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The uniqueness of the best non-symmetric
Lqi-approximant with a weight for continuous
functions with values in KB-space

HocaimrkeHna 3as1ava € IJMHOCTI eJIeMEHTA HAWKPAIOr0 HECUMETPUYHOTO HADJIMXKEHHS y
MeTpHuIli IIpocTopy L 3 Barorw Jisi HellepepBHUX HA METPUYHOMY KOMITaKTi () PyHKILiN 3i
3HAYEHHSIMH B CTPOTOHOPMOBaAHOMY HarmiBBmopsakoBanomy KB-nmpocropi X goBinmbHUMMI
nignpocropamu H upocropy C(Q,X) HenepepBHux Ha () dyHKuUiil 31 3HaYeHHIMU B
KB-npocropi X 3 HOopMO®IO || - ||x. ¥ Tepminax kusaciB Tak 3BaHux "recroBux"dyHKIil
H ={h € C(Q,X): 3gn € H VY € Q@ h(zr) = tgn(x)} orpumana xapakrepusaris
OiZnpocTopiB  €quHOCTI ejieMeHTa HaWKkpamoro (q,[)-HabJaM>KeHHsI B IHTerpaJIbHIl
merputi ||f|1.0.0.8 = [0(2)||a- fr(z)+ 3 f—(2)||xdu(x) 3 Baroro 6 s dbyHKUil HenpepBHUX

Q

Ha MeTPUYHOMY KOMIIAaKTi () 3i 3HadYeHHAMHN B cTporo HopMmoBaHomy KB-mpocrtopi X 3i
CTPOro MOHOTOHHOIO HOPMOIO.

Takwuit kaac "tecropux"dyuknit H', mo xapakTepusy€e€ CKiH4eHHOMipHi migmpocropu
€IMHOCT] esieMeHTa HafKpamoro Li-HAGJM>KeHHsI [JJisi HelepepBHUX Ha BiApPi3Ky [a,d]
aiticaux dyHKHil y Bunaaky « = § = 1 BBiB y posrisg lanc Ilrpayc.

3a J0ImoMOro BKa3aHOro KJacy QQYHKIHH MiAOpocTOpuU HPOCTOPY HEIPEepBHUX HAa
MeTpuYHOMY KoMHOakTi dyHKII 3i 3Hadennsamu B KB-mpoctopi jierko mociigzkysBaTtu
Ha €OWHICTb eJieMeHTa HallKpalioro HaOJMXKeHHsI B iHTerpaJjibHiii MeTpHIli, OCKiJIbKH
3alPONOHOBaHUIl Kjac € HabaraTto By»K4uM, HixK yBech npocrip C(Q,X). ¥V crarri
IOJAaHO MAeKiJibKa HeoOXimHmx 1 JocTaTHiIX yMOB, $Ki 3BOAATH 3a4a4dy JdOCJIiI>KEeHHS
€IMHOCTI eJleMeHTa HallKpalloro HeCUMeTPUIHOTO [ -HabJIM>KeHHs 3 Baroo i (pyHKITil
npocropy C(Q,X) mOBIIbHUM HiZIIPOCTOPOM IIHOTO HPOCTOPY A0 AHAJIOrIYHOL 3akadvi AJist
"recroBux" QyHKIILi.

Kpim Toro, moBemeHo, 1mio, sikino miznpocrip mpocropy C(Q,X) 3amoBosbHsie A-
BJIACTUBOCTI, sika TaKoXK OyJsia BBezmeHa no posrisay I'ancom Illrpaycom, To BKazauwuit miji-
IIPOCTIp € MPOCTOPOM €MHOCTI eJieMeHTa HAalKpamoro («, §)-Habiu>KeHHsl B IHTerpaJibHil
METPHUIIi 3 Baroo /Jisi HelepepBHUX HAa MEeTPUYHOMY KoMmnakTi () dyHKIIi# 31 3HaYeHHIAMU
y ctporo HopMoBaHomMy KB-mipocTopi X 3i cTporo MOHOTOHHOIO HOPMOIO JJIsi JOBiJIbHUX
BuUMipHuX BaroBux dyHKOii § takux, mo 0 < inf{f(z) :z € Q} < sup{f(x) : z € Q} < oo.

Karowo6i caosa: edunicmo esemenma nadikpaus020 HECUMEMPUHO20 Habaudicents 3 eazoto, (a, B)-

nabaudCeHHA 3 82010, tHmezpasvha mempura, KB-npocmip.

UccnenoBana 3amava e JUHCTBEHHOCTH 3JIEMEHTA HAWJIYYIIIEero HECUMMETPUYHOTO L-
OpubJIM>KeHnsI C BECOM [Jisi HENPEPBbIBHBIX HA METPUYECKOM KommnakTe () PyHKIuil co
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3HAYEHUSIMIU B CTPOTOHOPMUPOBAHHOM mojiyynopsigoueHHoMm KB-mpoctrpamcrBe X mpo-
M3BOJIBHBIME MOAIpocTpaHcTBamu npocrpaucrsa C(Q, X) HenpepbIBHbIX Ha () dyHKIWIA
co 3Hadyenusimu B X. B TtepmmHax kiaccoB "rTecToBbix"@yHKImI IoJIydeHA XapaKTepu-
3anus IOAIPOCTPAHCTB €IUHCTBEHHOCTH 3JI€MEHTa Hamiydinero («,()-npubJuzKeHus B
WHTErpajJibHON MeTpukKe ¢ BecoM Juisi pyHkumii mpocrpaucrea C(Q, X).

Kmouesnie crosa: eduncmeennocms snemenma HAUAYHYUE20 HECUMMEMPUHYHO20 npud/mofceHuﬂ C

secom, (o, B)-npubausicerue ¢ 8ecom, unmezparvhas mempuka, KB-npocmparncmso.

The task of uniqueness of the best non-symmetrical Li-approximant with a weight
for continuous functions on metric compact set () with values in strictly convex partially
ordered KB-space X by a subspaces of space C(Q, X) of continuous functions on @ with
values in X is investigated. The characterization of subspaces of uniqueness of the best
(a, B)-approximant in integral metric with a weight for functions of space C(Q, X) in the
terms of classes of “test” functions is found.

Key words: uniqueness of the best non-symmetric approzimant with a weight, («, B)-approzimation
with a weight, integral metric, KB-space.
MSC2010: Pr1 41A52, SEC 41A65, 46B40

Let X be a partially ordered set and its order is consistent with algebraic operations.

The following definitions are given in [5] .

Let E C X be a non-empty set. The element y € X is called supremum (infimum)
of the set F and is denoted by sup F (inf F) if the following conditions hold:

)z <y (zr>y) VrekE;

2) for any element z € X such that z < z (z > 2), it follows that y < z (y > 2).

The supremum of the set E is denoted by z; V x5 V ... V z,, and the infimum of the
set E is denoted by x1 A xo A ... A, if the set E consists of elements x1, 22, ..., x,,.

Suppose in the space X for any two elements x,y € X there exists their supremum
x V y; then the element ;. = x V 0 is called the positive part of the element x € X,
the element x_ = (—z) V 0 is its negative part, and the element || = z; + x_ is the
module of the element x. Two elements x,y € X are called disjunctive and are denoted
by xAy if |z| A |y| = 0.

Let a order of a partially ordered vector space X is consistent with algebraic
operations and for any two elements x,y € X there exists their supremum z V y.
Then a space X is called a KN-lineal if in X the monotone norm is defined, i. e.,
[ <yl = llzllx < [lyllx.

A KN-lineal is called a KN-space (or K,N-space) if for any (or any numbered)
non-empty set bounded above or below there exists the its upper or lower bound
respectively.

Let X is a KN-linear and X* is a space of linear continuous in the usual sense
functionals on X, then X* is a complete KN-space in the usual sense.

A K, N-space is called a KB-space if its norm satisfies two conditions:

1) |lzallx — 0 if 2, | 0;

2) [|2allx = +00 if 2, T +00 (2, > 0).

Let @ be a metric compact set with metric p, 3 be a o-field of Borel subsets of @), i
be a non-atomic non-negative finite measure. Furthermore, assume that p be positive
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on each non-empty open subset of X.

Let X be a KB-space with the norm || - || x.

By C(Q, X) denote the space of continuous functions f : @ — X and by © denote
the set of all y-measurable real functions 6 on @ such that 0 < inf{f(z) : z € Q} <
sup{f(z) : z € Q} < 0.

For any x € () and positive numbers «, 5 put

[f(@)lap = a- frlz) + 5 f-(z),

1 (@)xias = Il fo(x) + 5 f-(2)]|x,

where fi(x) = (£f(x)) V0.
Suppose the space C(Q, X) is supplied with the non-symmetric L;-norm with a
weight 0 € ©:

1119 = / 0() 1 (2) o sps(x).

Q
For f € C(Q,X), HC C(Q, X) and 6 € O the quantity
E(f, H)l;ﬁ;aﬁ = inf ”f - g||1;9;a,,8 (1)
geH

is called the best («, )-approximation of a function f by a set H in the metric L,
with a weight 6. The function ¢g* € H is the best (a, 8)-approximant of a function f
by elements of a set H in the metric L; with a weight 6 if ¢* realizes the greatest lower
bound in the equality (1). By Pl(féﬁ )( f) denote the set of the best («, 5)-approximant
of a function f by a set H with a weight 6, by Z; denote the set of zeros for a function
f, and Nf :Q\Zf

For f,g € C(Q, X) put

a, . | f+tg 1;0;00,8 — ||f||1;9;047
TP (f. )10 = Jim | | f 7

and for x € @) put
o W +19)@)[xsas — 1/ (@) x50,8

1
t——0 t

7D (f(2), glx))x =

For e = = 1 such functional was considered in [2] and [1].
The following theorem (see [6]) is needed for the sequel.

Theorem 1. Let H be a subspace of C(Q, X). An element g* is the best (a, 3)-
approzimant of a function f € C(Q,X) by elements from H in the metric Ly with a
weight 0 € © iff Vg € H

[ 6@ - g g < [ 0@lg@lxaadnte)r @

Ny_g Zf—g*
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A normalized space X is called strictly convex if for any x,y € X such that ||z+y|| =
||z|| + ||y||, it follows that there is A € R such that y = A - x.

Let X be a strictly convex KB-space with a strictly monotone norm, i.e.,
2] <yl = llzllx < Ilgllx-

Let H be a subspace of the space C(Q, X). We set

H ={heC(Q,X): FJgn€H VreQ h(z)==xgn(z)}.
Such classes were considered in [1|. Originaly such sets were introduced by Hans
Strauss [3] for X =R, Q = [a, b].

The following lemma is needed for the sequel.

Lemma 1. Suppose h € H'\ {0}, 0 € nggg)(h), and g, € H is a function such
that h(z) = £gn(x),Yx € Q; then g, € ngéﬁ)(h).

Proof. It is clear that Z, C Z)_,, and h(z) — gn(z) = 2h(x) Vo € Nj_g, .
Since 0 € Pﬁféﬁ )(h), using Theorem 1 and the properties of rleh )( f,q), we get

t/e@r#”Wm—mmmy@»wmm:

= [ 8@)- P eha), g(a)xdula) =
= [0 7 o). gla))xdn(o) [ 6@ 7 (e, o)) () <
N, Zp—g, \Zn

< [ 6@) lo@lxaadut@)+ [ 66 llo@)llxadutz) =

Zh Zh—gh\Zh

= [ 0@ lgle)lxpadnte) Vg H.

Zn_y,
Thus g, € P(Cféﬂ)(h).

Using the methods of Strauss [3] and Babenko [4] we prove the following theorem,
it generalizes results of [3], [2], [4].

Theorem 2. Let X be a strictly convex KB-space with a strictly monotone norm,
H be a subspace of C(Q,X). Each function f € C(Q,X) has at most one best (a, f)-
approzimant with a weight 0 € © by elements from H iff each function h € H' has at
most one best (o, B)-approximant with a weight 6 by subspace H.
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Proof. The necessary condition is obvious. Prove the sufficient condition. Suppose
each function h € H' has at most one best (a, 3)-approximant with a weight 6 by
subspace H. Assume the converse. Then there exists a function f € C'(Q, X) such that

p1.p2 € Py (f), p1 # po. Then 2522 € PP (f) and

p1+ P2 1 1
) Hl;e;a,ﬁ = §Hf —P1H1;0;a,5 + §Hf —p2|’1;0;a,ﬁ

[oo ] (r-"52) @
Q

= / %9@) (1 = 0 @) xsa8 + [1(f = P2) (@) x:0,8) dis().
Q

Since norms are continuous, subintegral functions are not negative, and measure p
is positive on each non-empty open subset of (), we obtain

1(f =) (@) + (f =p2) (@)l xi08 = [ (f =P1) (@) x0,8 + [ (f =P2) (@) | 08 V2 € Q. (3)
Since norm of X is monotonous and (f + ¢)+ < fi + g+, it follows that
I(f =P () + (f = p2) (@) X508 <

< lle(f = p)(@)+ + a(f = p2)(@) + B(f —p1)(2)- + B(f —p2)(@)-|[x <
< [(f = pO)(@)llxia + 1(f = p2) (@) x:08 VI €Q.

Using (3) and strictly monotony of norm, we get

((f =p)(@) + (f =p2)(@)) = (f =) (@)= + (f —p2)(2) V2 eQ (4)

If =

dp(z) =

X;a,8

(f = p)(@) + (f —p2)(@)] = |(f = p)(@)] + [(f —p2)(2)] VZeEQ (5)
and Vz € )
(f = p)(@)]as + [(f = p2)(@)]asllx = 1(f —p1)(@)l X508 + [ (f = P2)(@) ] x50,8- (6)

Note that X is a strictly convex KB-space. Then equality (6) holds true iff for any
z € Q[(f=p1)(@)]as = 0o0r [(f=p2)(2)|as = 0 0r [(f=p1)(@)[as = c(x)|(f —p2)(@)]a,s,

where ¢(z) is a positive real function.
The last equality corresponds following equality Vo € @

al(f =p)(@)+ = c(@)(f = p2)(@)4] + BI(f = p1)(@)- — c(@)(f = p2)(2)-] = 0.
Using (4), we get

(f —p)(@)2A(f —p2) () V2 €Q, (7)
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and from Theorem I11.6.3 in 5] it follows that
a((f —p)(@)+ = c(@)(f = p2)(@))AB((f — pr)(x)- — c(@)(f —p2)(2)-) Yz e
Therefore, Vx € )
a((f = p)()y — c(@)(f —p2)(2)4) =0

and
BU(f = p)(@)- = c(@)(f — p2)(x)-) = 0.
Hence equality (6) holds true iff Vo € @ (f —p1)(z) = 0 or (f — p2)(z) = 0 or

(f — p)(x) = c(z)(f — p2)(x), where c¢(z) is a positive real function and
c(z) #1 Vo € Np_p,.
We set

folw) = f(x) - M.

Hence there exists a real function 7(z) such that fo(z) = v(z)(p1 — p2)(x) for
x € Np,_p,, and 0 € Péf‘éﬁ)(fo). It is clear that Zy, C Z,,_p,-

Let h(x) = sgnx(p1 — p2)(x) for z € Ny, _,,, and h(z) =0 for x € Z,,_,,. It is clear
that h € H', where g, = p; — p2, h # 0.
Since 0 € Pj(féﬁ )(fo) it follows that Vg € H

/ 0(2)7 ) (h(x), g(x)) xdu(x / 0(2)7 ) (fo(x), g(x) xdp(x) =

- / 0(x)7 " (fol2), () xdp(z) — / 0(2)7 ) (fol(x), g(x)) xdp(x) <

Ny, Zh\Zfo
< [ b@llo@)lxpadnte) + [ 0@)lg@)llxaduta) / 0(a) lg(a) xadn(z).
Zf, Zp\Zg,

Therefore, 0 € P}jjéﬂ )(h), and by Lemma 1 p; — ps € Pl(jff )(h). This contradicts the
assumption. The theorem is proved.

The following corollary follows from Theorem 2 and Lemma 1.

Corollary 1. Let X be a strictly convex KB-space with a strictly monotone norm,
H be a subspace of space C(Q,X). Fach function f € C(Q,X) has at most one the
best (o, B)-approximant with a weight € © by elements from H iff for any function
h € H'\ {0} the zero element is not the best («, 5)-approzimant with a weight 0 € O
by elements from H.

The Corollary 2 follows from Corollary 1 and Theorem 1.
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Corollary 2. Let X be a strictly convex KB-space with a strictly monotone norm,
H be a subspace of space C(Q,X). Fach function f € C(Q,X) has at most one the
best (o, B)-approximant with a weight 6 € © by elements from H iff for any function
h € H'\ {0} there exists a function go € H such that

/ 0()7 " (h(x), go(x)) x dp() > / 0() 190(2) x5.0011().

Np, Zn

Further, following Strauss [3] and Kroo [1] we consider next property of subspace
H.

The subspace H C C(Q, X) is called an A-subspace (or is said to satisfy the A-
property) if for any h € H'\ {0} there exists a g € H such that

(i) g(x) = 0 a.e. on Zp;

(ii) e ’ﬁ)(h(x), g(x))x > 0 a.e. on N, and this inequality is strict on a subset of Ny,
of positive measure.

Theorem 3. Let X be a strictly convex KB-space with a strictly monotone norm
and assume that H is an A-subspace of C(Q, X). Then each function f € C(Q, X) has
at most one best («, B)-approzimant with a weight 6 € © by elements from H for every
0 € 0.

Proof. Assume the converse. Then f € C(Q,X) has more than one best (a,f)-

approximant with some weight 6 € © by H. By Corollary 2 there exists a h € H’ \ {0}
such that

/ 6(2)r ) (h(x), g(x)) x dp(x) < / 3(2) lg(2) | xpadin(z),

N, Z;

for any g € H.
Since H is an A-subspace, we see that by (ii) there exists a ¢ € H such that

i ﬁ)(ﬁ( ),9(x))x > 0 ae. on N; and this inequality is strict on a subset of

N; of positive measure. Hence [ 6( 0(x e ’ﬁ)(h(x),g(x))xd,u(x) > 0. Besides, by (i)
N~

f 0(2)|19(x)||x:p.adp(z) = 0.

This contradiction proves the theorem.
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