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The homology groups of the space €2,(m)

VY crarri BBegeHo npoctip 2,(m), sIK meBHe y3arajibHEHHsI IIPOCTOPIB y3arajabHEHUX
JOCKOHAJIMX ciuiaiHis (,. Craitau nipocropy (1, (m), Ha Biaminy Bijg cnuiaiiniB npocropy
Q,, HaOyBalOTh 3Ha4YeHb He +1, a 3Ha4YeHb cepen MHOXXuUHU (G, KA CKJIAJAETHCI 3 M
piBHOBiAa/IeHUX BY3J1iB OAMHUYHOTO KOJIa KOMILIEKCHOI mjoinuHu. K i ajst mpocropy
Q,,, TonoJsorist ipocropy (1,(m) Hacainysana 3 L;. IIpu m = 2 npocrip (,(2) 36iraerbcs
3 mpocropoMm §2,. CucremarndHe OOCJIIXKEHHsI TOMOTOIIIYHUX IiHBapiaHTIB IIpocTopy
Q, Oymo 3amodyarkoBaHe B.I. PyGanom, sikmii moOyayBaB KJIITHUHHY CTPYKTYpPYy I[bOTO
nopocTopy, i 3 i1 monmomororo 1985 poky 3HANIIIOB rpynu N-BUMIPpHUX TOMOJIOTi# IIpocTopy
Q,, a 1999 poky MoOBHICTIO pO3B’sa3aB 3a/Ja4dy BiAlIyKaHHS TPyNn HOro KOTrOMOJIOTiii.
B mnomasbiromy romoromniumi imBapianTu mpocropy §2, BuBuasmmca B.A. KomieeBum,
KNI BCTAaHOBMB OIHO3B’a3HicTh (2,, Ta A.M. ITacbkoM, sKuii 3HANIIIOB TIOMOTOMIYHI
rpynu Ix OPOCTOPiB y BuMipHOCTaX Big 2 g0 n. 3aajad BUBYEHHS TOMOTOMIYHHX
inBapianTiB mnpocropy ,(m) BBeIeHO KJIITUHHY CTPYKTYPy ULIbOrO IIPOCTOPY, sIKa
y3arajbHioe mobymoBany B.I. Pybanom KJIITUHHY CTpPYKTypy mpoctopy (2,. Koxkxna
kiaituna mpocropy ,(m) mae Burasang ci(lp,li,...,l;), e ¢,¢ < n, € KiabkicTs By3JiB
ciaiiHiB, 3 AKMX CKJIAJAEThCd KJITHHA, a lg,li,...,l; € HoMepu 3HaYeHb MHOXXUHU Gy,
AKNX HAOyBalOTh CILIAHU Ha BiANMOBIIHUX iHTepBaJiax, JJisi KOXKHOI KJIITUHU MOOYJOBaHO
xXapakTepuctudHe BigoOpakenHsa. Takum 4umHOM, (),(mMm) IEpeTBOPEHO HA N-BUMipHUN
kiaituauuii npocrip. IlobynoBana KiiTMHHA CTPYKTypa mpocropy (2,(m) mo3BoJsie jJerko
O0YMCJINTYA KiJdbKiCTh KJITWMH y KOXKHili BumipHocTi. EiiepoBa xapakTepuctuka O0yab-
AKOTO CKIHY€HHOBUMIPHOTO KJIITUHHOTO MPOCTOPY BUPAXKAETHCS Uepe3 KiJbKOCTi KJIiTHUH
Y KOXKHii1 BUMipHOCTi, ITO /I03BOJIMJIO OOYMCJIIUTU €MJIEPpOBYy XapaKTEPHUCTHUKY MPOCTOPiB
Q,(m), morpibHy [y 00YMCIHEHHS HMOro roMoJIOriYHMX IpyIH. 3 JOIOMOrOI0 BBEJEHOL
KJITUHHOT CTPYKTYpH HPOCcTopy (),(m) TakoxK 3’dICOBAHO BUIJISJ, MEXKOBOI'O OIEpaTopa
HA rpylax JAHIOrIB Oro mpocTopy. s o64YnciieHHs TOMOJIOTIYHAX I'PYN KJIITUHHOTO
npoctopy {2,(m) BBegeHo omeparop D : Cy(Q,(m)) = Cqi1(Qni1(m)), wo aie 3 rpymu g-
BHUMIipHUX JIAHIIOTIB rIpocTopy {1, (m) y rpymny ¢+ l-BumMipHux naHigoris npocropy 2,1(m).
3asHaunMo, 110 npoctip (2, (m) 3aBKaM € MiAMHOXKUHOI IPOCTOPY (2,1(mMm), 1110 103BOJIsIE
PO3IJIIHYTH omeparop BkJageHHd i : ,(m) — Q,11(m), gaxkuil mopomkye romomopdizm
i Cy((m)) = Cy(Qpy1(m)) BimmosBimamx rpyn kuirmaanx Jjanmioris. IToGymzoBanwmii
Buille oreparop D pa3om i3 dbopMysio0 aJisi OOYNCIEHHS MEXKO0BOTO OMEepaTopa J03BOJISIE
JIOBECTH 1110 y BCiX BUMipHOCTSIX ¢ > 1 omepaTop i JAHIIOrOBO FOMOTOIHUH TPpUBiaJbHOMY,
a 0oT>Ke HUM IIOPOJPKEHUI1 olleparop ¢, TpuBiampHmii. TpuBiagbHiCTHE IIBOro omeparopa,
pPasoMm i3 TeXHIKO TOYHOI T'OMOJIOTiYHOI IOCJIOBHOCTI Mapu [O3BOJISIE BCTAHOBUTU
TpuBiasbHicTh rpyn romosiorii npocropy (), (m) y Bumipuocrax Bix 1 mo n — 1. Ockinbku
mpocTip oAHO3B’aA3HUii, To ioro 0-BuMipHa rpyrna romMoJoriii izomopdHa aauTHUBHIl
rpymi minmx 4gwmces. OTxKe, HaMM 3HaiiieHO Bci romosioriyHi rpynm npocropisB (,(m) y
BuMipHOcTaX Bim 0 mo n — 1. IlimpaxyHoOK eiijiepoBOi XapaKTEPUCTUKU JO3BOJISE 3HANTHU
n-BUMIipHI rpynu roMmoJiorii.
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The spaces ,,(m) that generalize the spaces (2, are introduced. In order to investigate
the homotopy invariants of the space ,(m) the CW-structure of the space is Q,(m)
is build. Using exact homology sequence the homology groups of the space (,(m) are
calculated.
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Let w(t),t > 0, be the non-negative, continuous increasing function, w(0) = 0.
Consider integer ¢ > 0, integer m > 2 and the system of the knots

0:770<’I71<...<7]q<’l7q+1:1.

Let F'(n, s,t) be the function (w-spline)

F(n,s,t) = s -min{w(t —ng—1),wne — )}, for t€ [me—1,m], (1)
with

54 € Gy = {e# :l:o,1,...,m—1}.
Denote by Q,,(m), n > 2, the subspace of the space L;[0, 1] that consists of the splines
(1) for ¢ < n. The space 2,(2) coincides with the space €2, that has been studied in
(1], [2], [4], [5]- V.I. Ruban [4], [5] has built CW structure on €, and calculated the
cohomologies of the space €2,

A k=0,
HYQ,) = { 75
0, k # 0,n.

V.A.Koshcheev [1] has proved that the spaces (2, are simply connected. A.M. Pasko
[2] has established that the homotopy groups

0, 2<k<n-1,
Wk(Qn) = Z2n+2+(;1)7z+1

k=n.

The space 2,(m) is the generalization of the space (2,. Thus the problem of
finding of their homotopy invariants is of interest. In order to investigate the homotopy
invariants of the space 2,,(m) we will construct the structure of CW-complex on 2,,(m)
which is analogue of the CW-structure €2,, build in [4], [5].

CW-complex is a Hausdorff space F written as a union

o
— q
r=UUd
q=0kel,

of the non-overlapping sets e (q-cells) in such a way that any g-cell e} has a continuous
characteristic map f! : D9 — E of closed g-dimensional ball D? to E such that the
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restriction of f to IntD? is a homeomorphism between IntD? and ef. Herewith E
satisfies the conditions:

(C) the boundary é{ = €] \ e} of any q-cell lies in the union of a finite number of
j-cells for j < ¢;

(W) subset F' C E is closed if and only if all the intersections F' () é] are closed.

The g-skeleton of the CW-complex E is the union ske,(E) = |J e]. The CW-

J<q
complex F is said to be finite if it consists of finite amount of cells.
Let g be the nonnegative integer. Consider the collection of integers

lo,ll,...,lqe{O,l,...,m—l}.

Let the g-cell ¢(ly, l1,...,1;) be the set of the w-splines (1) for

2wl q
sp=¢€¢"m k=1,2,...,qg+ 1. (2)
Thus
Qm)=J U ol 1),
q=01g,l1,...,lq
In order to build characteristic map of g-cell ¢?(lo, (s, ...,l,) write the closed ball

D17 as the simplex

q
Bq:{x: (x(),l’l,...,l'q) ERq:Ik ZO, Z{[‘k: ]_}
k=0

For any = = (x¢,x1,...,2,) € B? consider the system of knots

nk(x) = th k= 17 g+ 17 770<£L'> = 07 77(95) = (770(55)7771(95)a s 777Q+1($))7 (3)

Then define the characteristic map m ; ; : BY — Q,(m) of the cell ¢?(lo, ks, ..., 1)
by the equality

Tr?o,ll ..... lq (ZE) - F(W(I)7 S, *)a

where the system of knots 7(x) is defined by (3) and the system of coefficients s = {s;}
is defined by (2).

Consider CW-complex E. The set of the g-cells of E may be used as the basis
of a free abelian group C,(E). Elements of C,(E) are called g-chains. There are the
homomorphisms of groups 0 = 0, : Cy(£) — C,_1(E). This homomorphisms are
called boundary operators. Consider the groups Z,(E) = Kerd, (the groups of g-cycles)
and B,(E) = Imd,4; (the groups of g-boundaries). The identity 0,0,+1 = 0 implies
B,(E) C Z,(F) that allows to define the homology groups H,(E) = Z,(E)/B,(E).
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It is obvious that the boundary of the g-cell ¢?(ly, [y, ...,l;) of the space Q,(m) is

given by
q

O (lo, 11,y 1g) = Y (=1 (lo, - D 1), (4)
k=0

where the sequence (lo, ... 1k ... 1) 18 (loy - s -1, g1 - - - 1y)-
The sum

X(E) = (—1)*rank Hy(E)

is called the Euler characteristic of a space E. A.M. Pasko and Y.O. Orekhova [3]
proved the following lemma.

Lemma 1. The Euler characteristic of the space Q,(m) equals
X (Qu(m)) = —— (1+ (=1)"m"*). (5)
m+ 1

Proof. For the sake of completeness let us prove the lemma. It is known that the Euler
characteristic of the finite CW-complex F equals

X(B) =) (=D,

k
where vy, is the amount of the k-cells of E. The amount of the g-cells ¢?(lg, 4, ...,l,) is
equal mi*!, so
- + (=1)"m"t2 m
Ou(m) =S (=1)imett = 2 _ 14 (—1)™m™+) |
() = D1y I T (1 (1)

The proof is completed.
The main result of our paper is the following theorem.

Theorem 1. The homology groups of the space Q,(m), m > 2, n > 2, are equal

A k=0,
Hi(@u(m) =40, k#0m, (6)
mn 2 _n 1
Z 'rJrrL<+1 : , ]{; ="nN.

Proof of theorem. Consider the homomorphism D : C,(Q,(m)) = Cyp1(Qpq1(m))
defined on the generators by the equality

DCq(l(),ll, ey lq) = CQ+1(0,lo,l1, ceey lq)

By virtue of (4)
ODc? = ¢ — DO, (7)
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for any qg-cell ¢ € Cy(Q,(m)),q > 1. The inclusion i : Q,(m) — Q,41(m) induces
the homomorphism 7 : C,(Q,(m)) — Cy(Q,41(m)) of the groups of q-chains and the
homomorphism i, : Hy(Q,(m)) — Hy(Qn41(m)) of the homology groups. It follows
from (7) that

ic? = dDc + DO, q > 1.

Therefore for any ¢ > 1 the homomorphism i, : H,(Q,(m)) — H,(Qy11(m)) is trivial:
i, = 0.
It is obvious that for ¢ < n the g-skeleton ske,(§2,(m)) = Q,(m), so the relative
homology groups
Hi(Q(m),Q2-1(m)) =0, k <n. (8)

Consider the exact homology sequence of the pair ((£2,41(m), 2,(m)), (k> 0)
o= Hy (i (m), Qu(m)) & Hy(Q(m)) “=% Hy(Q1(m)) 2

2y Hy(Qusr (m), 2 (m)) — ...
By virtue of (8) for 1 < k < n it turns into

15+=0

0 — Hi(Qn(m)) 2=% Hy(Quir(m)) — 0.

This implies that
Hi(Q(m)) =0, 1<Ek<n. 9)

The space 2,(m) is path-connected, so
Hy(9,(m)) = Z. (10)

It follows from (5), (9), (10) that the Euler characteristic of the space €2,,(m)

n

X(Q,(m)) = Z(—l)kranka(Qn(m)) =14 (—=1)"rankH,(Q,(m)) =

k=0
m
= ——— (14 (=1)"m"*).
m—+1 ( +(=1)'m )
Therefore " "
n —1)"
rankH,(Q,(m)) = m + (1)

m+1

The CW-complex €,(m) has not the cells in the dimensions greater than n, so
H,(2,(m)) is a free abelian group and

mn+2+(71)n+1

H,(Qu(m)) =Z e

The proof is completed.
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