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The characterization of the best approximant
for the multivariable functions in the space

Lplv'vpn;Q

ocimiaKyoThcst MUTaHHS XapaKTepu3aliil eJieMeHTa HallKpalioro HabJIu>KeHHs y Ipo-
cTopax 3i 3MirnmaHo iHTEerpaJibHOI0O METPUKOIO 3 Baroio aJjisd PYyHKIIi 6aratbox 3MiHHUX.

IInTanasa Halikpamoro HabamkeHHs QYHKIiH ABoX 3MiHHUX y mpocTopax L., 3i 3mi-
IaHOIO iHTerpaJjibHOIO MeTpukoio BuB4dasiuch I[.C.CwmipuoBum. Ilotim iforo pesynbraTtu
oysnu posmnosBciomxkeHi Tpakturcbkoio B.M. i Tkauenko M.E. cmodaTKy Ha IpocTOopu
Ly, ps,....pns @ moTiM Ha mpocropu L, .o 3 Baroro. B crarri posriasgaloTbcs IpocTOpuU
Ly, po....pn:0 PYHKIH 6araTrbox 3MiHHIX 3 Barow, B SKUX HOPMA 33JA€ThCA TAKAM YIMHOM:

fise

1l = 1fllor s = / / / O@) f@)Pdny | dey|  dra|

In I2 1

ne Bara Q(z) = Q(x1,x9,...,2,) — HeBiL’€MHa, CyMOBHA Ha Nn—BUMipHOMY mapaJieseninesmi
K=I5Lx1Iyx..x1I, (me I, = [a;,b;], 1 <1i < n) dyHkuis, ska Mmaii>ke BCIOJYM He JTOPIBHIOE
Hymo. fAxmo Q(z) = 1,Vz € K, To orpumyeMo npoctopu L, ,, ., , SIKi PO3IiIsanucs
patirire.
BcranoBiieno, mio Oyab-sikuii JiHiliHUiT HermepepBHUil yHKIIOHAJ, 3aJlaHUIl B HPO-
ctopi Ly, p,....pn:0 Ma€ Burasan: F(f) = [ Q(z) f(z)a(z)dzids...dz,, ne f(x) — noBinbHa dpyHK-
K

nist 3 TpocTopy Ly, 1. p.:0s @ a(x) — geska OYHKOiA 31 cCOpsiz2keHOro npocTopy Ly, 4. .5
AKUil BU3HAYAEThCA 3a (pyHKHioHasoM F, i nmpu mpomy iioro Hopma 3a/I0BOJIBHSAE YMOBY
17] = lalgs ga....qnir
OTrpumaHuii KpuTepiii ejJeMeHTa HAWKpPANIOro HaOJM>KeHHsI i3 CKiHYeHHOBUMipHOTO
nigupocropy H,,. A came, gmasa Toro, mob6 esemenr P (zr) € H,, 6yB mosiHOMOM Haii-
Kparmoro HabkeHHs1 i GyHKOil f(x) B Merpuni npoctopy Ly, p,.. p.:0 SOCTATHBO i
(konu xoua 6 omHe 3 p;, = 1, y BUnaaky, Kosm pisHuns f(z) — Pr(z) # 0 maiike cKpisb
Ha napaviesiertineni K) meobxigHo, 106 AJisi KOXKHOro ejnemedra P, € H,, BUKOHYBaJIOCh
cuiBBinnomennst: [ Q(z) P, (z)g(z)dz1dzs...dx, = 0.
K

Aximo noknacru §(z) = 1,Ve € K, To orpuMaemMo 3arajbHUH B[, JIHIHOro Hernepes-
HOTO (DYHKIIOHAJIy Ta KPUTEPiil ejleMeHTa HAWKpAIIoro HaOJIM>KeHHs, Ki Oy/Ju panirie
BCTAHOBJIEH] JJId TIPOCTOPiB Ly, o oo
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Karuosi crosa: Gymkyii 6a2amvor sMIHHUL, 3MIULGHA THMEZPANOHA MEMPUKG 3 642010, NHITHUL

HenepepeHull PYHKYIonan, Kpumepit esemenma HatlKrpauL020 HabAUHCEHMA.

The questions of the characterization of the best approximant in spaces of
multivariable functions with mixed integral metric with weight were considered in
this article. The general form of a bounded linear functional and the criterion of best
approximant in these spaces are obtained.

Key words: multivariable functions, space with a mized metric with weight, the linear continuous

functional, the criterion of the best approximant.

Let Q(z) = Q(z4,..,x,) be the nonnegative summable on K = I} x I x ... X I,
I; = [a;, b;], 1 <4 < n function and Q(z) # 0 almost everywhere on K. Let Ly, .0 =
Lo (1 <p; <o00,1<i<n)be the space of all real-valued summable on K functions

f(z) = f(x1,...,2,) : K — R such that
- ) P
Pl P2
flsa=| [ | [ | [ 0@li@Pdn| do| dn| <o
In Iz 1
If Q(z) =1,Vo € K, then Ly =Lz =Ly, .-
We set
i1 bt "
| flpe...pio = / / /Q(x)|f(x)]p’“dxk dxpi1 Ldrg |,
I; Tpq1 2

where 1 <k <i<n.

If Q(z) =1,V € K, we will write |f|,, .-

Consider also the classes L,, ., (where at least one p; = oo0) of functions f
respectively with norms

||f||p1,---,pn71,oo;ﬂ = €8S sup |f($)|p1,---,pn71;ﬂv

Tn€ln
Pit2 o
Pit1
Pit+1
o= | [ | [ (5550 1@ i) o] i,
Z; i

In Iiyq

ess sup |£(2)|
r1€h

||f“007]72,-..,pn;§2 -

p27“)pn;ﬂ

where 1 <17 < n.
In 1973 G.S. Smirnov [1| proved the criterion of the best approximant in the
spaces with mixed integral metric for the functions of two variables. V.M. Traktynska
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[3] extended this result to the multivariable functions in the spaces Ly, ,,. . .-
V.M. Traktynska and M.E. Tkachenko [4] proved the criterion of the best approximant
in the spaces with mixed integral metric with weight for the functions of two variables.
The purpose of this article is getting the general form of a bounded linear functional
and the criterion of best approximant in the space L, ,..o.

Let f € Ly, ¢ € Lga (p% + % =1,1<i< n) be given (for p; = 1 we take ¢; = occ.
Applying Gelder’s inequality and Fubini’s Theorem, we obtain for 1 < p;,¢; < 00,1 <
1< n,p #1:

[ 2@ @@ < | [@@)F 1) (@) plo)is| <
g/ / /Q(x)\f(x)V’ldxl " /Q(x)|g0(x)|‘“dx1 ' day | -, < .

< / / /Q(x)|f(x)|p1dx1 s I

In Iz 1
[ ]| [ o@le@inan| de| e | =Iflha-lelo
In I 1
We can get similar inequality in the case when some p; = 1 except p;. So for

1<pi,q; <00, 1<i<mn,p #1, we get the inequality:
[ Qe ) f@)pla)ds] < [l Ielo
K
In the case when p; =1, 1 < p; < 00, 1 < i < n, we will have:

[ o) f@ptas] <

K

s/ / /Q(x)|f(x)|dx1 cess sup |o()|| das | -.du, <

r1€ll
I, 2 I
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p2 %
< / / /Q(x)|f(x)|dx1 doy | day
In I 1
1

r 2 2
/ / ess sup |<,0(ac)\} dxs dr, <L

L xr1€l
In I

B B p2 q& pn

< / / /Q(x)|f(x)|dm1 doy| o,

In LI LIy 4

q2
[/ [p |¢<x>|] drs| dzn | = Iflbe- ol

x1€lh

n 2

Similarly inequality holds true in the case when some p; = 1.
For 1 < p;,q; < 00, 1 < ¢ < n, we have equality if and only if the following
conditions are simultaneously satisfied:

() p(x) = ea(s, ) [ 1)) - sien ()

almost everywhere on [ for every fixed (xa, ...,x,) € Iy X ... X I;

= py—1
q1 p1

/ O)drr | = ea(aws, o) / Q)| fPde |

I Iy

or |plg.a0 = ca(3, ..., @) | flp.0 almost everywhere on I, for every fixed (s, ..., ,) €
I3 X oo X Iy |@lgr.ge:0 = €3(2a, ooy )| flpy po:0 almost everywhere on I3 for every fixed
(4, ..oy Tp) € Iy X ... X I;; continuing reasonings, we have

@lg1,mgn 230 = Cn—1(@0)[ flpr,. pn_ai02 (1)
almost everywhere on [,,_; for every fixed x,, € I,;

[Pla1sgn_1:2 = Cal flprrpn_1i0 (2)

almost everywhere on I,,. Let us combine these conditions. In left part of condition (2)
we substitute condition (1):

dn—1
—_ dn—2

/dxn_l /d.Tn_g... /’g@’qldlﬂl =
I

Infl In72

dn—1
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. qn —
g? Pr—2 dn—1 n—1
= cp_1(zp) /dxnl /d:cng... /\f|p1dx1 =
In_1 In—2 I
pn—1
Pn—1
P2 pn7—2 Pn—1
P1
=c- /dmn_l /dl’n_g... /|f|p1dx1
In—l In—2 Il
Thus:
pn—1_ 1
Py L N —
P1 Pn—2
Cn—1(xy) =c- /dazn_l /da:n_g... /\f|p1dajl =
In_1 JIn—2 I
Pn
Pp—1 —1
P2 Pn—2 Pn—1

P1

=c- /dxn_l /dmn_g... /\f]pldxl
Iy

In—l In—2

Then in left part of condition (1) we substitute the previous condition and find
Cn—2(Tp_1,,) and so on. As a result, we get:

o =asp = [1an || [ | [l
I Iy Iy
AN = A
/dxnl /dxng... /\f|p1dq;1 - sign f
In_1 In_o I
or
o = clfIP N flE e fleEe |l sign .

Theorem 1. Any linear continuous functional given in the space Ly.q has the form:

F(f) = / Q) f(2)a(@)dzy...d,.

where f(x) is arbitrary function from Lpq and a(x) is some function from Lg.q which
15 determained by functional F', and

1]l = llellzo:
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For a system of linearly independent functions {¢1, ..., ¢} C Lz we denote H,,, =
span{ 1, ..., om}, E(f, Hm)pa = E(f)q is best Ly.g-approximation of function f(x) €

L. by polynomials P, (x) = > cppr(x) where ¢ (k = 1,2,...,m) are constants.
=1

Theorem 2. For any [ € Lyq,

EnlPpa = sup [ 00a) (0)g(a)dz..da, 3)

g
K

where sup distributed to functions g € Lgq such us ||gllgzao = 1 and g L H,,, that is
[ Q(z)Py(z)g(z)dxy...dx, = 0, VP, € H,,. sup on the right-hand side of (3) is realized
K

on functions g € Lg.q with the norm ||g|lga = 1.
In particular, if f € Ly then

£l = sup / O(2)f (2)g(x)de...dx,, (4)

K

where sup on the right-hand side of (4) distributed to all functions g € Lg.q, ||9llza < 1.

Lemma 1. If || f||z.o > 0 then sup on the right-hand side of (4) distributed to the
function

gole) = —

= Tt P T R S send AL Sl #0.
;82

90(1‘) =0 Zf |f|p1 ----- Prn-1 0.

The function gy will be unique (if at least one of p; = 1, assuming that f(x) # 0 almost
everywhere on K ).

Theorem 3. The polynomial P} € H,, is the best approximant for f € Lyo\Hp,
if and only if there exists a function gy € Ly that satisfies the conditions:

1) llgollge = 1;
2) |If = Prllpe :[{Q(ﬁ)f(x)go(ﬂﬁ)d$1-~-d$n;

3) [ Qz)Pr(x)go(z)dxy...dx, =0, VP, € Hy,.
K
Theorem 3 is the implementation of the general criterion for the best approximant.

Theorem 4. In order for the polynomial P! (x) = Y cipi(x) to be an best
i=1

approzimant for the function f(x) in the space Ly suﬂici_ent and (if at least one
of p; = 1 in the case when the difference f(x) — P (x) # 0 almost everywhere on
K =1, x I x ... x I, ) necessary truth of the equality

/Q(:U)Pm(x)g(x)dxl...dxn =0, VP, € H,,

K
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where
go(@) = |f = Po" | f = Prlpra | f = Prlor 7t asen(f — Pr)
Zf ‘f - P’:7,|p17~--,pn—l§ﬂ # 07
go(l‘) =0 if |f - P;rkz|p17---,pn—1§9 = 0.
Proof.
|
oa) =11 = P | [ atalr - Py
I
v Pn1 DR
E Pn—2
/ / /Q(x)|f — P [Ptday ndXy g dx, 1 -segn(f — P,

In_1 In_2 I
if [f = Phlp,pn 0 # 0, and g(x) = 0if [f — Py po 10 = 0.

Sufficiency.

Suppose that g(z) satisfies the above condition. Let’s check that

N T A )
K
Indeed
/Q 2)day.dz, — /Q@)(f@:) P () + P (2))g(a)dardy —
K

= /Q(x)(f(x) — P (x))g(x)dxy...dz, +/Q(m)PT’;(x)g(m)d$1...da:n =

N /Q(m)(f(f’”) — Pr(2)g(x)day...dx, =
= [ - [ = e - mip /!f Py dy "

Pn—1
oo Pn—2

/ / (/ Q(.ﬁlﬁ')‘f - P;Lpldl’l) ...dl'n,Q dl'nfl
]n,1 In72 Il
sgn(f — Pr)dxy...dz, =
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Pn

p3

P2 Do Pn—1
P1
In |n-1 1P 1
In addition
Igllzze = I1f — Pl (6)
Indeed,
92 43 q;h—Ll q%
a1 a2
l9llg.0 = / / / /Q(x)|g|(“dx1 dzs O dz,, =
In In_1 Iz Iy
= |If = Pkt

Then, taking into account the generalization of Holder’s inequality, the theorem 2
and (6), we obtain:

[ 2@ f@g(@)dz..do, < |l lglln =

K

ISgP/Q(SC)f( v)g(x)dey...de, - | f = Phlpe” = Ea(Hpa - If = Phlpa
So,

[ 2@ f@g(@)de.da, < Bl Dy 1 = Pl (7)
K

Comparing (5) i (7), we obtain:

If = Pollsie < En(flpe - I1f = Prllba

or ||f — Plllza < En(f)sq, and therefore, Py (x) is the best approximant for f(z).
Necessity. Let P! be the best approximant for f € Lgq. Then by the theorem 3
there is a function gy € Lgo that satisfies the conditions:

D lgollgo = 1;
2) Hf_P;zHTD;Q fQ (v)dzy...doy;

3) [ Qz) P (x) ( )dxl...dxn =0, VP, € H,.
K
By the lemma the condition 2) will be satisfied for the function
9o(@) = |Lf = Prllga " 1f = BrlP M = Bl L f = Brlpr 7ot o - sen(f = P)
if ’f - Prmm,..-,pn—uﬂ # 0,
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go(l’) =0 if |f - P;L|pl:-~~’pn71§9 =0,

and the function gy is unique. But then from the condition 3) of the theorem 3 we
obtain:

/Q(x)P;;(x)g(:zr)d:vl...dxn =0, VP,€H,.
K

Theorem 4 is completely proved.
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