+(T7 T)dr, bgk +1 / Z/[ — 1+ (T, 7)dr,

asg _(t) = / : < / : qzk(ovzk’f(&m)dg) dr + / ok (E)Uspy _ (€)d¢

—Q

/ gon (€ ( / Vik >d£+ /t 0 < /O Tq%(@vgi‘;(sw)ds) dr

T T
4 /0 QoR(OUZE, (6)de + /0 / aor(OUEE (€, 7)dédr,
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0 T
b (1) =0, @ﬁxwzlfwﬁgT@ms+aﬁ+uv+A Uk (T, 7)dr,
2k r ¢ 2k
a3t () = / 4o (€) / U3E (6, 7)drde,
t t
T
b%AAw:o,@ﬁngzmwﬁﬁﬂfwr

The parameters pop_1, o, k = 1,2,... for each k are determined from the mo-
ment equalities (3.5) (i = 2k — 1, 2k) that generate the system

Ry Vuok—1 + Ry o, =m (¢2k—1 - ¢§£:%,+(T)902k—1) — o,
REE_ypioge—1 + R o, (3.15)
=m (1/’% - ¢g£—1,+(T)§02k—1 - (I)%g,-y (T)S%k) - T%]’:,
where
0 T
%—1 _  2k—1;2k—1 %1 2%—1 %1 %1
Top—1 = Qo103 +/ a2k—1,_(t)b2k_1,_(t)dt —l—/o a2k—1,+(t)b2kz—l,+(t)dt’
—Q
2%—1 2k—1)2 O (ok—1 2 T ok 2
Ry = (b2k71> "’/ (b2k71,—(t)) dt+/() (b2k71,+(t)> dt,
—Q
0 T
2%—1 _ p2k—172k—1 %1 2%—1 %1 2%—1
Ry = by 10y Jr/ D31, ()3 — (t)dtﬂL/0 bor—1 4 ()3, - ()dt,
—Q
0 T
k _ 2k—172k—1 %1 %1 2%—1 %1
o = a5y 1b3; +/ age_y ()b (t)dt+/0 ag_y (Db (t)dt
—Q
2% 2k O o 2% T o 2%k
+a2kbzk+/ a2k,(t)b2k,(t)dt+/0 asg 4 ()3 4 (t)dt,

0 T
mi - [ onons [ s on
2 0 2 T 2

o _ (p2k—1 %1 %1

Ry, = (ka ) +/a (b%,— (ﬂ) d“’/o (bgk,+ (75)) dt

2 T 2
(83 0) dt + / GROXD
0

0
Consider the solvability of the system (3.15). Its determinant has the form

+ (b%’,;f +/_

07

2
Agi—12c = Ry R3f — (Ri’;‘l) ; (3.16)

2k—1 _ p2k
because R3,~ = R3j_;.
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Let us show that for all £ : Ag_; 95 > 0. To do this, we use the Hilbert space
H = R x Ly(—a,0) x Ly(0,T) with scalar product

0 T
a_(D)b_(t)dt + / ar (b (B)dt, abeH.  (3.17)
0

(a.5),, = ab+/

—

Then the determinant (3.16) in terms of the characteristics of the space H can be
represented in the form

2 2 2 2
72k— 7 ok— 2ok 2ok—1 F2k—
Aak-1,2k = Hbg’“iHHO’bgk IHH * Hbg’“HH> B (bgk*%’bgk 1)7{’ (3.18)

~ / N /
where (B261) = (371, 02571 (0, 021, @), (B31) = (3N o8,

/
2k—1 7
bii), (83) = (03 930, 03, ().
Let us estimate from below the value of the determinant Agy_; o, using the
Cauchy-Bunyakovsky inequality for the scalar product,

22k— 72k— 72k p2k— p2k—
Bon-v,an > BB I3 (B35 13 + NB3EI3: ) — 163K I35 134
72k— 22k 7 2k—
— (351301635 13, = 163514 (3.19)

since lgk = lggj due to the integral representation (2.13) — (2.14) of the original

boundary value problem solution.

Let us show that Agj_q 91 > 0 for any k.

Indeed, suppose that l;gllzj = 0. Then the system of equations

0 T
bar 1 = / Vol (T, m)dr + Ui =] (T) + /0 U=t (T, 7)dr =0,
—a
0
B0 = [ VAL (e + UL ()
t
T
+/ Uil (T, 7)dr =0, te€[-a,0),
0 b
T
o1y (1) = /t Uspt (T, 7)dr =0, te[0,T],
The written system will take place provided that
UBEL L (Tom) = VB (T 7) = UBE (1) = 0

(see the analysis of the Ry = 0 case above). This contradicts the definition of
. k— k— k—
functions Uyy !  (T,7), Vap ' (T,7), Up—| (T).
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Thus,
Hok—1 = A;;j,l,gk [m (<¢2k—1 — @32:%7+(T)S@2k—1)R§£ - (@ZJ%

9

k k k— k p2k— k—1 p2k
- q)%k—l,+(T)502k—1 - <I>%k,+(T)<P2k)R§k 1) + T%kng t- Tgij%k

H2k = Aziqu,zk [(m <¢2k - <D3£—17+(T)902k—1 - @%’,jﬁr(T)@%) RSZ:}

2k—1 2k 2k—1 p2k 2k p2k—1
- (7/)219—1 - q)2k1,+(T)‘/’2k—1)Rzk—1> + o R ok o,y

2k—1 :
(3.20)
Then from (3.14) and (3.20) we find
Uj(—a) = ifl]: + B
L m (3.21)
v (t) = EA;PF(” +Bi (), j=2k-12k k=12,...,

where

1
%—1 _  2k—1 o%h—1(, 2k p2k—1 _  2k—1p2k
Ay =ag 1 + A bop—1 (T2kR2k 7‘2k71R2k>
2%—1,2k

2%—1( 2k—1 p2k—1 2k p2k—1
+ b3y, <T2k71R2k - T2kR2k1>] ’
1
2k—1 2%k—1 2k—1 2k
B3 :m [b%_l <(¢2k—1 - ¢2k_1,+(T)<P2k—1>ng
- (T/J% — ®5p 1 (1) P21 — (I)%II;-&-(T)‘P%) R%ZI)

+ bart ((%k — 55y (T)pom—1 — ¢§§,+(T)<P2k>R§’,§j

)

- (¢2k—1 - ¢§§_%,+(T)<pzk_1>R§§_1>

1
2k—1 _ 2k—1 2k—1 2k p2k—1 2k—1 p2k
AQk_l,:F(t) = an_L;(t) + Aok 195 [ka_17¢(t) (TZkRzk - T2k—1R2k>

2k—1 2k—1 p2k—1 2k p2k—1
+ by = (1) (r2k—1R2k - T2kR2k—1>] )
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1

2k—1
Bacl) = R

b§£:},¢(t) <(7/12k—1 - ‘1>§];§:%7+(T)<P2k—1>R§Z
- (?/)21@ — 03, (T)par—1— ¢§Z,+(T)902k) Ril’il)
+ b%ﬁ,;l(t) ((1/’% - @gllf;—l,Jr(T)‘P%—l - ¢%£,+(T)902k> R%Zj

- (%k—l - ¢§Z:%,+(T)<P2k—1>352—1>] ;

1
% 2%k % % p2k—1 2k—1 p2k
Aoy = agp + N bok—_1 (TQkRQk - Tzk—1R2k>
2%—1,2k
% [ 2k—1p2k—1 2k p2k—1
+ bog, (7’2k—1R2k - T2kRQk—1>] )
BQk _ 1 b2k @2]6—1 T R2k
o = Ao |21 Yar—1 — Py 4 (T)p2n—1 ) Ry,
2%h—1,2k

- (%k — 031 (T)par—1 — ‘1’32,+(T)S02k> R%Z‘1>
+ b3k ((z/ak — OB (Mo — O3 L (T)oor ) R

- (¢2k71 - ®g£:%7+(T)<P2k1>R%§—1>],

1

AR () = a3p - (t) + ———
2k,:|:( ) 2k,:|:( ) AQk—l,Qk

o% % k-1 2k—1 o2k
bog—1.+ (1) (erng - Tzk—1R2k>

Y

% %=1 p2k—1 2%k p2k—1
+ bag = (1) <T2k—1R2k - 7’2kR2k—1>

1

2% _
Bar(1) = Aok—1,2k

b1+ () ((¢2k1 - <I>§’,2:},+(T)<pzk71>R§’;§
- (wzk — 51 4 (T)par—1 — @§£7+(T)g02k> Rii_l)
+ b%’iﬁ;(t) ((%k - <I>%’;§71,+<T)sozk71 - ‘I’%Q,JF(T)(P%)R?E:%

- (wqu - <I>§ij,+(T)<p2k1>R%’;§1>]-
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Lagrange multiplier m, according to condition (3.4) and formulas (3.13), (3.21),
determined from the equation

(1Y v2a() wemo oz

where

¢= i [<A§)2 + /_1 <A§7_(t)>2dt + /T ( §’+(t))2dt] ,

=0
oo 0
d:Z[A§B§+ Al _(t)B! dt+/ Al L (6)BL, (t)d ]
i=0 -«
> 2 2 T 2
2 i i i
() +a<, o [ (a0
Let the series defining the coefficients ¢, d, e of the equation (3.22) converge. Then
1 —d++vD
<> = J, (3.23)
1,2 ¢

where D = d? — ce is the discriminant of the equation (3.22).
The number v in the constraint (2.18) must be such that the inequality

D= (i[&isﬂ _ZAZ; B: dt+/ Al (OB (t)dt DZ
+ (oo [<A§)2+/0 <A§,_(t))2dt+/0T( §7+(t)>2dt]> (3.24)
i=0 “

x (ﬂ _ 2 [(B;’)Q + /Z (B;,(t))zdt + /OT <B§,+(t))2dtD > 0.

Then the formulas (3.13), (3.21) are a formal solution to the problem (2.17) —
(2.19).

4. Substantiation of the solution of an extremal problem

Let us find the conditions on the data of the original problem under which the
above formal results hold.
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Let us first estimate the right-hand side of the inequality (3.19) from below.

. 0 T 2
Hbzz—ln;&:(( | v i UL () + /O U3 (T r)dr )

—

0 0 T 9
- / ( / Ve (T,9)dg + U~ (T) + / Usp—t (T, T)dT) dt
t 0

_;C T 5 \2
+ /0 ( /t ULl (T, T)dT) dt) . (4.1)

Applying to the right side of equality (4.1) the inequality about the relationship
between the arithmetic mean and the geometric mean, we get

. 0 T 2
it o| ([ vt o gt s [ o

«

0 0 T 2
X / ( /t Vo L (T, 9)de + U=} () + /D Usp ™ +<T,T)d7‘> dt

x / T( / Tug,f:i (T, T)dT)th] . (4.2)
0 t

Let us estimate the factors of the right-hand side of the inequality (4.2) from
below.

win

0 T 2
( /_ Vol (T, m)dr + Ui~ (T) + /O Ush 1 (T, T)dT)

_ <_ exp(—A2T)
S (a)A?

exp(—A:T)
Ok () Ak

2

1 2 1 exp(—A2T)

—(1- —\T S I I A S b .
+)\’2§( exp( k ))) = )\}‘; ( A ;

1 —cos A\ya ) + sin(Ap«)
( )

—

O Vexp(—\iT) exp(—=A2T)
= —_— Apa — A t —— E Zgin(A
/a< AT (cos g — cos A (v + )) + AR sin(Aga)

1 9 2 a exp(—A\3T) 2
Jr)‘i (1 exp( )\kT))> dt > ¥ <1 N ;

0 0 T 2
/ ( /t Vol L (T, 9)de + U~} (T) + /O Usi ™) +(T,T)d7> dt
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r r 2k—1 ? 1 r 2 ’
/ </ Ule’Jr(T,T)dT) dt = 55 1—exp<—)\k(T—t)> dt
0 t Lk J0
1 T

2
>51 ), (1—exp(—A%(T—t))> dt.

The above estimates imply the inequality

C
Agk_LQk > F . (4.3)
k
The optimal control formally found in the previous subsection must be an abso-
lutely continuous function, i.e., the series must converge

U= g (a?(—a) + /_Z v?(t)dt) <C ﬂ; g ((A§)2 + /_i (AL _())%dt +
o [ a3 (@00 [ @ ora [ eopa)|
(4.
where Y
i<W+¢5.

Due to the representation for the constant c,, the estimate for the quantity U will
be a fair

d2 +D > i\ 2 T i 2 0 i 2
U<0|— +; <(Bz) +/O (Bi.- (1)) dt+/_a (Bi+(1) dt)] , (4.5)
where

0

T
(AD._(t))2dt +/ (A87+(t))2dt £ 0.
0

Further, two variants of sufficient conditions on the initial data of the prob-
lem under consideration are possible, under which the above series will converge,
defining the formal solution of the problem.

Case 1. Let the input data be p(x), ¥ (x) € C5°(0,1), g(x.t) € Cg’oo(D), ie. by
spatial coordinate they are infinitely differentiable and finite on the boundary.

Consider, for example, how it will look for the function ¢(x). The above series
will converge if the series is convergent

Z N (@%kq + @%k) ; (4.6)
k=0

co = (A8)2 +/

—Q

where [ — some positive integer and let here p_; = 0. Really,

1 1
Pok—1 :/o o(x)Yop—1(x)dx, 8021::/0 () Yo (z)d.
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Integrating by parts, for the coefficient 91 we obtain

1 1
Pok—1 = /0 o(z)Yop—1(z)dr = 4/0 o(x) cos(A\px)dx

L4 [Mde(a)
0 )\k 0 dx
4 ) L4 do(x) 14 [P dPp(x)

=5 o(x) sin(Agz) . + )‘72 . cos()\kx)‘o — )\—i /0 e cos(A\gz)dx

4 dp(z) COS()\kJJ)‘;— 4 d2p(x)

4 o(z) sin(Agz)

" sin(Agpz)dz

)\72 da?
14 dy(x)

(x) sin(A\gx) ’0 + X d

4 1 1
- in(\ = ’
" o(x) sin(Agz) 0+ N do

sin(Axx)
4 [P dPe(x) _ 4
X Jy " di? Y
4 do(a) L4 dPp(x)
- = A .

A3 da? sin km)o Ay dad

4 [1dio(x) N (DR @ () L
= z)de = ... =4 . P i O ‘
+ )\i/o dz? cos(Axz)dz ; A dri-1 ¢ (A, @) 0

_|_

1
sin(A\gx)dx cos(Ag) ‘0

1
cos(Ag) ‘0

4 ldmgp(:v)
_)pm O, 7)oz, 4
g [ 8 0O (4.7

where
g, m=2;-1, 7=12,...,
Hom = n, m=2n, n=1

sin(Axx), m — odd,
Qm()\lmx):{ ( k )

cos(Ag ), m — even.

Since the function ¢(x) is finite, the equality (4.7) takes the form

4 (tdmo(x
Pop_1 = (—1)“’">\m/0 df’& )gm()\k,x)dac. (4.8)
k

Similarly, setting w(x) = ¢(z)(1 — ), for the coefficient o, we have

1 1
Yok = /0 o(x)Yor(z)dz :4/0 w(z) sin(A\gx)dx

14 dw(z)

— Axz)d
’0+)\k/0 . cos(A\gx)dx
4

w(x U dw(x
=— —w(x) cos()\kx)’1 + 4 dwlz) sin()\kx)‘l 1 /0 du )sin(/\ka;)dx

4
= w(z) cos(Axx)

Ak 0 A dx 0 )Ti Cda?
4 L4 dw(z) | 1 4 dPw(x) 1
= — )\—kw(x) COS(/\M)’O + /\7% Ir Sln(/\kx)‘o + )‘72 a2 cos(Ax) 0

13 1
- ;L;?;/o d;;(f) cos(Agz)dx = ;lk w(x) cos()\kx)‘o
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4 dw(x) | 1 4 d*w(z) 1 4 dBw(z) 1
2 dn sm()\kx)’() + N da? cos()\kx)’() TN da sin(A\gx) .
4 (tdiw(z)
+ )\]%:/0 i sin(A\px)der = . ..
m—1 ) ;
4 1 (_1)“1""1 dzw(x) 1
-2 )|+ 4 4 o, )|
" w(z) cos(Apz)| + ; N 0i(M, )| +
4 (tdmw(x)
+ (=1) A?/O Tom . om+1 (A, 2)de (4.9)

Taking into account that the function ¢(x), is finite, the equality (4.9) takes
the form

4 [Ldmw(z
oo = (— )™ >\m/0 dxf(” ) Om+1 (Mg, ) dx. (4.10)
k
Due to the fact that
o) den) A ()
dzm (I-=2) dzn dgn—1 7’
from the formulas (4.8), (4.10) we get the estimate
C & d’p(x) 5T 5%
< — =2k —1,2k. 4.11
il < 3 ;)J?[%ﬁ] prwrd B , (4.11)

Taking into account (4.11), for the series (4.6), we obtain the estimate

— [ 2 P - o) P~ 1 (4.12)
§A<<p,+<p>§c§ max ) . 412
~ k 2k—1 2k ~ xe[o,l] dx? — Aim—l
We choose the number m from the condition
2m —1 > 2. (4.13)

Then the series (4.6) will converge.

Case 2. The class of original functions can be extended for the convergence of
the above series, defining the formal solution of the problem. Indeed, let a priori
estimates of the type (4.5) result in series of the form (4.6). Then due to (4.7),
(4.9), we set p(z) € C™(0,1) u

A p(0) _ d (1)

dr2k—1 —  qp2k—1 2k—1>0,
d** (0
d;(k)zo, k=0,m.

If the conditions (4.13) are met, the series (4.6) will converge.
For other inputs, the analog result will take place. The general case is not
presented here due to the cumbersomeness of a priori estimates of the form (4.5).
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MODEL OF NON-ISOTHERMAL CONSOLIDATION IN THE
PRESENCE OF GEOBARRIERS AND THE TOTAL
APPROXIMATION PROPERTIES OF ITS FINITE ELEMENT
SOLUTIONS

Petro M. Martyniuk* Oksana V. Ulianchuk-Martyniuk

Abstract. The boundary value problem for the system of quasi-linear parabolic equa-
tions in the presence of integral conjugation conditions is considered. The boundary value
problem is a mathematical model of the process of non-isothermal filtration consolidation
of the soil mass which contains a thin geobarrier. Geobarriers exposed to non-isothermal
conditions are a component of waste storage facilities. The change of hydromechanical
and thermal properties the geobarriers, as well as the phenomenon of thermal osmosis,
require modification of both the equations in the mathematical model and the conjugation
conditions. The finite element method is used to find approximate solutions of the cor-
responding system of quasi-linear parabolic equations. The existence and uniqueness of
the approximate generalized solution is proved. The accuracy of finite element solutions
in the sense of total approximation are also estimated. The differences in the values of
pressure and temperature distributions for the classical case and the case considered in
the article were analyzed on the test model example.

Key words: system of quasi-linear parabolic equations, finite element method, general-
ized solution, accuracy of finite element solutions, thermo-osmosis, geobarrier, conjugation
condition.
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1. Introduction

Waste dumps have become integral elements of the daily life of people on
planet Earth [22|. This applies to both the industrial scale and the household
life. [22] state: "Disposal of municipal solid waste (MSW) in engineered landfills
is one of the most widely used waste management practices in the USA and
worldwide." It is clear that the consequence of this most common practice is
the problems of the impact of waste landfills on the environment. One of the
engineering elements of waste storage facilities designed to reduce the level of
such negative impact is geobarriers, both of natural geomaterials (mainly clay
and artificial geotextiles. The use of geosynthetic clay liners (GCLs) is noted
in [5] as a common practice in geologic engineering for waste storage facilities to
protect groundwaters from contamination.
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Complex processes that take place in the waste storage facilities can affect the
physical, mechanical and chemical properties of geobarrier materials. The internal
temperature in waste dumps can reach 55 —60°C' due to the biochemical reactions
present there [27]. Geobarriers are also mandatory components of radioactive
waste and spent fuel storage [24| and are exposed to temperatures over 60°C.
Geobarriers are also used in bioreactors during the operation of which a significant
amount of thermal energy is released [9]. Therefore, studying and modeling the
behavior of geobarriers in non-isothermal conditions is a problem of practical
importance.

One of the main issues of the impact of waste storage facilities on the environ-
ment is the spread of harmful substances due to their filtration through the soil
base of the facilities into underground water. Therefore, the factors that affect
the parameters of filtration through geobarriers should be taken into account both
in field experiments and in predictive mathematical models. The importance of
researching heat transfer processes in geobarriers in relation to the impact on
the environment was shown in field experiments [4]. The interactions of ther-
mal, hydrological and mechanical properties of porous media are manifested in
the change in the filtration coefficient of the porous material of the geobarrier;
presence of thermo-osmosis [10, 36]; dependence of the thermal conductivity co-
efficient of the porous medium on the porosity. For example, the problem of
thermal conductivity of porous media from the point of view of the important
task of burying radioactive waste which still emits thermal energy for many years
is considered in [37]. Specifically, eight mathematical formula models for deter-
mining the thermal conductivity coefficient were analyzed in detail, depending on
the characteristics of the porous medium (porosity, saturation, geometry of the
structure). We will consider each particular factor separately on the examples of
the analysis of scientific literature.

The results of experimental studies of the effect of temperature on the filtration
coefficient of illite clay are presented in [27]. The research is summarized in the
form of analytical dependence

(T = Pw g €xp (—30.894 — 0.0109T")
= 0.2601 + 1.517 exp (—0.034688 T)”

Here k (T) is the filtration coefficient (em/s); py, is the density of water; g is the
gravity acceleration; T' is temperature (°C'). For instance, when the temperature
increases from 25°C' to 60°C), the filtration coefficient increases monotonously and
non-linearly from 3.2 - 10~%cm/s to 4.5 - 10~%cm/s.

A detailed review of experimental studies of thermo-osmotic properties of
membrane systems is provided in [2]. It is the clay soils used in geobarriers
that are known to have the properties of semipermeable membranes [7,28|. A
new theoretical explanation of thermo-osmotic filtration of solutions in clays is
proposed in [11]. However, the authors do not deviate from the law for the rate
of filtration known from the scientific literature which takes into account thermal
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0SMosis: P KU H
q=——(Vp+pgVz) — ——VT,
n nT

where ¢ is the pore fluid-specific discharge (m/s), k is the Darcy permeability
(m?), n is the dynamic viscosity (Pa - s), p is the pressure (Pa), p is the fluid
density (kg/m3), g is the gravity acceleration (m/s?), Vz is (0,0,1) if the z
axis is vertical upward, T is the temperature (K), and VH is the macroscopic
volume-averaged excess specific enthalpy due to fluid-solid interactions (.J/m3).
According to the equation, the thermo-osmotic permeability is kr = kVH/T
(Pa-m?/K) [11]. Most often, VH > 0 in clays, and fluid flow occurs in the
direction of decreasing temperature, but negative values have also been reported.

Attention not just on the effect of thermal osmosis in the presence of a temper-
ature gradient, but especially on the dependence of the thermo-osmotic coefficient
on the porosity of the medium is focused in [12]. Qualitatively, the thermo-osmotic
coefficient decreases monotonously with increasing porosity. However, in the vicin-
ity of porosity values of 0.4, the authors observed an anomalous slight increase
when porosity increases to 0.5. This effect is reasonably explained by the authors.
It is important that quantitative indicators are also given (e.g. see Figure 8 of
the work). For instance, the thermo-osmotic coefficient is approximately halved
with an increase in porosity from 0.35 to 0.55.

An extensive review of thermal conductivity models of sands is presented
in [16], and the model performance is evaluated for different types of sand, from
dry to saturated. A total of 14 models were evaluated to predict the thermal
conductivity of sands using a large data set collection consisting of 1025 mea-
surements on 62 samples from 20 studies. According to the results of research,
the authors selected two models of thermal conductivity of sands which show the
best agreement with the data of field experiments. This article is important from
the point of view that such studies are relevant not only for clays, but also for
sands. After all, sands are used in nuclear power plant waste repositories, and
for them, too, the issues of thermal conductivity and its non-linear dependence
on the parameters of the porous medium (porosity and moisture saturation) are
important.

The coefficient of thermal conductivity of the soil, as shown in [26], depends
non-linearly on many factors. Among these factors, soil moisture, density, soil
organic matter (SOM), as well as clay content, were singled out. The following
trends were noted and quantified: the coefficient of thermal conductivity of the
soil monotonously increases with humidity; the coefficient of thermal conductivity
decreases with increasing clay content; the coefficient of thermal conductivity in-
creases with an increase in SOM content. In particular, an analytical dependence
is proposed

A= 23543588 —2.045% +1.82BD +2.88SOM — 1.48 clay S,

where A is soil thermal conductivity, [\ = JV—K; SOM is soil organic matter,
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[SOM] = 1; BD is bulk density, [BD] = —Z3; clay is relative content of clay

particles, [clay] = %3 S is degree of pore water saturation, [S] = 1. Similarly,
experimental studies of thermal conductivity of sands, sandy loams and clays
depending on humidity, the presence of salts (NaCl and CaCly) and SOM were
performed in [1]. The data of field experiments showed that these influencing
factors cannot be neglected. For instance, for clays, the coefficient of thermal
conductivity varies from 0.36 to 0.65% when the water content varies from 1.4
to 21.2 %.

Based on the analysis of scientific sources and data [35], eight models were
selected for determining the thermal conductivity of a fully saturated porous
medium, depending on the coefficients of thermal conductivity of solid particles,
pore fluid and porosity. Qualitative conclusions from research are: 1) the thermal
conductivity coefficient of the medium increases with water saturation; 2) thermal
conductivity decreases with increasing porosity and vice versa. In the context of
our problem, it is important that in the process of consolidation of a fully satu-
rated porous medium, its porosity changes. Therefore, the coefficient of thermal
conductivity will also change.

Mathematical modeling of various processes in porous media is also being
developed [13,14], taking into account the influence of non-isothermal conditions
and thermal osmosis. The effect of thermal osmosis on the occurrence of excess
pressures in the pores of a porous medium and the displacements of the skeleton of
the porous medium resulting from the change in pressures and temperature were
investigated in [3]. This was done by modifying Darcy’s law, constructing the
appropriate mathematical model and performing numerical experiments. The
authors confirm that taking thermal osmosis into account can lead to negative
pressures in the pore fluid. The effect of thermo-osmotic effects on pressure in
the pore fluid of saturated clays was also modeled in [38]. Unfortunately, the
authors disregarded that similar effects had been studied earlier [33,34]. It is
shown in all these works that under certain conditions thermal effects can change
the field of pressures and concentrations of chemical substances. However, these
reports do not take into account the presence of geobarriers. Additionally, the
work [3] did not take into account the dependence of the filtration coefficient on
temperature, and the study was conducted for homogeneous soils without the
presence of geobarriers.

The importance of the phenomenon of thermal osmosis in the study of de-
formations of clay soils was proved in [21] on the basis of numerical simulations.
However, the presence of thin geobarriers in a porous medium was not considered.

Analyzing the results of the above field experiments, the non-linear depen-
dences of parameters and influencing factors should be noted (e.g. porosity, tem-
perature, filtration coefficient, thermal conductivity coefficient). In the presence
of thin inclusions, the conjugation conditions of non-ideal contact for inclusions
should take into account the change in the physical and mechanical parameters of
the inclusion under the effect of the studied factors. It was shown in [6] that the
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conjugation conditions of non-ideal contact can apply to the contact problems of
heterogeneous media even without the presence of fine inclusions. Quite detailed
studies of the effect of modified conjugation conditions in the presence of geobar-
riers on forecast distributions of moisture and excess pressures under the action of
chemical and biological (bioclogging) factors were performed in [7,18-20,28-32].
However, problems with the effect of thermal factors have not yet been considered.

2. Formulation of the problem in the physical domain

Consider a soil massif with a total thickness of [ which consists of two subre-
gions 7 and Q5. Moreover Q1 N Qs = (). We consider the area Q = Q; UQs to be
inhomogeneous. By inhomogeneity, we mean the presence of a contact boundary
w = Q1 Ny which, from a physical viewpoint, is a thin inclusion of the third ma-
terial of the thickness d (Fig. 1). From a mathematical viewpoint, the thickness
of the inclusion itself is neglected and the value d appears only in the so-called
conjugation conditions of non-ideal contact for unknown functions.

Let us investigate the process of consolidation of this fully saturated porous
medium in the region 2 = Q; U Qs under the effect of temperature. The het-
erogeneous soil layer is considered the base of the waste repository, and the fine
inclusion is the geobarrier. Soil consolidation is a consequence of applying an
external load in the form of solid waste in storage. Chemical reactions in the
storage result in the release of thermal energy. Therefore, the pressure h(z,t)
and temperature T'(x,t) functions are unknown. Although the processes in the
geobarrier itself are not investigated, both the thickness of the inclusion and its
characteristics appear in the conjugation conditions. The classical conjugation
condition of non-ideal contact for pressures serves as an example [8,25]

k
= =B ).

where k., = const is the filtration coefficient of the porous inclusion material, u
is the filtration rate, h™ and h~ are the values of the pressure at the inclusion at
x=E&+0and z =& — 0, respectively. However, the filtration coefficient depends
on the parameters of the state of the environment (in the context of the considered
problem, porosity and temperature). Then such dependences should be taken into
account in conjugation conditions and their modification. The method of modi-
fication of the conjugation conditions and the conjugation conditions themselves
for the cases of considering the effect of chemical and biological factors are given
in [7,29,31,32].

3. Mathematical model of the problem in the domain with a thin
inclusion

The main elements of the mathematical model are known from the classical
theory of filtration consolidation and heat transfer in porous media. However,
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0
0
x=¢-0
d
x =&+0
2,
l
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Fig. 2.1. A layer of soil of thickness [ with a thin inclusion w of thickness d (d < ).

some dependences will require further explanation and clarification. The interre-
lated process of changes in pressure and temperature of a completely saturated
inhomogeneous soil mass in the one-dimensional case is described by the following
boundary value problem:

Oh 1+e 0 Oh oT
h(:L‘,t)|x:0 = Eo(t),t > 0; (3 2)
Oh oT

we 0= (0D G- )| —0ize @)

! ox or /|,
h(z,0) = ho(z),z € Q1 U Qy; (3.4)

oT 0 oT oT
cs (h) 5= Ba (A(h)ax) — pwewt (h,T) 9. L€ QU t>0; (3.5)
T(ﬁ, t)|ac:0 = To(t),t > 0; (36)
qr(z,t)|,_, = —)\(h)a—T =0,t>0; (3.7)
O x=l

T(IL’, 0) = T()(l’), S ﬁl U ﬁg; (38)
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[1] (7]

+ _ .
g =T e T i (3.9)
0 Fo(hT)  JO 1u(R)
+ 1]
I (3.10)
0 Xu(h)

Here 1 = (0;€), Q2 = (&1), 0 < & < I; ho (t), ho (x), To (t), To (z) are known
functions; a is the soil compressibility coeflicient; h is pressure; k, k., are the
filtration coefficients of the main soil and inclusion soil, respectively; A, A\, are the
thermal conductivity coefficients of the main soil and inclusion soil, respectively;
1, te are the thermo-osmotic coefficients of of the main soil and inclusion soil,
respectively; u is the filtration rate; e is the soil void ratio, with e = 1™, where
n is the soil porosity; ¢r is the thermal energy flow; u®, q% are the values of
filtration rates and flows at * = ¢ — 0 and x = £ + 0, respectively; [h] = h* — h™,
[T] = T* — T~ are the pressure and temperature jumps on the thin inclusion;
Cs = PwCwn + PsolidCsolid(1 — n) is the volume heat capacity coefficient of the
s0il; puw, psolia are the densities of pore fluid and solid soil particles; ¢y, csoriq are
specific heat capacities of pore fluid and solid soil particles.

Eq. (3.1) is the filtration consolidation equation for variable temperature
and the presence of thermo-osmotic effects [33,34]. Conjugation conditions (3.9),
(3.10) differ from classical ones |8, 25| and take into account the dependence of
the geobarrier filtration coefficient on porosity and temperature, the presence of
thermal osmosis, as well as the dependence of the thermal conductivity coefficient
on porosity. Conditions (3.9), (3.10) are derived similarly to those in [7,29,31,32].

We note that according to known field experiments the filtration, thermo-
osmotic, and thermal conductivity coefficients depend on porosity n. However,
in the consolidation problem, as explained in [20], n = n (h). This is taken into
account in the problem (3.1)—(3.10). Egs. (3.1), (3.5) neglect internal sources
(sinks) of pore fluid and thermal energy. Note that in (3.1)-(3.10) each of the
functions a(z,t) is defined as

a(z,t) ={a;(x,t), z€Q;, i=1,2.

Purely for convenience in this article ¢ = 2. Generally, for ¢ > 2 all calculations
will be similar.

4. A system of quasi-linear equations of the parabolic type with
homogeneous boundary conditions of the first kind and its
generalized solution

To simplify the theoretical statements, which in principle do not reduce the
generality of the problem, in problem (3.1)—(3.10) we will consider the boundary
conditions of the first kind (3.2), (3.6) to be homogeneous for the time being.
That is, let the conditions be fulfilled:

ho(t) =0,To(t) =0, t>0. (4.1)
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How to take into account the inhomogeneity of boundary conditions of the first
kind will be discussed in a separate section of the article.

Similarly to [8], we introduce the following notations: Q7 = Q x (0; 7], Q%— =
Ql X (0;7—], Q%— = QQ X (0,7—]

Suppose that the functions ho(z), Tp(x) are continuous on each of the closures
Q1, Q9. Also regarding the coefficients k, ky, i, pho, A, Aw, Cs Suppose that
0

0< kmm < k(31732) < kmax < 00,
0< kw,min < kw(Sh 32) < kw,maa: < 00,

0< Pmin S p(S) S Pmaz < 09,

for all s, s1, s2 € R; kmin, kmaz kw mins Kw.mazs Pmins Pmaz are positive constants;
pE {M, A, My Aws Cs };

2)
Ip(s1) —p(s2)| <prls1—s2|, 0<pL < oo;
‘k: S1,52) (51, '2)|§k: (|81—81‘+’82—S,2’), 0 < kr < oo
|l<: S1,82) (51, /2)|§k: (}51*8’1‘+’82*8/2D, 0 < ky,1 < 005

for all s1, so, s),85 €Rype {p, N\, pw, Ao}
3)

lu (s1,82)] < i, Vs1,82 € R;

’u(51,32) —u (5’1,5’2)‘ <y, (!51 - 8'1} + ‘82 — 5’2’) , 0 <uy, up < oo,
for all s1, s9, s},s, € R.

Definition 4.1. The classical solution of the initial-boundary value problem
(3.1)—(3.10), which admits a discontinuity of the first kind at the point z = ¢, is
called a pair of functions h(z,t) € Wy, T(z,t) € Wy, which satisfy V(z,t) € Qf
equations (3.1), (3.5) and initial conditions (3.4), (3.8) respectively.

In the above definition Wy, Wp are the sets of functions ¢y (x,t), ¥r(x,t),
%, are continuous on each of the closures @EF, @T, have
bounded continuous partial derivatives %, 8;;; on Q%-, Q%-, and satisfy condi-
tions (3.2), (3.3), (3.9) and (3.6), (3.7), (3.10) respectively.

For further explanations, similarly to the work [20], we note the following.

Given condition 1), we get

which together with

(] (] (1]
kw,mini <———F——X< kw,maxia

SN o e 4

[T] 7] [T]

ML G i e =1
/\w,mm d = d _dz _/\w,maz d’
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7] 7] [T
Hw,min 7 < d do < Hw mazx 7 .
0 pew(h)

The above estimates make it possible to apply well-known theoretical calculations
[8,25] for the classical conjugation condition (see [25|, page 291, formula (7.4))
=r ['LL] )

(o)l

in which r is some known constant; u is an unknown function. The classical
conjugation condition and theoretical explanations for it require that

0<rg <r<oo.

Similarly to [8], let Hy be the space of functions s (z) that on each of the do-
mains €2; belong to the Sobolev space W3 (£;), i = 1,2, and satisfy the condition

§(2)|y—o = 0
Let h(x,t) € Wy, T'(x,t) € W be the classical solution of the initial-boundary
value problem (3.1)—(3.10). Take s(z) € Hy. We multiply equation (3.1) and
initial condition (3.4) by s(x), and similarly, equation (3.5) and initial condi-
tion (3.8). Integrating them over the segment [0;!] and taking into account the
conjugation conditions (3.9), (3.10), we obtain

l l l
~ya Oh / Oh ds / oT ds
°r il il
/01+66t8(a:)d:v+ Ok(h )8 T dx + (h)a - dx

[A] [8] TIls] _ . (4.2)

d dx
fo k:th) Jo o (R)

+

l l
/O h(2,0)s (z) do = /O ho (z) s () da, (4.3)

l l
o Ot 0 Or dx 0 Ox 5 Aj(rh)

! !
/0 h(x,0)s(z) dx :/0 ho (z) s (x) dz. (4.5)

Therefore, if h(xz,t) € Wy, T(x,t) € VUr is a classical solution of the initial-
boundary value problem (3.1)—(3.10), then h(x,t), T(x,t) is the solution of the
problem (4.2)-(4.5) in the weak formulation.

Let H be the space of functions v (x,t) that are square integrable together
with their first derivatives ‘gﬁ, g” on each of the intervals (0; &), (§;1), Vt € (0; T],
T > 0, and they satisfy homogeneous boundary conditions of the first kind

v(z,t)|,—g =0, t>0.
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Definition 4.2. The functions h(x,t) € H, T(x,t) € H, which for any s (z) € Hy
satisfy the integral relation (4.2)—(4.5) are called the generalized solution of the
initial-boundary problem (3.1)—(3.10) (if condition (4.1) is fulfilled).

5. Approximate generalized solution: its existence and
uniqueness

An approximate generalized solution of the initial-boundary value problem
(3.1)—(3.10) will be sought in the form

N N

Bz t) = hi(t)pi (@), T(x,t)= T;(t)ep; (), (5.1)

i=1 i=1

where {npz(a:)}f\; , is the basis of the finite-dimensional subspace My C Ho; h; (t),
T; (t), i = 1, N are unknown coefficients that depend only on time.

A set of functions that can be represented in the form (5.1) generate a finite-
dimensional subspace M C H.

Definition 5.1. An approximate generalized solution of the initial-boundary
value problem (3.1)—(3.10) is a pair of functions h(z,t) € M, T(x,t) € M which
for an arbitrary function S(x) € My satisfy the integral relations

l > l 7 ! -
/ ya Oh (x) daz+/ k‘(h,T)ahdeer/ ,u(h)a—Tﬁdx
0 0 0

1+edt Ox dx Ox dzx
+ m il + [f] il 0 (5.2)
khm hm
I I
/lﬁxﬁ)S@)mﬁ:/ﬁ%QMStwd@ (5.3)
0 0

ot Ox dx ox

I o7 L a7 ! 7 T|[S]
/ csa—TS (x) dz —i—/ )\(h)a—Tﬁ dx + / pwcwua—TS (x) dx + L =
0 0 0

I I
/T@@M@M-/%@W@Mx (5.5)
0 0

Next, from the weak formulation (5.2)—(5.5) of the problem (3.1)—-(3.10), tak-
ing into account (5.1) (setting the function S(z) equal to each basis function ¢;(z),
i =1, N), we obtain the Cauchy problem for the system of non-linear differential
equations
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dH

M; (H) — T (H,T)H(t) + L12 (H) T (t) = 0, (5.6)
M;H®©® = Fy, (5.7)
dT
Mz(H)EJrLz(H T)T (t) =0, (5.8)
M,TO = F, (5.9)
where
= _ (7 \Y (a0 )\ k\ Y 1o
Fi = <fi )izl My = <mij )i,j:l (m] ) Q=1 " (” )i,j:l k=12
an\N [ s _ [0 w2 [°
L= (7)) = [ oo I = [ hogiae 0 = [ Topida,
1,j=1 0 0
H = (hi (), T = (T;(t))L, ,HO = (h; (0),, T = (T, (0)) %, ,
(1) (1) ~ =\ dyi dpj [pi] 5]
/ (pZ(Pj dx, l’L] —/0v k (h,T) da; d(L‘ dl' + fd d’i\v/\ b
0 ky,(h,T)
! l
(12) dei dpj 3] [SOJ] (2 _ / e
Li; /Ou(h) 1 da dx + f ,m; = ; cspipj de,
0 ,Uw(h
d% dy; /l de; [0i] [¢£5]
/)\ . dxd x4+ pwcwud npldx+fd o
0 X (h)

The system of equations (5.6), (5.8) can be written in the form

M% +L(V)V(t) =0, (5.10)

_(M; O _(H (L1 Li2
M= (0 ) v La)ov= (0 1)
If the above conditions 1)-3) are met, the square matrix M is symmetric and

positive definite, V(z,t) € Q. Therefore, there exists a unique inverse matrix
M~L. Then we write (5.10) in the form

where

dVv
dt

where ® (V) = ~M 1L (V) V (t). Despite the fact that the matrix L (V) will not

be symmetric and positive definite, the functions ® (H), gg’} will be continuous

and bounded. Then, similarly to [8] (Chapter 8, point 6), the solution V of the

— 3 (V), (5.11)
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Cauchy problem for the system of equations (5.11) exists and is unique. That is,
there exists a single approximate generalized solution of the problem (3.1)—(3.10)
with homogeneous boundary conditions of the first kind.

Let us introduce the following norms [8, page 380]:

2 ) ) T,
aHu”szLQ = HuHLz(QT) _/ / u” dzxdt,
Lo 0 0

) T ) T rl 8U2
nw%ﬂbzﬂ|mMyh=Atﬂ(m)dmawh%%f:£gﬂmwmw

)

T rl P 2
,M®%b=/l/<¥+ﬂﬁ)>ww
0 0

T T
mmﬁ,:A M%u=A (u(€ +0,1) — (€ — 0,0))% dt

! 0
2 2 2 u
ol = [ w0yl = |

ou(x,t)
Ox

||VIU||LOO><LOO = Sup
(iU,t)GQT

Theorem 5.1. Let h(x,t), T'(z,t) be the generalized solution of the initial-boundary
value problem (3.1)~(3.10), and h (z,t), T(x,t) be the approzimate generalized so-
lution of this problem. Then, if conditions 1)-3) are fulfilled, there exist such pos-
itive constant values ¢, 81, 82, that for arbitrary functions h (x,t) € M, T (2,t) €
M the inequality holds

I T R (L Y 2
LoXLeo Lox Lo H0><L2 H0><L2
(|-, + -7, ) <e (-7, .,

) ) d(h—nh 3
-, -l e,

LoxLo
. ~ olT-T
Y |23 S o | et

L2 ><L2

Proof. The theorem is proved similarly to [8, p. 380, Theorem 1; p. 438, Theorem
19]. However, there is one difference. At the initial stage of the proof, the equality

obtained from (4.2), (5.2) for the functions (h — ﬁ), <iL - ?L) and the equality
obtained from (4.4), (5.4) for the functions <T - f), <T - f) must be added.

As a result, estimate (5.12) is cumulative with respect to both functions h(z,t),
T(x,t). The estimate (5.12) can be generalized to an arbitrary finite number
of functions as a generalized solution of the initial-boundary value problem, the
structure of which coincides with (3.1)—(3.10). O
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Inequality (5.12) is used in estimating the accuracy of the finite element
method.

6. Finite element method

Cover the region 2 = Q; U, with a finite element mesh with the total number
of nodes N. Moreover, the point x = £ should have double numbering, of the
node on the left x = £ — 0 and the node on the right z = £+ 0. Let in (5.1) p;(x)
be the basis functions of the finite element method which admit a discontinuity
of the first kind at a point x = £ and are polynomials of degree m. Then the
space of functions of the form (5.1) with the indicated basis functions is denoted
by HN.

Theorem 6.1. Let the classical solution h(z,t), T(x,t) of the boundary value

m—41(, m—+2(,
%xmfl), gxmﬂ(a)t, that are bounded

on Qir, i = 1,2. Then for the approximate generalized solution ﬁ(x,t) € Hn]\{,
T(x,t) € HY, the following estimate is valid:

problem (3.1)~(3.10) have partial derivatives

=g 17 = T < 8

max?
W3 xLo Wy x La

where m s the degree of finite element polynomials, ¢ = const > 0, hper =
max, g n—1 (Ti+1 — 2:), [Tit1; 23] are finite elements.

Proof. The validity of the theorem follows from the estimate (5.12) of the previous
theorem, taking into account the interpolation estimates [8, p. 387, Theorem 2|.
Note that if the basis functions of different degrees m; and mo are used for the
sought /ﬁ(x, t), f(x, t), then m = min (my;ms). O

Problem (5.6)—(5.9) is a Cauchy problem for a system of non-linear differential
equations of the first order. Finding its solution also requires the use of appro-
priate discretization schemes. [8,25] substantiate the use of the Crank-Nicolson
method

. G+ — gU) A A A
M, (HO+D)) HYP -HY (0D, 20+ Hb+)

+L1:(H(J‘+§)> T(+3) — 0,

. (G+1) _ ) . . .
Mo <H(J+%)> Lt (H(J%),T(ﬁ%)) T(+3) — o,

T
j = 0,1,2,...,m; — 1. Here time segment [0, 7] is split into m, equal parts

with step 7 = mlﬁ HU), T is the approximate solution of the Cauchy problem
for t = jr, HU+3) — %(H(j‘f‘l) +H(j)), Tl+3) — %(T(j“) +T(j)). We also
introduce the following notations: A7), TU) is the classical solution of the initial-
boundary value problem (3.1)—(3.10) for ¢t = jr; R, TU) is an approximate
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generalized solution of the initial-boundary value problem (3.1)—(3.10) for ¢t = j7;
oli+3) = L(gl+D) 4 g0y, Z,gﬁ = h) —70), 2 =76 — TG,
Similarly to Theorem 5 [8, Chap. §|,

Theorem 6.2. Let h(z,t), T(x,t) be the classical solution of the initial bound-

ary value problem (3.1)—(3.10). Let the first derivatives %, % of the classical

solution be twice continuously differentiable with respect to time on @;—, i=1,2.

Also assume that the derivatives a;t(g), g;g?v are uniformly bounded in modulus

by a constant ¢1 V(z,t) € Q. If conditions 1)-3) are fulfilled, then there exist
positive constants ¢, 01, ro, To, which depend on the constants from conditions
1)-3), as well as T, 1, such that Y1 < 7q for the classical solution h(x,t), T(x,t)
and for the approzimate generalized solution h(x,t) € M, T\(:L“,t) € M obtained
using the Crank-Nicolson method, of the problems (3.1)—(3.10) and (5.6)—(5.9),
respectively, the following inequality is valid:

m,—1 12 my—1 12
Hzi(lmr) ;_{_Hzémr) ;4_517_ jgo z}(lﬁé) Hé+ jgo Z:(FH%) §
o (5 ] [0

mr—1 A\ (+D) 2 mr—1 () 2
<c sz;) (h—h) a H3+TJZ(:) (T— )]+2 p
A\ (+3) G-
=Y (1) ;("—h)J 2
j=1
Ly
2 (73) N
LY (r-1)"" ;(T—T)“
j=1
Lo
mr—1 A\ (4D) 2 O (o) 2
+T; {(h—h) ”2} H(h—h)o L2+H<h—h> : .
Oy
+H(h—h) : ;
mr—1 2 1y 12
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2

+H(T—T>(é)

+O(T4)>, Yhe MY TeM. (6.1)
Lo

Similarly to [8, Theorem 6, Chap. 8|, taking into account estimate (6.1), it
holds

Theorem 6.3. Let the classical solution h(z,t), T(x,t) of the problem (3.1)-
(3.10) satisfy the conditions of Theorem 6.2. Then for the errors z of the approz-
imate generalized solution h(x,t) € HYN, T(x,t) € HY of the problem (5.6)—(5.9)
obtained using the Crank-Nicolson method, the following estimate is valid:

mr—1

2

L HZ(Tma (i+3)

2
(541
zy 2 2

HZ’(lmT) h ‘ +
H}

9 mr—1
+ 617 Z

L
2 =0

‘2
1
H,

gc'(th +7’4).

max

7. Using finite element method in the case of inhomogeneous
boundary conditions of the first kind

We now abandon the assumptions that the boundary conditions of the first
kind (3.2), (3.6) are homogeneous. Then the approximate generalized solution of
the initial-boundary value problem (3.1)—(3.10) is sought in a slightly modified
form compared to (5.1)

N
hiw,t) = hi(t) @i (@) + W (2,t),
i=1
) N (7.1)
T(x,t) =) Ti(t)pi(2) + Wr (2,t),
i=1
where W}, (z,t), Wr (z,t) are some known functions such that
Wi (2, )], = Eo(t), Wr (z,t)],—o = To(t), t>0. (7.2)

As a result, all theoretical statements, including the formulation and proof of
Theorems 5.1-6.3, will not change in substance. However, they will become more
bulky. Given conditions (7.2), the presence of the functions Wy, (z,t), Wr (z,t)
will not affect the accuracy estimates in Theorems 6.1 and 6.3.

In the practical application of the finite element method functions W, («,t),
Wr (z,t) are approximated by expressions

Wi (x,t) = ho (t) wo (), Wy (z,t) = Ty (t) po (x), (7.3)
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where ¢ (z) is the piecewise polynomial basis function of the finite element
method defined at the node x = 0. Next, substituting (7.3) into (7.1), we get

N ~ N
)= hi(t)pi(z), T(w,t)=> Ti(t)gi(x)
i=0 i=0

Given that according to the properties of the basis functions of the finite element
method

0 ()]0 =1
from (7.2) and (7.3) we obtain

ho(t) = ho(t), To(t) =To(t),t > 0.

8. Results of numerical experiments

Soil parameters for the numerical experiments were taken from the Hydrus-1D
freeware [15]|. Specifically, sandy-clay loam was considered as the main soil, with
ko = 0.108 d%y, ng = 0.45. Clay with the following parameters was used as the
fine inclusion soil: ko = 0.0048 %my, N0 = 0.36.

Chung and Horton model was used the dependence of thermal conductivity
coefficient of saturated soil on porosity according to [23]. In this model A =
p1+ pan + p3y/n, where py = by, p2 = by, p3 = bQ\/O 75n + 2b1 /bo. According to
Hydrus-1D models [15], for clays by = 17020. 86daym T by = 83676.27 ———~
and for loams b; = 20995. 15W, by = 33955.17
both clays and loams, similar to Hydrus-1D,

daymOC’

m. Also, we used for

PwCyw = 419995. 50 s PsolidCsolid = 1919996. 90

J

-oC °oC
Regarding the dependence of the filtration coefficient on temperature, the

experimental dependences of [27] were used. The value of the filtration coefficient

at T' = 20°C was taken as a standard. Then, using the Kozeny-Carman formula

[20],

k(n,T) = ko

s e ()

€0
Here kg, ey are the initial values of the filtration coefficient and the void ratio; k,
n

e are their variable values over time, with e = 1", and according to [27]

F(T) = Pwd &P (—30.894 — 0.01097)
~0.2601 + 1.517 exp (—0.034688 7))

The conclusions of [12] were used for the dependence of thermo-osmotic coef-
ficient on porosity. Particularly, in the model example

2“&)70 I nw < 0757 nw,O;
fo (Nw) =8 w0 , 0.75 140 < ng, < 1.25n,0;
0.500,0 » Mw > 1.25n 0.
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The initial value of the thermo-osmotic coefficient was taken as 10% of the value
of the filtration coefficient.

The model problem considered a soil layer of [ = 10 m thickness. The depth
of the inclusion £ = 2 m, and its thickness d = 0.2 m. The variable x step was
0.02 m. Time step 7 = 3 day. Initial pressure distribution hg(z) = 20 m. Initial
temperature distribution 7p(x) = 14°C. Functions in boundary conditions of the
first kind on the soil surface ho(t) = 0 m, To(t) = 55 °C. Boundary conditions
of the second kind were set at the lower boundary. The results of numerical ex-
periments are shown in Table 1 and Table 2. Case I corresponds to numerical
experiments for the problem of filtration consolidation under conditions of vari-
able porosity, but without taking into account the effect of temperature. Case II
additionally considers the phenomena of thermal osmosis for the geobarrier and
the effect of temperature on the hydraulic conductivity parameters of the entire
porous media. Note that temperature values and jumps for both cases are prac-
tically the same. Such temperature values will differ if the classical conjugation
condition is used, without accounting for the effect of variable porosity on the
thermal conductivity coefficient.

Taking into account the effects of temperature changes the values of pressure
below and above the inclusion, as well as their jumps. Such changes vary within
10% of the values for the isothermal case. By the time of 240 days, the pres-
sure jump for Case II is greater than when neglecting thermal effect. However,
later, as the soil warms up (because the temperature at the upper limit reaches
55 °C'), such jumps become smaller. That is, the effect of temperature on the
[h] values will not be uniform (definite and predictable increase or decrease of
pressure jumps compared to classical and isothermal cases). The following points
should also be noted: 1. The values of pressure from the bottom and top of the
inclusion are always smaller for the case of non-isothermal conditions. 2. If we
take into consideration the classical conjugation condition with constant inclu-
sion parameters, the pressures and their jumps will differ both for Case I and for
Case II. 3. Temperature variation at the upper limit will lead to pressure fluctua-
tions, the amplitude of which will depend on the ratio between the filtration and
thermo-osmotic coefficients.

The results of the experiments in the assumption that the excess pressures in
the area of the soil mass has already dissipated, i.e. the initial pressure distribution
ho(z) = 0 m, are also informative. The presence of non-isothermal conditions and
taking into account thermo-osmotic properties of the geobarrier material leads to
the appearance of a stable pressure jump in the vicinity of a thin inclusion. The
pressures above the inclusion become negative, and under the inclusion, positive.
If the value of the thermo-osmotic coefficient is 10% of the value of the filtration
coefficient, then the maximum pressure jump is 11 ¢m, increasing to 17 cm if it
is 20%. If the values of the filtration and thermo-osmotic coefficients are equal,
the maximum pressure jump reaches fully 1.14 m. Such a situation is dangerous
in case of the complex geometry of the base of a waste storage facility and the
presence of slopes. After all, the stability of slopes decreases in the presence of
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high humidity and stable pressure fields [17].

Generally, the results of the model examples show that the distribution of
pressures in soil structures and natural masses of porous media with fine inclusions
depends on the temperature factor. The quantitative indicators of such effects
may vary, depending on the ratio of the values of thermo-osmotic and filtration
coefficients.

Table 1.Results of numerical experiments - Case |

Time moment h~ ht [h]
t = 30 days 6,40 12,99 6,59
t = 60 days 6,20 11,17 4,97
t = 120 days 6,06 9,86 3,80
t = 180 days 5,81 9,16 3,35
t = 240 days 5,50 8,60 3,10
t = 360 days 4,93 7,71 2,78
t = 540 days 4,24 6,65 2,41
t = 720 days 3,70 5,80 2,10
t =900 days 3,27 5,08 1,81
t = 1080 days 2,91 4,48 1,57

Table 2.Results of numerical experiments - Case II

Time moment h~ ht [h]
t = 30 days 5,90 13,02 7,12
t = 60 days 5,73 10,98 5,25
t =120 days 5,31 9,44 4,13
t = 180 days 491 8,50 3,59
t = 240 days 4,65 7,86 3,21
t = 360 days 4,20 6,97 2,77
t = 540 days 3,60 5,94 2,34
t =720 days 3,12 5,10 1,98
t =900 days 2,72 4,39 1,67
t = 1080 days 2,40 3,80 1,40
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Abstract. Some discrete models for a simplified (compared to that published earlier in
JODEA, 28 (1) (2020), 1—42) initial boundary value problem for a 1D linear degenerate
wave equation, posed in a space-time rectangle and solved earlier exactly (JODEA, 30
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evaluation of the degenerate grid flux can be possible.
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1. Introduction and the problem formulation

The current study complementes [5], dealing with the following 1-parameter
simplified initial boundary value problem (IBVP) for the degenerate wave equa-
tion, posed in the space-time rectangle [0, T] x [—~1,+1] C R x R, wrt u(t, x; )

Pu 0 ou
81‘;281‘(&81‘>_07 (t7|gj|)€(0,T]X(O,1)7
0u(0,230) _ s )
ot , z e [-1,+1], (1.1)

uw(0,z; ) = u(x; )
(t; @)
)

U’(t? _la a) =
o(t;

h
, te 0,77,
h

u(t,+1; ) =
where known control functions hy o(t; @) € €0, T) N €*(0,T)] obey the compati-
bility conditions: hy(0;a) = 1(—1; ), hi(0;a) = U(—1;a), hy(0;a) = 4(+1; ),
h4(0; &) = u(+1; ), and the 1-parameter family of coefficient functions is defined

as follows

a(z; ) = |x]9, x € [-1,41], (1.2)
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the parameter of degeneracy a € (0,2), and all the variables are nondimensional.
The point = = 0, where the coefficient (1.2) vanishes, is referred below to as the de-
generacy point, whereas [0,7] x [—1,+1] D [0,7] x {0} is referred to as the dege-
neracy segment, or the dividing segment of the space-time rectangle. Dealing with
(1.1), (1.2), we distinguish between the cases of: 1) weak degeneracy, a € (0,1),
2) strong degeneracy, « € (1,2), and 3) non-degeneracy, « = 0 (the limiting case).

The following matching conditions must be imposed on the required solution
to the IBVP at the degeneracy segment

u(t, z; a)‘x = u(t,z; )|

=0-0 =040
T tel0,1]. (1.3)
f(t, a)‘xzofo = f(t’x;o‘)‘xzow’
where there is used a notion of the flux
ou(t, r; o
flt,x;a) = a(z; a) (&C) : (1.4)

The exact series solution to the IBVP (1.1) was obtained in [5], therefore
we follow the notations, terminology and even an analogy of the problem and its
solution to an imaginary ‘string’, wherever it is convenient.

In the current study our concern is numerical solving the IBVP (1.1). For-
mally, a proper grid approximation of the IBVP is not a problem. Nevertheless,
any attempt to implement directly a numerical procedure to the IBVP involves
a bulk of nested problems having relation to evaluating the flux (1.4) at the de-
generacy, segment, where the flux degenerates. It was proved |2,4, 5|, using series
solutions to the IBVP and to the degenerate wave equation alone, that the flux at
the degeneracy segment does not vanish and is continuous. From this it immedi-
ately appears a problem to retain the above properties for the grid flux. Note, that
in our previous study [1] we discussed some auxiliary problems arising in compu-
tational procedures applied to the IBVP. For example, it was attempted to intro-
duce a regularization of the IBVP, unfortunately the convergence of the numerical
solutions to the regularized problem was found not to exist.

The goal of the current study is:

1) to complement our previous study [5] in terms of suitable Bessel functions
being linearly independent (refer to Sect.2);

2) to demonstrate that correct evaluating the degenerate flux on the grid
is possible (refer to Sects. 3, 4, 5).

2. Some notes on separation of variables

Separation of variables applied to the original IBVP (1.1) is known [2-5] to in-
volve us into solving the following boundary-value problem

D'(z;a) + Ma) X (x;0) =0, 0<lz| <1,

a) X(Fl;a) =0, b) X(x;a)‘ :X(x;a)} _

z=0—-0

C) D(ﬂj’, O‘)‘x:()f(] = D(l‘, a)‘x:0+0 ’
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where D(x; ) =a(z;a) X'(z; ) is the flux of the solution X (x; ), referred to as
the eigenfunction, whereas A(«) is referred to as the eigenvalue.

To simplify further discussion, it is convenient to introduce the following a-
dependent quantities
v 1-«

— 9 22
0 2—-« (2:2)

via) =1-a, Ola)=2—«, o(a) =

then in the case of weak degeneracy: 1) the eigenvalues )\, ,(a) and the eigen-
functions X, ,(z; «) of the problem (2.1) of the two kinds (marked with k€ {1,2})
are defined as follows

0 2
)= (5ou)  Kulwa) = Zilma)
(2.3)
0 2
>‘27u(0‘) = <2 52,#) ) X2,H(ZL"§ @) =sgnx Z2,M($; @),

where o¢ 7, {Sla M}Zozl are the unbounded monotonically increasing sequences of

the zeros of the linearly independent Bessel functions J_,(s) of the first kind and
orders Fp |7], and

v 0
7y (w50) = Ja] J( w),

(2.4)
v (4
Z27u($; Oé) - ‘.’E’ 2 ‘]—i-g <82,u |JJ’ 2) :
The Bessel functions J,(s) satisfy the ordinary differential equation
7 1., 92
Z5,(8) + 5 Z5,(s) — i 1)Zg,(s)=0 (2.5)

and have the following power series representations
o0
s\Fe (=1)7 $\27
) = () S U ey 26

Now we shortly recall the underlying idea [2] to reduce the governing equa-
tion of the BVP (2.1) to the Bessel equation (2.5). To this end, we introduce
the following ansatz

Z(x;a) = 2V, (1), r=ax, (2.7)

where o, w are undetermined real exponents, and for the sake of brevity we assume
that z > 0. Substituting the ansatz (2.7) and its flux

D(z;0) = aZ'(z;a) = 02TV, (1) + wa? TV (7) (2.8)
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into the equation of the IBVP gives the following relation involving the undeter-
mined exponents and the degeneracy parameter o

D'+ \Z = W oty 4 120 + w4 o — 1] 20T T2y
+olo+a—1]z°72V, +A2°V, =0.
Dividing by x° simplifies the above relation to the following one
WV L w20t w+a—1]2YV folo+a—1]z7V, + AV, =0, (2.9)

where quantities (2.2) are used. To agree (2.9) with the Bessel equation (2.6),
we assume that 2w — 0 = 0, then (2.9) simplifies as follows

0\? 0 0 _8 _0y
<2> Vé’+2<20+2—u>x 2V +o(o—v)x 27V, +AV, =0,

and we have to assume that 20 — v to complete the agreement with the Bessel
equation (2.6) in the form

2 2 _Q 2 _Q
@ Vo + @ z Vo <;> v 2V, AV, =0 (2.10)

From (2.10) we immediately find the eigenvalues and the eigenfunctions (2.3),
where the functions 7 ,(z;a), Z, ,(7;a) are defined in (2.4) and are linearly
independent, provided that ¢ ¢ Z. In the case ¢ € Z we should take following
pairs of the eigenvalues and the eigenfunctions

WO (Z SSM)Q, Apula) = (g 34#)2, (2.11)

v %
Zy (w:0) = |o|2 ¥, <3 x|2>,
(2.12)

v [%
Z4,,u(x;a) = |'CC’2 ‘]Q<S4,,u, $|2>7

where Y,(s) are the Bessel functions of the second kind and orders Fp [7] (referred
to as the Neumann functions), {s,ﬁ u}zo:p k = 3,4, are the unbounded monotoni-
cally increasing sequences of the zeros of the linearly independent functions Y,(s),
J,(s), and it is evident that sy , = 53 ,, 07 , = 03 ,, X5, = X, ,.

The above reducing (2.7) to the Bessel equation (2.5) is not valid for the in-
termediate case a = 1, therefore we repeat reducing especially for the case. Again
taking the ansatz of the form (2.7)

Z(x;1) =2V, (1), r=ax%, (2.13)
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calculating its flux
D(z;1) = aZ'(x;1) = 0 27 WV (r) + ow 7TV (1), (2.14)

and substituting into the equation of the IBVP gives the following relation in-
volving the undetermined exponents

D+ AX = 2272 (1) + w20 + w] 27TV (1)
+ o227V (1) + X2V (r) = 0.
Dividing by z° yields to the simplified relation
W2V (1) + w20 4+ w] 2TV (1) + o2V (r) + AV (r) = 0, (2.15)
where we have to assume 2w — 1 = 0, 0 = 0, to obtain the required equation

1 U 11 /

consistent with the Bessel equation (2.5) of the order zero, provided s = 2V Ax.
In this case we have the following pairs of the eigenvalues and the eigenfunctions.

1V (r) + AVy(r) = 0, (2.16)

)\5#(0() = Sg,uv )‘6,,11,(&) = S%, ’ (217)
(2.18)

where notation used is exactly the same as that in (2.11), (2.12).

The Neumann function has a series representation different from that for
the Bessel function of the first kind, for example in the case of the zero order
it reads

Yo(s) = % (C—Hng) Jo(s) — iiw <§)2'y7 () = i:

v=0
where C' = 0.5772. .. is the Euler constant and ®(0) = 0, nevertheless all the prop-
erties of the solution expressed in terms of (2.12) are exactly the same as those
expressed in terms of (2.4).

3. Discrete formulation of the problem
In order to develop discrete models of the IBVP(1.1), we first introduce an or-

thogonal grid with space-time nodes (xk, t”), k=1,....,K,n=0,...,N, in rec-
tangle [—1,41] x [0,7]. Nodes t" are distributed uniformly on segment [0, 77,
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whereas spatial nodes z;, cluster in some way on segment [—1, 41] towards the mid-
point £ =0. Second, we introduce the following grid operators

Afa, =7 (xk:Fl — a:k) ,
200wy = AL 3y + AL 2y, = (A + AL) 7y, (3.1)
ALt = F (T — ") = At.

Third, we integrate the degenerate wave equation over the cell, centered at
an arbitrary interior node (z,t") (zy_; < @ < Ty, tnh < gnth p = 3) of
the grid

Pu 0 Ou Then (TNTO2y D ou

/xk+h (au> thrh /tn+h < au>
T at tnfh t"*h ax
k—h

and evaluate the integrals by applying the midpoint rule of Calculus as follows

(k,n+h)
s () [ e (20)

(k;n—h)
where notations (k,n F h) = (:Ek,, t"ﬂl), (kF h,n)= (x,@h, t") are used for the sake
of brevity. Fourth, using spatial averaging, introduce grid functions

Lkth
dt

Tk—n

(k+h,n)
| (3.2
(k—h,n)

1 Lkth
up = -5 / u(t", z; ) do, (3.3)

AV S z

no FL o [TeEn o Qu(t", o)
Jeen = Aik/m a(z; @) o dz, (3.4)
k
then integration in (3.2) yields to
Ayl ATy .

Aj ( v At’f) = A (= ftn) (3:5)

From (3.5) it follows the required explicit computational formula for finding
the values of grid function wu}. at the upper time level n + 1, being a well known
three-layer finite-difference scheme [6]

_(Ar)?
Ag Ly,

uptt =20 —up " +op (o — Fin) o (3.6)
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4. Calculation of the fluxes

The inter-cell fluxes, playing the key role in (3.6), can be evaluated in various
ways, but the most obvious one reads

AT u?
Flp = agp —=F (4.1)
:F
A ),
where the inter-cell coefficients ay) are not determined uniquely. For example,
they can be directly taken as the inter-cell values of the coefficient function a(z; av),
as follows

U, = AU Tpgp; @) = |Tpgep |- (4.2)

Simplicity of the direct approach is in contrast to nature of the phenomenon
being under consideration. Indeed, in original IBVP (1.1), the flux on the dege-
neracy segment was proved [1,5] not to vanish, whereas the grid flux computed
due to (4.1), (4.2) on the degeneracy segment, vanishes whatever values grid func-
tion uj takes.

To overcome this fault of the direct approach due to (4.2), we refer to ‘the best
scheme’ [6]. Following [6], we resolve the definition of the flux(1.4) wrt to ‘the string’
inclination

Oou(t,r;a)  f(t,x;0)
ox  a(r;a)

and integrate the above relation over segment [z}, ;] at instant "

/xk-!—h ou(t", x; a) dp — /xk+h f(t" x; ) de

Ox a(z; o)

k k

Applying the fundamental and the midpoint theorems of Calculus to the above
relation and dividing both sides of the resulting equality by the length of the seg-
ment yields to

w(t™, . ;o) —u(t, 1 Te+r  dx
LA J)r 243 ) = f(t", 2pypi ) / e
Al z, Apxy Jo,  alza)
Comparing the obtained equation with (4.1) prompts the way used in ‘the best
scheme’ to calculate the inter-cell coefficient

-1
1 Tk d
FL / o . (4.3)
Akxk T a(xva)

In further discussion we will distinguish between the approaches to calcu-
late the inter-cell fluxes outside the degeneracy segment (the regular fluxes, or
the fluxes at the regular inter-cells) and exactly on the the degeneracy segment
(the degenerate flux).

Aprh = Qpxh =
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For example, the first approach, based on (4.2), is applicable only for the regu-
lar fluxes, whereas the second one, based on (4.3), is valid for fluxes of both kinds.
Unfortunately, the second approach can not be applied in the case of strong de-
generacy, therefore we consider some other approaches to evaluate the inter-cell
fluxes.

Again, refer to the definition of the flux (1.4), written in its original form
at instant ¢", integrate it over the same segment

T - o
/ A sa) o = / s a) W dz,

k k

apply the midpoint theorem of Calculus, divide both sides of the resulting equality
by the length of the segment, and account for (3.4), to obtain

8u(t",x;a)> 1 /xk+h
r,=— ;o) do.
Tk ( o e a(z; ) dx

Evaluating the inter-cell inclination of ‘the string’ similarly to (4.1), we easily
obtain one more approach for the inter-cell coefficients

a::xk+h

. F1 Trth
Upph = Qpgh = A:El’k/m a(z; o) dz. (4.4)
k

Other approaches to evaluate the inter-cell fluxes, we are going to discuss, refer
to the degenerate flux and do not involve any direct way to calculate the inter-
cell coefficient aj.;. The first group of such approaches utilizes the continuity
of the flux across the degenerate segment, for example, the simplest averaging of
the regular fluxes calculated at the inter-cells adjacent to the degenerate inter-
cell k+h

1
Jon = B (fren + frian) - (4.5)

A more sophisticated approach, utilizing the flux continuity, reads as follows

1
Fren = 5 (Fiin + fiin) » (4.6)

where f;” ., are ‘one-sided’ values of the required degenerate flux, obtained using
extrapolation

{ Sean = Jocn + (Az), D™ fr_qn wn

fl;:-h = [ossn — (AT) 4y D;mfk+3h )

where (Az), =2, —Tp_p, (AT) i =T —Tpopn DF™, m > 2, are one-sided
m-nodal grid operators of the first order differentiation (involving the regular grid
fluxes calculated at m nodes). For example, the left (or backward) operator reads

D™ fean = bpan frn + bk—sn fe—sn + - + O om-1yn fr—@m—1yn > (4.8)
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where the coefficients b;,_,;,, etc, are undetermined. The proper well-conditioned
linear algebraic system m x m wrt the coefficients can be set up and solved easily.

The second group of approaches utilizes the possibility of building the solution
to the original IBVP (1.1) in space-time rectangle [—1,+1]x [0, 7] using match-
ing the solutions to the auxiliary IBVPs posed in subrectangles [—1,0] x [0, T,
[0,+1]x[0,T]. Proper matching may involve other conditions in addition to (1.3).
For example, it was shown [2] that the flux across the degenerate segment can
be continuously differentiable. This property can be easily implemented to evalu-
ate the degenerate flux. Indeed, using the above one-sided grid operators D,fm, we
can represent the property as the equality of two one-sided derivatives of the first
order at both sides of the degenerate inter-cell

D" fran = D}i_mfk-s-h? (4.9)

involving the required degenerate flux f;,,, . The above equality is nothing but
the linear algebraic equation wrt the required flux f; .

5. The test case of the problem

To estimate and compare the approaches of Sect. 4 for the flux evaluation,
we refer to test case A of [5], as a benchmark. Recall that in that test case:
1) the initially (¢ = 0) disturbed ‘string’ is at rest

0, |x — 930’ >0,
u(z;a) =uy =0, u(z;a)= xze[-1,+1]; (5.1)
Ug |:c—x0‘ <4,
and 2) both ends of the ‘string’ are fixed
u(=1,ta) =u(+1,t;) =0, te 0,77, (5.2)

i. e., both controls are not applied: h;(t; &) =hy(t; &) =0. The initial step function
was smoothed using a mollifier.

To resolve the structure of the grid solutions to the IBVP near the degenerate
segment we first introduce the uniform grid on [~1,+1] C R, with spacing A¢
between the nodes, the coordinates &, of the nodes are calculated as follows

(K-—1)AE=2, & =-1+(k-1)A¢, k=1,... K,

N being the number of the nodes. In the case of even K, two central nodes
are biased wrt the degeneracy point £ =0 by half of A¢. Second, a nonlinear trans-
formation £ — x is applied to calculate the coordinates x;, of the grid nodes on seg-
ment [—1,4+1] C R, , for the nodes to cluster near the degeneracy point z =0.
To obtain the results partially presented below in Figs. 5.1-5.6, we assigned
the number 2000 to K, and two values 0.25 and 0.75 to the parameter of dege-
neracy. Exact solutions to the test case A [5] are drawn as dashed lines. We will
not give any comments to the behavior of the solution plots, since any curve
should be studied individually to evaluate the possibilities of the approaches used
to model vibrations of ‘the damaged string’. The results, we believe, will be useful
to develop proper discrete models for the case of strong degeneracy as well.
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Fig. 5.1. Test case A: the regular fluxes are calculated due to (4.1), (4.3)

(a = 0.25 — curves 1 of short dashes, a = 0.75 — curves 2 of long dashes,

each 25 th node point of the grid solution is shown)
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each 25 th node point of the grid solution is shown)
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6. Conclusions

We have demonstrated for test case A [5], treated as a benchmark, that
the problem of correct evaluating the inter-cell fluxes at the degeneracy segment
can be solved using various approaches. The first group of approaches is based
on a proper (or efficient) calculation of the coefficient function a(z;a) at the de-
generate inter-cell. The second and third group utilize respectively the properties
of the flux continuity and continuous differentiability across the degeneracy seg-
ment and do not involve any calculation of the coefficient function a(z;«) at
the degenerate inter-cell.

The preliminary results of the current study will be further used to develop
discrete models of the IBVP(1.1) in the case of strong degeneracy.
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Abstract. The paper investigates the issue of stability with respect to external distur-
bances for the global attractor of the wave equation under conditions that do not ensure
the uniqueness of the solution to the initial problem. Under general conditions for non-
linear terms, it is proved that the global attractor of the undisturbed problem is locally
stable in the sense of ISS and has the AG property with respect to disturbances.
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1. Introduction

Properties of global attractors of nonlinear wave equations with dissipation
under different assumptions on the interaction functions have been under inves-
tigation in many papers (see [1,2] and references therein). With the appearance
of the works [3,4], it became possible to study invariant uniformly attracting sets
of infinite-dimensional dynamical systems without uniqueness of the solution of
the initial problem, considering instead of a classical semigroup its multivalued
counterpart called an m-semiflow. In particular, for the wave equation with non-
smooth nonlinear term f the existence and properties of the global attractor of
the corresponding m-semiflow were investigated in [5].

In the presence of external disturbances, the problem becomes non-autonomous
and its dynamics can be described in terms of uniform attractors of semi-processes
[6-9]. It turned out, that this theory also allows us to solve the problem of es-
timating the deviation of the solution of the disturbed equation from the global
attractor of the undisturbed system. In the case of a trivial attractor consisting
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of a single asymptotically stable equilibrium point, for the simplest partial differ-
ential equation of the reaction-diffusion type, such results first appeared in [10].
The technique of this work was based on the classical ISS approach of Lyapunov
functions [11-13] and could not be applied to systems with non-trivial attractors.
The corresponding technique was developed in the works of [14,15] and applied
to the wave equation with a smooth interaction function f and disturbances of
the type h(x)d(t) in the work [16]. The extension of this theory to the case of
non-uniqueness of solution of the initial problem was carried out in [17]|, where
the local ISS property of the attractor was established for the reaction-diffusion
system.

In the present paper, we consider a wave equation with a non-smooth nonlin-
earity f(y) and a g(y)d(t)-type disturbance with a non-smooth function g. Local
ISS and AG stability properties with respect to disturbances are established for
the global attractor of the undisturbed problem (d = 0).

2. Setting of the problem

In a bounded domain €2 C R™, n > 1 we consider the following boundary-value
problem

2 xT T
Pyo) 4 gD _ Ayt ) + F(y(t, ) = g(y(t,2))d(t), t> 0,
y(ta $)|w66§2 - Oa

(2.1)

where o > 0, f,g € C(R) are given, d € L>(R) is a disturbance parameter.
We prove (see Lemma 3.1) that under rather general assumptions on f,g
the problem (2.1) is globally resolvable (in weak sense) in the phase space X =
HE(Q) x L*(Q). The uniqueness of solutions is not guaranteed.
Let us consider a multi-valued map Sy : Ry x X + 2%,

Sa(t,z0) = {z(t) | z = <i) is a solution of (2.1), 2(0) = z}.  (2.2)

For d = 0 (undisturbed problem) the multi-valued map Sp : Ry x X + 2% is a
multi-valued semigroup (m-semiflow), which possesses a global attractor © C X,
i.e., there exists a compact set ® C X such that

0 = So(t,0) ¥t > 0,

Vr >0 sup dist(So(t,20),0) — 0,t — oc.

l[20l|<r

Here and after we use denotations:

dist(4, B) = sup inf [|€ — 1lx, [|Alle = dist(4, ©).
¢eANEB

Thus, in the undisturbed case, all trajectories (2.1) eventually end up in an
arbitrarily small neighborhood of ©. The paper investigates the issue of estimating
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the deviation of the trajectory of the disturbed problem (2.1) from the set ©
depending on the value of [|d||cc = esssup;c (o 4.o0) [d(t)]-

This question in terms of Input-to-State Stability (ISS) theory can be solved
by setting the estimate (ISS property): V¢ > 0

15a(t; z0)lle < B(ll20lle ) +¥(lld]loo)- (2.3)

Here v : [0,+00) — [0,400) is a continuous strictly increasing function with
7(0) =0 (v € K), B : [0,+00) X [0,400) + [0,400) is a continuous function,
YVt >0 5(,t) € K, Vs >0 ((s,) decreases to 0 (8 € KL).

The main results of this work are a local variant of (2.3) (local ISS) (see
Theorem 4.1) and Asymptotic Gain (AG) property: Vzg € X

T [1Sa(t, %0)lo < (/d]ec)- (2.4)

3. Existence, a priori estimates, and regularity of solutions.

Assume that there exist positive constants m, c1, ¢, c3, ¢4 such that Vs € R

F$)] < er(1+[s]79), (3.1)
F(s) > —as® —ca, f(s)s — F(s) +as® > —cs, (3.2)
9(s)| < e, (3.3)

where a < %, A1 is the first eigenvalue of —A in H(Q), F(s) := [ f(t) dt.

Remark 3.1. In all further arguments in the case n = 2 we can assume that in (3.1)
f has arbitrary power growth because of embedding Hg(Q) C LP(Q), V p > 1,
and in the case n = 1 assumption (3.1) is not needed because of embedding

H}(Q) c C(Q).
A solution of (2.1) we will understand in a weak sense, i.e.,

a pair of functions z() = (5%) € L>(0,T;X) is called a solution of (2.1) on
t

(0,T) if Vb € HL(RY), Vn € C5°(0,T) the following equality holds

T T
[T+ [ (a9 + 00+ C6).8) — G0 0d0) =0,
0 0

(3.4)
where by |||| and (,) we denote the norm and scalar product in L?(Q).
If z € LS (Ry; X) satisfies (3.4) VT > 0, then z is called a global solution (a
solution for short) of (2.1).

Lemma 3.1. Under assumptions (3.1)-(3.3) Vzo € X, Vd € L} (Ry) there exists
at least one solution of (2.1) with z|i—o = 20.
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Proof. First, it should be noted that due to embedding Hg () C L%(Q), n > 3,
from conditions (3.1), (3.3) we deduce that for y € L>(0,T; H} (1))

fly) € L*(0,T; L*(R)), g(y)d(t) € L*(0,T; L*(2)).

So, results of [1] allow us to claim that for every solution of (2.1) and VT > 0

Yt

2= <y> e C([0,T); X).

In particular, the initial condition z|;—g = zp makes sense.
We prove an existence of solution of (2.1) by Galerkin method [1|. Let zp =

(ZO) € X,T > 0 be given. For every m > 1 we consider an approximation
1

function
m
Ym(t) = gim (Hws,
i=1
where {w;};>1 are eigenfunctions of —A in HZ(Q), and {gim ()} are solutions of
ODE system

d? d
@(ymij) + a%(ym%‘) + (Ums wj) i

+ (f(ym)s wj) — (9(Ym), wj)d(t) =0, j =1,m (3.5)
Ymlt=0 = ym(0) = yo in H(Q), yhli=0 = ¥/ (0) = y1 in L*(Q).

Due to Carathéodory’s theorem we have a solution of (3.5) on [0,7,,]. Let us
derive a priori estimates which would imply that 7T;,, = T. For this purpose, we

introduce a function
1 1
Yo (t) = Sl @1 + S lym @17 + (Fm (), 1) + 605, (8), ym (1)),
where ¢ € (0,«) we will choose later.
Due to (3.5) we get:

dYpm

E — —(a = )l O — bllym (B2 — A0 tm)

— 6(f(Ym)s ym) + Wrn> 9(ym))d(t) = 6(ym, 9(ym))d(t)
=¥+ (=a+ 3 ) (Ol = Slm Ol

+ d ((F(ym)7 1) - (f(ym)a ym)) - aé(y;ru ym) + 62(:9;717 ym)

+ (Y 9(Ym))A(t) = 6 (Y, 9(ym))d(t)

36 )
< -0%,0)+ (~at 5) Ia(OIP - §lam1%

+ omlym|* — es — 6(c — 8) (Y Yim)
+ Y 9(Ym))d(t) = (Y, 9(ym))d(t).
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Taking into account the Poincaré inequality HymH?q1 > A1]|ym||? and assump-
0
tion
A1 — 2a > 0,

we derive that for sufficiently small § € (0, ) there exists a constant ¢5 > 0 such

that
d

dt
Using estimate (3.6) and assumption (3.2) we get

Yo (t) < =6Y5(t) 4 es(1 + ||d||?). (3.6)

1 a

1
S0l + (5= 55 ) loml + 80— ol

< (SIlOP + 3l O3 + (Flam @) 1))
/ et e (L ! 12009 gg )
#8000 O+ s (1+ [ a0 as)

Thus, there exists a constant cg > 0 such that for sufficiently small § > 0 and
for every m > 1 the following estimate holds:

Wi O + T (8 33 < 6 (i O + lum Oy
2n—2 t
(Ol e+ 1 [ a0 as). 7

This estimate allows us to claim that solutions y,, exist on [0, 7] and for some

function z = (5) € L*>°(0,7T; X) up to subsequence
t

Ym — y weak-* in L°°(0,T; H} (Q)),
Yyl — yp weak-* in L>(0, T; L*(Q)). (3.8)

So, due to the Compactness Lemma [18]

Ym — y in L2(0,T; L*(Q)) and almost everywhere (a.e.) on (0,T) x Q. (3.9)

Then
Flym) = f(©), 9(ym) — g(y) weakly in L*(0, T; L*(2)).  (3.10)
Passing to the limit in (3.5), we get that the function z = (5) satisfies (3.4)
t
with z(0) = zp. Therefore, z is the required solution of (2.1), and estimate (3.7)

takes place. Lemma is proved. O

Remark 3.2. Since for the solution z = (5)
t
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f), g(y)d(t) € L*(0,T; L*(2)),

then from [1] it follows that functions

t = ye @I + Iy @I, ¢ (Fy),1), t= (), y(t)

are absolutely continuous. Therefore, for the function

V() = Sl + 5yl + (Fu0), 1) + ), u()

we can repeat all arguments (3.6), (3.7) and obtain that every solution of (2.1)
satisfies (3.7).
Moreover, if d € L*°(R), then from (3.7) we deduce that every solution of

(2.1) z = (5) satisfies the following estimate: V¢ > 0
t

eI + Iy 7 < co ((Hyt(O)H2 + y(0)I[7

n—2 — ]-
+ ly Ol " e "1 5Hd|!§o> - (311)

Remark 3.3. For n = 1,2 in estimates (3.7), (3.11) the term with degree 22=2 is
absent.

n

{d,} c L*(0,T), initial conditions {20} C X, and t, — to. If

Lemma 3.2. Let {z, = (yy )} be solutions of (2.1) on (0,T) with disturbances

20— 2% weakly in X, d,, — d weakly in L*(0,T), (3.12)

then there exists a solution of (2.1) z = (5) on (0,T) such that z(0) = zo and
t

up to subsequence
zn(tn) — 2(to) weakly in X. (3.13)

If convergence in (3.12) is strong, then
zn(tn) = 2(to) in X.

Proof. Assume that (3.12) are fulfilled. Using estimate (3.7) and the Compactness
Lemma we can repeat arguments (3.9) and claim that z, converges to z in the
sense of (3.8), (3.9). Moreover,

Yn(tn) = y(to) in L2(Q), yn, (tn) — yi(to) in HH(Q). (3.14)
Due to (3.9) and Lebesgue’s dominated convergence theorem we get

(9(yn), %) = (9(y), ¥) in L*(0,T). (3.15)
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So, we can pass to the limit in (3.4) and obtain that z = (y

Yt
(2.1), 2(0) = 2.
Estimate (3.7), convergence (3.14) and compact embedding H} () C L?(Q)
guarantee that (3.13) is fulfilled.
Let convergence in (3.12) be strong. Taking into account Remark 3.2, for the
absolutely continuous function

> is a solution of

1 1
Vat) = gllum O + 5 () + (Flun (1)), 1)
we have the following equality: for almost all ¢t € (0,7)

d

2 V() = =allyn O + (9(yn(t)), yn, (8)) dn ().

So, for all ¢t € [0,T1], in particular, for t = t,, we deduce:

1 fn
5 (e (812 + Iyt 13 ) + / Iy, ()] ds
0

—Vn(o)_(F(yn(tn))71)+/0n(g(yn(s))7ym(s))dn(s) ds. (3.16)

Let us justify the limit transition in the right-hand part of (3.16). It is clear
that V,,(0) — V(0). Due to (3.14)

F(yn(tn,x)) — F(y(to,x)) for a.a. x € Q.

2n—2

Additionally, due to the compact embedding H}(2) C L2 () we have

2n—2

Yn(tn) = y(to) in L2 (Q).

Since from (3.1) we get the estimate
2n—2
F(s)] < o7 (1415172 )
so due to Lebesgue’s dominated convergence theorem

(F(yn(tn)), 1) = (F(y(to)), 1) - (3.17)

From the same reasons
9(yn) = g(y) in L*(0,T; L*(2)).

Thus, from (3.8) and strong convergence d,, — d in L?(0,T) we derive:

T T
/ (9n(T)) Yy (7)) d(7) dr — / (), we(r) d(r)dr.  (3.18)
0 0
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Estimate (3.7) implies
tn tn
/ | (9n()): Y (5)) dnls) ds < / da(s)] ds — 0 as n — oo.

to to

Therefore, from (3.18) we can justify the limit transition in the last term of
equality (3.16). Then (3.16) yields

L. 2 2 fo 2
5 1m (g, (6112 + ()3 )+ [ llun(s)] ds
0

< V(0) - (Fly(to)), 1) + /O " (G (s)), pe(s)) d(s) ds
= 5 (Il + ly(e)% ) +a /0 ()2 ds. (3.19)

From (3.19) we deduce that lim,,_, _ [|zn(tn)||x < ||2(t0)||x, which means that
zn(tn) converges to z(tp) strongly in X. Lemma is proved. O

4. Local ISS property for the attractor.

We consider the undisturbed problem

%y(t,x Oy(t,x) _
{ g§2 ) f o ygt — Ay(t,x) + fly(t,x)) =0, t >0, z € Q, 1)

y(tu J") |x€69 =0.

Under assumptions (3.1), (3.2) it is known [5], that the m-semiflow
So(t,z0) = {z2(t) | z = (5) is a solution of (4.1),2(0) = 2z} (4.2)
t

possesses global attractor © in the phase space X = H{(Q) x L*(Q).
Lemma 3.2 and estimate (3.11) guarantee the following properties of Sp:

Vt, — to > 0, Vz(’} — 20, V{n S So(tn,z(’})
up to subsequence &, — & € Sp(to, 20), (4.3)
Vr > 0 the set {Sy(t,20) | t >0, ||20]|x < r} is bounded in X. (4.4)
Properties (4.3), (4.4) imply stability of © in the following sense [17]:
A8 € KLYz € X, YVt >0 [|So(t, 20)lle < B(|lzo0lle, 1) (4.5)

Let us consider the family of maps {Sg}4er defined in (2.2). Here U = L>®(Ry)
describes the set of disturbances in (2.1).
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In addition to conditions (3.1)-(3.3), we will make an additional assumption:
feCY(R) and Jes > 0 Vs € R |f/(s)] < es(1+|s|"), 7 < LZ (4.6)
n p—

It is known [6], that assumption (4.6) ensures the uniqueness of solution in (4.1),
i.e., the map Sy defined by (4.2) is single-valued and generates a classical semi-
group. It should be noted that the function g can be non-smooth, so we cannot
expect uniqueness for the disturbed problem (2.1).

Theorem 4.1. Assume that conditions (3.1)-(3.3), (4.6) are fulfilled. Then the
family
{Satdev, U= L*(Ry)

possesses local 1SS property for the global attractor ©, i.e.,

dr >0, 38 € KL, 3y € K such that

Yllzolle <7, Vldlloo <7, V& =0

15a(t, z0)lle < B(ll20lle, 1) + y(lldlloo)- (4.7)

Proof. According to [17], it is enough to verify the following properties:
Vr > 0 the set {Sg(t,20) | t >0, ||d||cc <7, ||20]|x <7} is bounded in X, (4.8)

Vr>03c(r) >0 V)2 Ix <r 1282 )x <y VE>0

1S0(t,257) = Solt, 27 )lx < e lz5” — 267, (4.9)
drk ek, EIn:Ri»—>R+ such that Vr > 0
— p(rt
lim UG <ooand Vt >0, VY| zl|x <7, Y|d]|eo <7
t—0+ T
dist(Sa(t, z0), So(t, 20)) < n(r,t)s([|d]|oo)- (4.10)

Property (4.8) is a consequence of estimate (3.11). Property (4.9) can be derived
from the following arguments [16]: for [[yi[lzz < 7, [[y2llgg < r from (4.6),

Hélder's inequality and embedding HE () C L%(Q) we get

[ 1) = S i <
Q

2n
Ln—2

) ) 2 < 2
(11l Z, + el 3, ) I = l? e, <l =y (410

Y Yy
7, [|2®(0)]x < 7. Then from (4.11) for the function w(t) = y(M(t) — y3)(t), we
deduce:

(1) 2
Let z(D = (y(l)), 22 = (y(2)> be solutions of (4.1), and [z(V(0)[|x <

1
> (el + lliZy ) + allwnll® < e ()1l g el
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d 1
= (el + Nl ) < 3 ) (lltl® + ol ) -

After applying Gronwall’s lemma we obtain (4.9).

Yt
y®@

disturbance d, ||d||oc < 7 and initial data z;. Let z(?) = (2) | be a unique
Y

solution of (4.1) with initial data 2o, ||z0||x < 7. Then for the function w(t) =

yD(t) — y@(t) we have the following estimate: for a.a. t € (0,7T)

(1)
For proving (4.10) we consider arbitrary solution z(!) = (y(1)> of (2.1) with

d 1
= (el + ey ) < ) (llaell? + ol )

1
+ il oo sup (llrll + llllgg) - (412)
te[0,T

Integrating over [0, t], we get: V ¢t € (0,7)

1P + IOl < 20) [ (P + Ity ) ds

1
+eaTIQ oo sp (Jlell + Il ) - (413)
te[0,7

After applying Gronwall’s lemma from (4.13) we derive the existence of ¢ >
0, n(r) > 0 such that

sup ”2(1)@) _ 2(2)(,5)”)( < CHdHooTe”(’”)T.
t€[0,T]

So, we have (4.10). Theorem is proved. O

5. AG property for the attractor.

In this part of the work we show that under assumptions (3.1)-(3.3) for suf-
ficiently wide class of disturbances U; C L>°(R4) the global attractor © of the
m-semiflow Sy is globally stable in the AG sense, i.e., robust estimate (2.4) takes
place.

Assume that the set of disturbances U consists of all functions d € L>(Ry.)
with

t+1
sup [ Ja(s + ) — d(s) ds < w(i), (5.1)
t>0 Jt
where ¢ may depend on d and ¥ (p) — 0, p — 0+.

Property (5.1) is true for absolutely continuous functions d € L (R ) with

d e L*(Ry).
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It is clear that the set U; is translation-invariant, i.e.,
vd() € Uy, Yh > 0 d(+h) € U;.
Moreover, it is known [6] that for every d € U; the set
2(d) i= iy {d(+h) | b2 0}

is a translation-invariant compact subset of L? (R4), d € X(d), X(0) = {0} i
Vo € ¥(d)

t+1 t+1
sup/ lo(s)|* ds < sup/ |d(s)|*ds < ||d||%. (5.2)
t>0 Jt t>0 Jt

Theorem 5.1. Assume that conditions (3.1)-(3.3), (5.1) are fulfilled. Then the
family {Saq}tacu, possesses AG property for the global attractor ©, i.e.,

e Vde Uy, Vg e X
Tim [1Sa(t, z0)lle < Y(/ldlloc). (53)

Proof. AsVt >0, Vd € Uy, Yo € ¥(d) due to (5.2)

t
—o(t—s 1
[ totopent=as < Zjal., (5.4

so from (3.7) we derive: 3¢ > 0 Vr > 0 3T(r) Vt > T(r), V|20llx < r and
for arbitrary solution z() of (2.1) with z(0) = zp and disturbance o € X(d) the
following estimate holds

12l x < e(X+ ld]loo)- (5.5)

Taking into account dissipative property (5.5), compactness of ¥(d), estimate
(5.2), and abstract results from [16], we conclude that for proving robust estimate
(5.3) it is sufficient to verify the following properties:

op — o in LlQOC(]RJr), zg = z0in X, & € S5, (t, 2)), &n = €in X =

= £ € Sy(t, 20), (5.6)
{on} C 3(d), d € Uy (or oy, € 3B(dy), ||dnllcc — 0), 25 — 2o weakly in X, ¢, 7 oo,
&n € S5, (tn, 20) = {&n} is precompact in X. (5.7)

Property (5.6) is a direct consequence of Lemma 3.2.

Let us prove (5.7). We put &, = z,(t,), where z,() is a solution of (2.1) with
d=on, 2,(0) = 2{.

From estimates (3.7),(5.2) and assumption (5.7) we derive that the sequence
{&n} is bounded in X. So, up to subsequence

&, — & weakly in X. (5.8)
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We can extract a subsequence such that VM > 1
2n(tn, — M) — &p weakly in X.
Moreover, ¥Vt > 0 for sufficiently large n we have from the cocycle property:
Zn(tn — M +1) € Sy, (4tn—nn) (£, 0, 20 (tn — M)).

Let us put g, (t) := op(t +t, — M). Assumption (5.7) allows us to claim that for
some ¢ we have that
Gn — 7 in L3 (Ry). (5.9)

Therefore, from Lemma 3.2 for z,(t) = z,(t + t, — M) we have that V¢ > 0
Zn(t) — Z(t) weakly in X,

E(t) S Sa(t, 0,5]\/[)

In particular,
Zn(M) =¢&, — Z2(M) = £ weakly in X.

It is known [5] that every solution z() of (2.1) with disturbance d() satisfies the

equality p
gf(z(t)) + al(2(t)) = Hy(t, 2(1)), (5.10)

where

1) = Sl + 5 Wl + (F), 1) + S w1o)
Ho(t,2) = a(F(y(1), 1) = 5 (F(u(8). y()
+ 59y y()d(E) + (9(y(t)). (D) d(2):

We write (5.10) for z, and after integrating over [0, M] we get:

M
(&) = I(2n (b — M))e—M + /0 ST E () = () dp. (5.11)

Applying to {z,} arguments (3.17),(3.18), and taking into account strong conver-
gence (5.9), we deduce that VM >0

M M
| et ) dp > [ (o, 2(0) dp s .
0 0
From estimate (3.7) 3¢ >0 Vt >0, Vn > 1
[ (zn(t))] < c, (5.12)

where ¢ does not depend on M.
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Then from (5.11), (5.12) we conclude that

M
T (&) < ce—oM ¢ / e~ @=M) [ (2(p)) dp

n—o0 0

=ce M 4 1(&) — I(Epp)e M < 2ce™ M 4 [(¢).

Thus,

=— 1 _ 1
im S[lén]l5 < 2ce™M + Sle]%-

n—oo

Passing to the limit as M — oo, we get

lim < .
Jim [|€, [ x < [I€]lx

Combining this inequality with weak convergence (5.8), we obtain that the se-

quence {&,} is precompact in X. Theorem is proved. ]
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Abstract. This paper studies the asymptotic behavior of solutions of linear stochas-
tic functional-differential equations. This behavior is investigated using the method of
asymptotic equivalence, according to which an ordinary system of linear differential equa-
tions is constructed based on the initial stochastic system, and the asymptotic behavior
of the solutions of this system is analogous to the behavior of the solutions of the initial
system.
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1. Introduction

The work is dedicated to the study of the asymptotic behavior of solutions in
linear systems of stochastic functional-differential equations. Functional-differen-
tial equations model evolutionary processes in which the future depends not only
on the current state but also on the system’s past state (delay effect). The pres-
ence of delays significantly influences the qualitative behavior of the system. The
right-hand side of such mathematical models is a functional of a segment of the
solution, which complicates the research object and requires the development and
application of methods of infinite-dimensional analysis. The wide application of
such models has led to a rapid development of the theory of functional-differential
equations. Its foundations for deterministic functional-differential equations in the
finite-dimensional case are thoroughly presented in the monograph [1], and for de-
terministic equations in the infinite-dimensional case in the monograph [2]. As for
stochastic functional-differential equations in finite-dimensional spaces, the mono-
graph [3] provides a detailed bibliography and presents elements of the asymp-
totic and qualitative theory of such equations. Regarding stochastic functional-
differential equations in infinite-dimensional spaces, the monograph [4] is notewor-
thy. The existence of invariant measures in shift spaces for stochastic functional-
differential equations with partial derivatives is addressed in works [5-8]. In this
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work, the asymptotic behavior of solutions at infinity is investigated using a well-
known method in the theory of differential equations called the method of asymp-
totic equivalence. According to this method, a simpler system is constructed
based on the original system, and the behavior of solutions at infinity of the
simpler system is equivalent to the behavior of solutions of the original system.
The classical result by Levinson [9] is relevant in the linear case. For stochastic
systems without delay, this approach is further developed in works [10,11]. The
article is structured as follows: Section 2 introduces the notation and formulates
the main results. Section 3 is devoted to proving the main results of the study.
Finally, an illustrative example is provided at the end of the work.

2. Preliminaries

For h > 0 we define a function space Cj, = C([—h,0];R?) of continuous
functions with a norm |[|¢[|c = supge[_p o) [#(0)]. We denote the norm of a vector

in R space using the symbol | - | and the norm of a (d x d) matrix, consistent
with a vector norm, using || - || throughout this paper. Consider the system of
ordinary differential equations (ODE) in the following form

dx = Az dt, (2.1)

with the initial conditions z(tg) = zg, t > t9 > 0, = € R%, and A be a con-
stant deterministic matrix. Along with system (2.1), we consider the system of
functional stochastic differential equations (FSDE)

dy = (Ay—k/OhB(t,H)y(t—FG) d0> dt + </th(¢, 6)y(t+9)d9> AW (t), (2.2)

where B(t,0), D(t,0) are continuous deterministic matrices for ¢t > 0, 6 € [—h,0],
integrable with respect to 6. W (t) is a Wiener process on a probability space
(Q,F, P) with filtration {F;,t > 0} C F, and there exist such b(t) and d(t)

| Be.0r00) a8 < ool 03

| p.orso as] < oot (2.

We introduce the definition of asymptotic equivalence, which is a generalization
of the classical definition of asymptotic equivalence for systems of ordinary differ-
ential equations to the stochastic case.

Definition 2.1. If for each solution y(t) of system (2.2) there corresponds a
solution z(t) of (2.1) such that

. - 2 _
Jim El(t) — y(0)]* =0,
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then system (2.2) is called asymptotically mean square equivalent to system (2.1).
In case when for each solution y(t) of system (2.2) there corresponds a solution
x(t) of system (2.1) such that

P{ lim |z(t) — y(t)] = 0} ~1,

t—00

then system 2.2 is called asymptotically equivalent to system 2.1 with probabi-
lity 1.

Now let us formulate the main result of our work.

Theorem 2.1. Let all solutions of system (2.1) be bounded on t € [0,00). If

/Oo b(t)] dt < K1 < oo, (2.5)
0

/0 ld(t)|>dt < Ky < oo, (2.6)

Then system (2.2) is asymptotically equivalent to the system (2.1) in the mean
square sense. Also, if we change (2.6) on

/OO td(t)? dt < K, (2.7)
0

then, (2.2) is asymptotically equivalent to the system (2.1) with the probability 1.
3. Proof of the main result

Proof. This theorem consists of two parts the following proof will deal with them
sequentially. We will start with the first part.

By our conditions, the solutions of system (2.1) are bounded, hence the eigen
values A(A) of the matrix A satisfy the inequality Re\(A), also the values which
real part equals to zero have simple elementary divisors. We can assume that
matrix A has a quasi-diagonal form,

A= diag(Al, AQ), (31)
where Ay and As are (p x p) and (¢ X q) - matrices, p + ¢ = d, such that
ReA(A;) < —a <0, ReA(Ag2)=0. (3.2)

Let
X (t) = diag(e'M, !42), (3.3)

be a fundamental matrix of system (2.1), normalized in zero, X (0) = E4, and

I, = diag(E,,0), I = diag(0, E,),
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where E, and E, are the identity matrices of order p and ¢, and I; + I = Ej.
Let’s define

X(t) = X1(t) + Xo(t) = X(O) [, + X ()]

= diag(e'2, 0) 4 diag(0, e!2). (34
Therefore, the Cauchy matrix can be written in the following way
X=XtX"r)=X(t~-1) (35)
= Xy (t —7) + Xo(t — 7).
Using our previous estimates we get
1X1(8)]| = || ]| < are™, >ty >0, (3.6)
1Xa(t)]| = ||| < a2, teR (3.7)

Where a1, a9, @ are some positive constants. Let us write a solution of system
(2.2) with the initial conditions y(t9) = yo in terms of a Cauchy matrix for the
deterministic differential system (2.1).

t 0
Vi) = X(t —toluto) + [ Xa(t=7) / (B O(r -+ 0)) 0 dr

t 0
+ [ Xot—r) / (B(r, 0)y(r + 0)] db dr

tot —SL (3.8)
+ [ xa-n /_h[D(T, 8)y(r + 0)] d6 AW (7)

t 0
+] Xg(t—T)/_h[D(T,Q)y(T—i—@)] 40 AW (7),

for t >ty > 0 and 6 € [—h,0]. Using the evolution properties of the matriciant
Xg(t — 7') = X(t — T)Ig == X(t - to)X(to - 7’)]2 == X(t - to)XQ(tO - 7'), (39)
we can rewrite (3.8) in the following way:
o0 0
y(0) = Xt~ to){ylto) + [ Xalto—7) [ (Bro)y(r+ ) asdr

to —h
[o¢]

0
[ xolto - ) / (D, 0)y(r + )] db dW ()}

tot th
+/ Xl(t—T)/ B(r.0)y(r + 0)] db dr

>

(3.10)

=]

+ [xa-n / ID(r.O)y(r +6) dd WV (7)
0OO _0
_/t X2(t_T)/_h[B(T,H)y(T—l—H)]deT
0
) [ 10

—/ Xo(t—7
t

y(T + 0)] dO dW (7).
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Let y(t) = y(t,w) be a solution of system (2.2) with the initial condition y(tg+6) =
#(0), 0 € [—h,0], which correspond to a solution z(t) of system (2.1) with the
initial condition

o) 0
z(to) = y(to) + Xo(tg— 1) / [B(1,0)y(r + 0)] d0 dr
0 * (3.11)

00 0
+ t Xo(to — 1) /_h[D(T,G)y(T—i— 0)] d6 dW ().

For every solution of system (2.2) with the initial condition y(t9 + 0) = ¢(0)
by formula (3.11) we define correspondence between the set of solutions {y(t) =
y(t,w)} of system (2.2) and the set of solutions {z(¢)} of system (2.1)

Now we can start proving our first statement. We know that

t 0
() = X(t—to)(to) + | X(t—7) / (B(r,0)y(r + 0)] 6 dr
fo " (3.12)

t 0
[ xe-n / DT O)y(r + )] A0 d (7).

Hence, using the stochastic integral properties and the above equality we obtain

E[y(t)[* < 31X (¢ — to) |I*Ely(to)
2
+3E

t 0
X(t—7) / (B(r,0)y(r + 0)] dO dr
to —h

(3.13)
2
+3E

)

t 0
t X(t—1) /_h[D(T, Oy(T + 6)] df dW (1)

For simplicity, let us explicitly consider each term in the above inequality:
1X (t = to) |*Ely(to)|* < max(ai, a3)Ely(to)], (3.14)
t 0 2
B[ [ X(t —T)/ [B(r,0)y(r +6)] do dr|
to —h

<E (/t \/HX(to — 7')”\/HX(t0 — T)’\/b(r)\/b(T)”yT’C>

< HX(t—T)Ilb(T)EIIyTII%dT/t [1X (¢ = 7)llb(7) dr

to

(3.15)

00 t
< max(a?, a) /O b(r)ar [ o) By dr

to
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t 0 2
X(ty - 7) / (D(r,0)y(r + 6)] d6 AW (7)

to —h

g/ttE‘X(t—r)/o D(7,0)y(T +0)do

2
dr

2
X (- )|PB / D(r,0)y(r + 0) db|| dr (3.16)
t
Ot 2 12 2
X (=) P By
0
t
< max(a?, a2) / d(7)2El|y, |2 dr.
to

Now we can substitute our estimates into the (3.13).

Ely(t)* < 3max(a}, a3)(Ely(to)|” +/OO b(r) dT/ b()El|y- | dr
0 fo (3.17)

t
4 / @ (1)El|y,|% dr),

to
It is clear that

E||ys||2 < E 2 E 1
Srg[%f} lys||& I?ax [p(s)] +§2[%’§] ly(s)]?, (3.18)

hence,

max Bly(s)|* < 3max(at, o3) (Blo(0)]12

4 /0 T bir) dr /t b(r) max Ely(s)] dr
+/t d*() max Ely(s )y2d7), (3.19)

s€[0,7]
Using the Gronwall-Bellman inequality we get:

max Bly(s )* < 3max(af, a3)El|¢(0)Z

X exp (3 max(a?, a2) /t (Kb + (7)) dr)
< 3max(ai, a3)E[¢(0)(|&
X exp (3 max(a?, a2) /0 " (Kab(r) + dX(7) dT)
< KE[6(0)]Z, .
K = 3max(a},a3) exp ( 3max(a?,a3) [ (Kib(r) +d*(7))dr ).
( /0 (2.20)
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The latter inequality indicates that the integrals in equation (3.11) exhibit mean
square convergence. Next, we will assess the expected difference in square norms
between the respective solutions z(t) and y(t). Since

2(t) = X (t — to)z(to), (3.21)

where x (o) is defined in (3.11), using (3.10) we obtain

Bla(t) ~ y(H) = B ttXl(t _7) U_(; B(r,0)y(r + 0) d&} dr

t

+ [ x-) [ / Oh D(r.0)y(r + ) de] aw(7)

_/OOXQQ—T) [/_0 B(T,e)y(f+9)d9] dr

/ Xo(t —71)| /h (7,0)y(T + 0) db] dW (1) ?

0 2

B(r,0)y(T +6) dﬁ} dr

< 4E Xl(t—T) [

to
2

+4E X1 t—1) [ T—|—9)d9:| aw (r)

+4E|/ Xo(t—1) y(T+6) 9} dr|?
t

{/
—|—4E]/OOX2(t—T [/ D(r T+9)d9} dw (1)|2.
t (3.22)

Using (3.20), let’s estimate each term of the last inequality:

"Xyt — 1) U B(r,0)y (T+9)d9} i

to

< E( Vit I Bt + oy ar)

2
1X1(t — )llb(r >uyT||ch)

<E

<=/,
E (/ VXL E = D@V IXE— )b )HZJTHch)z
(/)

1X1(t — )b dr/ X1t — )b )HyTIICdT)
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. 2
1X2(t — 7)lb(r) df)

to

t 2
< RE|6(6)[3 ( / ale—a“—”b(r)dr) ,
to

Since b(t) is absolutely integrable for ¢ > 2t:

t i t
/ e =b(7) dr = / S e p(r) dr + / e *=b(r) dr

t

2

to to

L t
<e % /2 b(T)dr +/ b(r)dr
to L

2

00 t
< e_cg/ b(7) dT+/ b(t) dr,
0 t

2

< KE|6(6)]2 (
(3.23)

From the last inequality, it becomes evident that the first term on the right-hand
side of (3.22) tends to 0, as t — co.

of [ %t [ [ Doyt +0)a0] awiof

/tE\Xlt—T [/ D(7,0)y (T+(9)d6’:| | dr

t
1X1(t = 7)|d* (1) Elly- | Z:dr

to

t
< KE[6(0)|% / a2e 22 (1) dr,
to

(3.24)

From d?(7) integrability and the previous term we can conclude that the second
term in (3.22) also tends to 0 as t — co.

E‘/ Xo(t — 1) [/_ (T,Q)y(Tﬁ-G)dQ} dT‘Q
<E </t°o 1Xa(t — 7)| H/iB(T,H)y(T—l—H) dHH dr)

[e’e) 2
<E ( S T>|b<7>||yf|cdr)
< [T et = D Bl ar [ Xale = o) ar

2

< ko) ([ 1%t - i ar)

< KE|6(0) 20 ( G d)

(3.25)
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& 0
E‘/t Xa(t =) [/_hD(T,H)y(T+0) de] dW(r)f
= E/too | X2(t = 7)IPd*(7)Eyllc: dr (3.26)
< RBJ0O) e} [ ) ar

Both (3.25, 3.26) tend to 0 as t — oo. These results prove the first part of our
theorem,

lim E|z(t) — y(t)|* = 0.

t—o00

Next, we will proceed with proving the second part of the theorem. We start with

introducing a sequence denoted as {ny|k > 1}, satisfying the condition ng > k,
k > 1, such that

oo 1
/ b(r)dr < —, k>1,

k
and a sequence my|k > 1, where my > k, k> 1 and,

& 1
/ rd?(1)dr < oF kE>1.
my

Now we use these sequences in order to construct lj:
I = 2max{ng, my}, k> 1.

Using (3.20), where z(t() is defined in (3.11), from (3.10) we know that arbitrary
solutions x(t) and y(t) satisfy the following:

P supla(t) ()] > ¢ }

>

- P{ sup tXl(t—T) [/0 B(r,0)y(r + 6) d@} dr

t>l, Jto —h
t

+ [ xit-) [/_Oh D(r,0)y(r + 0) d&] aw ()|

to

_/tOOXQ@—T) [/_(;B(T,H)y(T—i—G)dﬁ} dr
_/tooxz(t—T) [/_th(f,e)y(fw) d@} dw (7)| = %}

t 1
< P < sup >
t>1 4k

Xi(t—7) [/i B(r,0)y(r + ) d@] dr

to
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t>1

j }
>
— 4k
1
>
=

1
> — )
_4k}

Similar to the approach taken in the first part of the theorem, we shall now
proceed to estimate each term present on the right-hand side of the aforementioned
inequality. We start from the first term. By applying Chebyshev’s inequality, we
obtain the following expression:

L p {sup "Xyt — 1) U_(;D(T, 8)y(r + 6) dﬁ] AW (7)

4P {sup /too Xt — 7) U_(; B(r, 0)y(r + 0) de} dr

t>1

L P {Sup /too Xt — 7) U_(; D(r,0)y(r + 0) d&] AW (7)

t>1

k € N.

t 0
P{ sup | [ Xi(t—7) [/ B(r,0)y(r + ) d@] dr| > i}
t>1 to —h 4k
t 0
< 4kE sup X1(t—71) [/ B(r,0)y(T +60) d@] dr
t>1 to —h

t 0
<4kEsup [ || X1(t —7)] H/ B(t,0)y(T +6) dHH dr
t>l J o —h
t

<4kEsup [ [|X1(t —7)[o(7)ly-|lc dr
t>1, Jto

t
< 4KE sup / are=*Cb(7) yr || dr
t>lg Jto

t>1g

t t
2
[ e yrlodr + | e—a<t—f>b<r>||yfucdf>

to 3

= 4ka, E sup (

o0

N b(t)dr)
to 5

< dkay KEHé(@)\%(e_oﬁlk/ b(T)dT+/

> ol 1
< dkar\/KE[9(0)||2 (2 Ky + o) = M.
(3.28)

In order to estimate the second term on the right-hand side of the inequality
(3.27), let’s consider the sequence of random events

t 0 1
Ay = {w| sup | Xl(t—T)[/_hD(T,e)y<T+9)d9]dW(7)yzM}.

,<t<N Jig

For an arbitrary K; < Ky we have Ax, C Ag,. Therefore Ay is a monotone
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sequence of sets, and

A= lim ANI GAN

N—oo

t
1
— {wlsup| [ Xi(t -7 / D(r,0)y(r + 0) ] dW (7)] > —

<t Jtg 4k

so that
P{A} = lim P{An}.
N—o00

Hence, for N > I,
t

sup
L, <t<N

0
X (t— 1) / D(r,0)y(r + ) db] dW (r)
to —h

I 0
< sup Xi(t—7)| /_ D, 0)y(r + 0) do] dW (7

I <t<N

(3.29)

0
+ sup Xq(t—7) [/ D(7,0)y(T + 0) di) dW (7)| .
I —h

I <t<N

Thus, we have

t
P{ sup

I <t<N

< P{ sup
I <t<N

4+ P< sup
I <t<N

Let us start with the first term of the last inequality

P{ sup
I, <t<N

- U D(r,0)y (T+9>d9} AW (7)

3]

tlkxlt—T [/ D(r T+9)d9] aw ()

t

1
>
_8k}

Xi(t— 1) [ /_ Dir.O(r +0) de} aw (r)| >

s

Uk

X { /_ (; D(r,0)y(r +6) d@} AW (7)

1
> )
— 8k
Uk

0
< 64k’E ( sup X (t—1) [/ D(r,0)y(t + 0) de] dW (T)
0 —h

I, <t<N

< 64k>KE||¢(0)]|% <e—alk/2 d?(r )dT—i—/lk d() dr )
< 64k>KE||¢(0)]/% ((“lk /OO d?(7) d¢+ﬁo d?(7) dT>

to k

~ 1
< G4k KE6(6)[% (lK + 2k)

2

=: I,?).

(3.31)
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Now we can move to the second term on the right-hand side of the inequality

(3.30)

! 1
Pl s | [ xut—1 U D(r,0)y (T+9)de] aw(r)| >
t
:P{ sup ‘ Xi(t—71)+ Xi(t — 1)
L<t<N 1 Ji,

— X1 (t - 1) [/ D(7,0)y (T+9)d9] aw(r )‘Zik}

{ sup ‘ X1 t—71)— Xq(t—lg)
1y<t<N

U D(r,0)y (T+9)d0] AW (7 )’7 lék}

+P{ ap | %0 - 1) [/ D(r.0)y (T—l—@)d@] AW (7)| >

1L, <t<N

)

(3.32)

Ik

Next, we can estimate each of the terms in the above inequality. Let us start with
the second term.

1
P< sup Xl(t—lk [/ D(7,0)y (T+9)d0] dW () 2—
1, <t<N |1, 16k
< P<S sup || Xi(t—1Ig)| sup / / D(7,0)y(T +0)dodW ()| >
1y <t<N L<t<N |J1,, 16k’

< 256k2a%E< sup (| / D(7,0)y(T + 0) dadW(T)|2)>
Il J—h

1L, <t<N

N
< 1024k%0? / d2(7) KE||¢(0)|| dr

Uk

< 1024k2a§K'E||¢(9)H%/ d*(t)rdr
lk
< 1024k*a2KE||p(0 )chk
(3.33)

The following estimations are essential in order to deal with the first term of the
inequality we are considering at this step.

{ sup ( Xlt—r )+ X1t — 1) — Xu(t — 1)
I <t<N

[/ D(7,0)y (T+9)d9] aw(r)| > 81k}
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__ /Zt ( l: Xi(t— 5)A [/_(;D(T,e)y(f +6) da] dW(T))

__ /l: ( X )ALy [ /_ Oh D(r,0)y(r +6) de] dW(T)> (3.34)

Ui
- z: Xi(t—s)A (/z: Iio<ry [/Oh D(r,0)y(T +0) d@} dW(T)) ds.

From this, we obtain

{ sup ‘ X1 t—71)— Xq(t—1lg)

1, <t<N
1
U D(r,0)y (T+9)de] aw ()| > -}
t t
< P4 su Xi(t—9)A /IS -
{lkgtEN‘ I i ) ( I te<m)

x U_O D(7,0)y(t + 0) de] dW(T)) dS( = wik}

t
§256k:2E sup ‘/ Xi(t—s)A / I{SS’T}
lk<t<N Iy

« UhD(T, 0)y(r +0) d@] aw(r)) ds()2

t
§256k:2E< sup (/ are =9 A
I <t<N Iy

]als)2

N—

< | /l: Toery { / (; D(r,0)y(r + 0) d&} AW (7)

t
S256/€2E( sup (/ aZe”2(t=9)| 42
I, <t<N JI
t t 0 2
x/ /I{SST} [/ D(T,H)y(7+(9)d9:| dW(T))‘ ds)
w —h

256]{72 2 A 2 t t
SME( sup / / Toeny
20 <t<NJy Wy T

x U_(; D(7,0)y(r + 0) d@] dW(T)r ds)

_ 256k%a?|| Al|? /N
- 2a Ik

[/ D(r,0)y (T—i—&)d@] dW (r )‘ ds

1024202 || A2 N
< SBLAIAL ([ eyl dras)
« Iy Ui

B sup | / Iyery

1, <t<N
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9 20 AN2 212 N N
10280} | AP KE|6(6) &K / </ d*(r) dT) ds
lk lk

20
1024202 ||A|2KE||6(0)||2k2 N T
< ail| Al o(0) Il / <d2(7)/ ds) dr
20 L Ik (3.35)
1024262\ A|2KE| 6(0)||2.k2 [N
< at|| Al ()]l / rd?(7) dr
2a lk
< 1024203 || A|2KE||¢(0) || 2.k
- 2002k ’

According to (3.33) and (3.35)

t

0
P{ s | [ Xie=n1[ Dirow(r+0)anaw)| = o}

I <t<N

< 256K E||6(0)|[2(1 + 4a3 4?27 = [},
Let us now estimate the third term on the right-hand side of the inequality (3.27).

/ Xo(t —7) [/ B(7,0)y (T+9)d9] dr >i}
SP{?SE /:OHXN—T | H/ (7,0)y (T+6)d9H dr 1I<:}
1
=)

Sp{fﬁi /:OHXQ(t—T || H/ (7.0)y (T+e)deH ir

l
< 16k2 sup / 1Xa(t — 7)|b() [y |l dr

t>1 |1y

< 16k2a§\/1~(E\¢(0)\|2/w b(t)dr
Uk
. 1
< 6K%a3\/ KB|0(0)|? 5 = 1"
(3.36)

We shall now proceed to estimate the final term located on the right-hand
side of inequality (3.27). Let us consider the random events sequence
1
ak

AN:{(U

By definition, Ay is a monotone sequence of sets, therefore

sup
t>1

sup
I, <t<N

/ Xt — 1) U D(r.0)y (T—I—@)d@} AW (7)| >

A= Jim Ay = U Ay

N=0
= {w

sup
1<t

/too Xo(t—1) [/_(; D(7,0)y(T +0) dg] aw (7)

1
> — 5.
_4l<:}
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so that
P{A} = lim P{An}.
N—o00

Since [ < t, the following inequality holds
P< sup
1, <t<N

< P< sup
IL,<t<N

—i—P{ sup

/too Xo(t—1) {/i D(7,0)y(T +0) d@} aw (7)

1
>
4k
1
>
8k

o0

Xo(t —7) {/i D(r,0)y(t +0) d@} dw (r)

Uk

"Xt — 1) [/ D(r,0)y <T+9)da] aw(7)| >

1
8k

[/ D(r.0)y (T+9)da} aw ()| >

1L<t<N |J1

Let’s proceed with each term of the latter inequality
P< sup
1L, <t<N

<P{ sup [ Xa(7

o0

) U D(r.0)y (T+9)d9} AW ()| >

1
8k

L, <t<N
< 64kl KE6(0)]|% §;r=::fk -
(3.38)
Now we move to the second term,
1
P{ sup X2t—T [/ D(r, )(T+9)d0:| dW ()| > —}
<< | i, K (3.39)
- 1 6
< 256k* a3 KE|6(6)||8 5 =: 1.

By taking the limit N — oo in (3.37), we get

{ts;ll[:/ Xo(t—7) [/ B(T,G)y(7'+9)d9] dr

Finally

> 1} <1+ 19,

>y

1

The convergence of the series > ;- I; is evident and according to the Borel-
Cantelli lemma there exists a positive integer M = M (w) such that, for arbitrary
k > M (w) for arbitrary k > M(w)

1
sup () — y(0)] > 7.
t>1
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with probability 1. Hence, for almost all w and arbitrary ¢ > 0 there exists
T = T(€,w) = ly,, where kg = max{[1], M (w)}, such that the following inequality
holds for all t > T

o(8) = y(0)] < supla(t) —y(0)] = < e
t>T 0

Theorem is proved. ]

4. Example

Let us give an application of our theorem.

Example 4.1. We consider a system of ordinary differential equations,

- [

Together with the system (4.1), consider the following system of functional stochas-
tic differential equations

d[z;] _ [ 11 _01] [ } dt+/_(;B(t,9) B;gigﬂ do di

(i1 0) (4.2)
y1(t +
/ Dt [ t+9)} d6 dw (¢),
where
-10
af20] »
hO) o T
B(t,0) = (Hol) bi(0) | (4.4)
(t+1)
r d1(9)2
D(t,0) = | 4,0 (Hol) 7 (4.5)
L(t+1)?
here b1(0),d;(0) are continuous functions on [—h,0]. Then
0
H [ seopw o] < [ 1peo)wc
—h
4.6
- ﬂ/o 1 (9) dbl) "
BRCENEN e <
Therefore, b(t) = % f?h bi(0)d and [°b(t)dt < oo
0 0
|/ powwa < [ ioc.onasiole
h —h (4.7)

0
_ (tfl) / da(0) db] 0]
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Therefore, d(t) = % ff)h di(#)df and [ td*(t)dt < oo. From this follows
that system (4.2) is asymptotically equivalent to the system (4.1) in the mean
square sense and with probability 1.

5. Conclusions

This work proposes a new method for studying the asymptotic behavior at in-
finity of solutions to linear stochastic functional-differential equations. According
to this method, the problem is reduced to investigating a much simpler object:
a system of ordinary linear equations with constant coefficients. This system is
constructed in such a way that for every solution of the original system, a cor-
responding solution of the deterministic system is assigned, and the difference
between them tends to zero at infinity, either in mean square or with probabil-
ity one. Naturally, some smallness of the stochastic perturbation at infinity is
required in terms of the convergence of integrals of the noise intensity.
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