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JHuceprartiiftHa poboTa MpuCBsiYeHA PO3pOOILl Ta OOTPYHTYBAHHIO aJITOPUTMIB
BpaxyBaHHsS BIUIMBY MEpEepUBaHb Ha 3HAUYEHHA LUIbOBOI (QYHKIII B MiAKIAci 3aa4
Teopii PO3KJIA/IIB, 110 MA€ HAa3BY 3aJiaul YIOPSIIKYBaHHSI.

MarteMaTuyHi OCHOBHU TeOpii pO3KIa/liB 3HAXOSATh MIUPOKE 3aCTOCYBAHHS MPHU
pO3B’sA3aHHI TEOPETUYHUX Ta NPUKIAJHUX 3a/lad, TOB’S3aHUX 3 IUIAHYBAHHSIM
BUPOOHHMYMX IMPOIIECIB, OYAIBHULITBA, MIATPUMKNA KOMYHIKaIMHUX MEPEXK, Y chepax
00CITyroByBaHHS, JIOTICTUKHU, IPU TPOEKTYBAHHI OOUYHUCIIOBATIBHUX CUCTEM TOIIO. J1Jist
BUKOHAHHS J€AKOi CKIHYEHHOT MHOXHWHHU pOOIT 3a/laHO TMEBHY KUIBKICTh PECYpCIB
(cTaHkiB, TpaIliBHUKIB, MPOICCOpiB TOIIO). HeoOXigHO pO3MOMITUTH POOOTH MiXK
HAsSIBHUMH PECYpCaMU TaKUM YUHOM, 1100 ONITUMI3yBaTH 3a3/aJ1eT1/lb BUSHAYCHUM JIJIs
KOHKPETHOI NMPUKJIAIHOI 3a]1a4l KpuTepii. Pe3ynbraroM Takoro po3noiiay € po3Kiaja
BUKOHAHHS poOiT. [Ipu 1bOoMy MOXKYTh OyTH 3a71aH1 104aTKOBI YMOBH: 4aC TOTOBHOCTI
pOOIT 10 BUKOHAHHS; AUPEKTUBHI TEPMiHU, II0 BU3HAYAIOTH Oa)kaHI MOMEHTHU
3aBEpILECHHS BCiX poOIT; 0OMEXEHHS Ha MOPSAOK BUKOHAHHSA POOIT; MPIOPUTETHICTD
poOit; iHmi. Haifuacrime 3acTOCOBYIOTBCS  KpHUTEpli  ONTUMAIBHOCTI, IO
BIJIOBIJIAIOTh MIHIMI3aIlll: CyMHM MOMEHTIB 3aBepIIEHHs pPOOIT, 3ami3HEHHS YU
BIIXWJICHHS BiJ JTUPEKTUBHHUX TEPMIHIB, Yacy MPOCTOIB, a0 3arajbHOI TPUBAJIOCTI
BUKOHAHHS.

Psn 3amau Teopii po3kianiB nependadae, 10 3a/aHl pecypcH MpeCTaBiICHI
OJIHUM BHWKOHABIIEM. Y THX BHUIIaJIKaX, KOJIM X KUIbKICTh OUIbINA, JOMYCKAETHCS

napajieibHe BUKOHAaHHSI poOIT 3a YMOB, 110 B OYyJb-SKMl MOMEHT 4Yacy KOHKpETHa
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poboTa MOXKe BUKOHYBATHUCS HE OUIbIIIE, HK OJTHUM BUKOHABIIEM, 1 BIJIMOBITHO KOXKEH
BUKOHABEI[hb MO’KE BUKOHYBATH HE OUTbIE O/HI€T poOOTH OHOYACHO. 3aaadi Teopii
pPO3KIIAIIB, B SKHUX JOMYCKAEThCS HASBHICTh HECYNEPEUWIMBUX TEXHOJOTIUHUX
oOME)XeHb Ha TOPSIIOK BUKOHAHHS PoOIT, KIAaCH(DIKYIOThCS SK 3a7adl mapajiesibHOTO
YIOPSAAKYBaHHSI. BOHU BIAHOCATHCS 1O ONTHUMI3AIlIMHAX 3a/Jad HAa OPI€EHTOBAHUX
rpadax, e MHOXKHHI poOIT BIAMOBIIAIOTh BEPIIMHH, a IYTH 3aJal0Th TEXHOJIOTIYHI
oOMexeHHs. JIBl KJIacMYHI TOCTAHOBKHM TaKHWX 3a7ad TOJATalOTh B IMOOYIOBI
napasneNbHUX YIOPSIKYBaHb BEpUIMH oprpadiB MiHIMAIBHOI JOBXKUHU TPU 3aJaHIii
mUpHUHi, a00 MIHIMQJIBHOI MIMPUHU TPHU 3a/aHiil JOBXWHI. BimoMo, 1m0 BOHH €
NP-BaXKHUMH.

VY naHiif po60Ti OCHOBHY yBary OyJio MpUIIIICHO 33]ja4aM y MepIIIiil MOCTaHOBII.
Jns HUX Bi1JIOMI TOYHI aJTOPUTMH EKCIOHEHIIAJbHOI CKJIQJIHOCTI, OCHOBaHI Ha
METO/1aX MIOBHOT'O YH CTIPSIMOBAHOTO TIEpe0OopY, 3BECHHS 10 CITKOBHUX MEPEK Ta 3a71a9
[IJIOYMCENTFHOTO  JIIHIMHOTO TmporpamyBaHHs. [l jgeskux miakiaciB — 3agad
YOOPSIAKYBAHHS 1ICHYIOTh TOYHI QJITOPUTMHU MOJIHOMIAIBHOI CKJIAAHOCTI, K1 JJIs
3arajbHUX MOCTAHOBOK MOXYTb JaBaTH HAOJIMKeH1 po3B’s3Ku. OJHaK OLIHKA SKOCTI
TaKUX PO3B’SA3KIB MOKA3ye, IO OTPUMAaHE 3HAYEHHS IUJIbOBOI (DYHKIIT MOXe Manxke
BJIB14l [I€PEBUIIYBATH ONTUMAJIbHE. 30KpEMa 1I€ CTOCY€EThCS AITOPUTMIB, 3aCHOBAHUX
Ha BUKOPUCTAHHI PIBHEBOTO MPUHITUITY Ta JIEKCUKOTPadiuHOT pO3MITKU BEPIIUH.

B kmacnuHux 3amavax ymopsIKyBaHHS HE PO3TIIAIAIOTHCS IMOCTAHOBKH, IO
BpPaxOBYIOTbh MOXJIMBI TE€pEepUBaHHA NpHU BUKOHAaHHI pPoOIT. [IpoTe B Oararbox
MPUKIAIHUX 33/1a4aX € MOKIIMBICTh JIOMYCKATH JIeSKl TIEPEPUBAHHS MPYU BUKOHAHHI.
Toal BUHUKAE MUTaHHS, @ YA HE MOXE iX JO3BLI MOKPAIIUTH 3HAYEHHS I[1JILOBOT
bynkii? JJocmimkeHHs 1IbOTO MUTAaHHS PO3MOYATUCS Y CEPEIUHI MUHYJIOTO CTOJITTS.
[lepmmmii anropuT™ po3B’si3aHHS 3aa41 y TIOCTAHOBIII, JI€ TOMyCKAIUCs TIEPepUBaHHS,
OyB mpenacraBieHuil y po0oti P. Maknotona y 1959 p. Bin mae momiHOMianbHy
CKJIAJHICTD 1 € TOYHHUM I BUIMAIKIB, KOJIU 3aJaHa CKIHUCHHA MHOKMHA 1I€HTHYHUX
32 €(peKTUBHICTIO BUKOHABIIIB, M1’ SKUMHU PO3MOAUISAE€THCA CKIHUEHHA KIJIbKICTh POOIT,
0 MOXYTh BHUKOHYBAaTHCS Yy JOBUIBHOMY TIOPSJKY, TpPH I[bOMY HEOOXiTHO

MIHIMI3yBaTH dYac 3aBeplleHHS Yycix poOiT. Biaroai 1 Tema HEOAHOPA30BO
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NpUBEpTaJia yBary HayKoBIIiB. AJITOPUTMHU PO3B’sI3aHHA ISl IHIIUX MIJKJIACIB 3a/1a4,
7e TiepepuBaHHS POOIT M03BOJIeHI, Oynmum omyOmikoBani y mparsax E. JI. Jloynepa,
T. l'onzaneca, [1. C. Ixxoncona, C. Cani, II. Bpykepa, E.I'. Kobdmana. s psamgy
MIOCTAaHOBOK B pe3ynbrati gochimkenb [[x. K. Jlencrpu, JIx. [. Yiaemana, Ix. [y,
P. A. Citrepca Ta iHmmx Oyj0 JOBEIEHO, IO BOHH B 3aragbHoMy BUNaaky € NP-
MOBHUMH, HaBITh 3 ypaxyBaHHSIM JIOMyCTUMOCTI niepepuBanb. Ciijl 3ayBakUTH, 1110 B
nepeniyeHux poO0oTax OCHOBHAa YyBara Oyna MpHAUICHA 3aJadaM 3 PI3HUMHU
OCOOJMMBOCTSIMM ~ BHMKOHABIIIB,  KPUTEPISIMH  ONTHUMAJIbHOCTI,  BITHOCHUMH
TPUBAJIOCTSIMU BUKOHAHHS POOIT, K1 37A€OUTBIIOTO BBAYXKAIUCS HE3AICKHUMH. B Toit
e vac crenudika TEXHOJOTYHUX OOMEKEHb Ha TMOPSAOK BHKOHAHHS pOOIT
3ajMIIanacs MaJoAociipkeHow. Halfuacriie sSKIo Taki BUMAaAKHU 1 pO3TIIsIaIUCA, TO
CTOCYBAJIUCSI TIOCTAHOBOK, Y SIKMX BIAMOBIIHUNA Tpad 3amadi BIIHOCUTHCS JI0 Kiacy
JIAHLIOT1B, YU BX1JHUX a00 BUXIAHUX JIEPEB.

VY nauniii poOOTI MOCHIKEHO 3ajJiayul MapajelIbHOrO YHOPSIKYBaHHS BEpUIUH
oprpadiB, 10 BIJHOCATBCA 1O pi3HUX NiAkiaciB. g Hux OyB mnpoBeneHUi
NOPIBHSUIBHUI aHaII3 pO3B’A3KIB 32 YMOB, KOJIM MEPEPUBAHHS NP BUKOHAHHI POOIT
BIJIMOBITHOT MPUKJIAIHOT 33141 I03BOJIEH1, 4 3a00POHEHI, 1 OTPUMAHO SIKICHI OI[IHKH
MO>KJIMBOTO BUTPAITy BiJ TAKOTO A03BOJY. Lle mamo 3Mory BUSIBUTH Taki MiAKIACH, TS
SKUX 3aCTOCYBaHHS I€pEpUBaHb MOXKE CYTTEBO BIUIMBATH HA ONTUMAJIbHICTh
OJIEp’KaHOTo po3B’si3Ky. [lpukimamamu Takux MIAKIACIB €: TOBHI JBOJOJIBbHI,
napajieIbHO-NIOCIIJOBHI, JepeBa CHEIialbHOI CTPYKTYpH, a TakoX Trpadu, Mo
CKJIAJAI0ThCA 3 130JIbOBAaHUX BepiuH. [isi ocTanHIX OyJo MoOKa3aHo, IO SIKIIO Yac
BUKOHAHHS YCIX POOIT OJIHAKOBHII, TO JO3BUI NEPEPUBAHb J1a€ 3MOTY 3MEHIIUTH
3HAYEHHS IUIhOBOI (PYHKITIT Maike y iBa pa3u, MOPIBHSHO 3 BUTIAJKOM, KOJIM TAKOTO
n03BoTy HeMae. OTprMaHa BIJOBIHA OIIHKA 1 TOKA3aHO, 1110 BOHA € JTIOCSKHOTO.

JIns BUMAIKIB, Yy SIKMX TEXHOJIOTTYHI OOMEXKEHHS MOJICIIOITHCS TMOBHUM
JBOJIOJIBHUM Tpadom Oyno BCTAaHOBIIEHO, IO BIUIUB NEpEepUBaHb Ha 3MEHIIEHHS
3HAYEHHA LIIbOBOI (PYHKIIIT MOXKHA PO3IISAaTH OKPEMO ISl MiJIMHOXWHU BEPILUH
KO>KHOI JI0JI1, OKPIM IILOTO JOCJIIIPKEHO TEOPETUYH1 aCIIEKTH 3aJIeKHOCTI BUTPaITy Bif

ITIOYaTKOBUX JaHHX.



5

VY nocrtaHoBKax, e 0OMEXEHHs Ha MOPAIO0K YTBOPIOIOTH OPIEHTOBAHI JIepeBa
CHeliaIbHUX MiJKIAciB, B XOJA1 JOCHIIKEHb OYyJ0 BCTAHOBJICHO, 1[0 BUTpAIl BiJ
nepepuBaHb MOXKE CYTTEBO BIIPI3HATHCS B 3aJEKHOCTI BiJl TPUBAIOCTI BUKOHAHHS
pOOIT.

PosrnsnyTo omHe y3aradpbHEHHS 3a7adi, TOB’si3aHEe 3 OOMEXKEHHSIMU Ha
KUIBKICTh PECYPCIB, K1 MOKHA BUKOPHCTOBYBATH Y (piKCOBaHI MOMEHTH 4acy. Jls 1i
pO3B’s3aHHS OYyJI0 PO3POOIICHO aITOPUTMH, SKI € TOUHUMH 32 YMOB, 1110 B1JIITOBIAHHIMA
oprpad 3amadi CKJIaJaeThCs 3 MHOXKHHH 130JIbOBAaHUX BEPUIMH, a00 € PerysipHUM 1
BITHOCUTBHCSA J0 MIJKIACY MOBHUX JABOJOJIbHUX.

byB mpoBeneHuii aHai3 MOXJIMBOCTI MOKPAIEHHS HAOIMKEHUX PO3B’S3KIB,
OJIep>KaHUX 3a JIONMOMOTOI0 JIBOX BIJIOMUX QJITOPUTMIB MOJIHOMIQJIBHOI CKJIQTHOCTI.
[TokazaHo, 1m0 M03BUI Ha TEpepUBaHHS POOIT, SIKI BIJMOBIAIOTH BepIIMHAM rpada,
PO3MILIEHUM Ha HEUIIJIbHO 3allOBHEHUX MICHAX YHOPSAKYBAaHHS, MOXE CKOPOTUTH
HOTr0 JIOBXKHUHY.

BcraHoBiieHO 3B’S30K MDK IOCTAaHOBKAaMM 3ajadl YHOPSIKYBaHHS, B SIKIA
JOMYCTUMI TIE€PEpUBAHHS, Ta OAHOBUMIPHOI 3ajaui nakyBaHHs. CdopMyiiboBaHi
YMOBH, 32 SIKMX MO>KJIMBE 3BEJICHHS 3a/1a4 B OJ(HIM 3 TOCTAHOBOK JI0 1HILIO].

HaykoBa HOBU3Ha pe3ynbTaTiB, OJEpKAHUX Y XOAl JHUCEPTALIHHOTO
JOCTIPKEHHS, TIOJISITa€ B HACTYITHOMY:

- 8usABleHo Hoei TIAKIAacu TpadiB Mg SKUX [O3BUI NEpepUBaHb MOKPAILYE
PO3B’SI3KM 3a/1a4 yIOPSIAKYBaHHS;

- YOOCKOHA/leHO MaTeMaTH4HI MOJIENl 3a/lay yHOpSAKYBaHHS, SIKI JO3BOJIAIOTh
BpPaxOBYBAaTH JO3BUI Ha TMEpPEpUBAHHS POOIT Yy BIANOBIAHUX MNPHUKIATHUX
3aja4ax;

- @nepuie BBENICHI OIIHKM JJIsi alpiOpPHOTO BU3HAYCHHS BUTPAITY BiJ JO3BOJIY
nepepuBaHb AJis POy MiIKIAciB rpadis;

- @nepuie BU3HAYCHO, SIK1 TIOYATKOBI JIaH1 3a/1a4i MPHU JO3BOJICHUX TIEPEPUBAHHSIX

MaloTh BIUIMB Ha ONTUMAJIbHICTh PO3B’SI3KY JJIsl OJIHOTO MiJKIIacy rpadis;
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énepuie TIPOAHATI30BAaHO BIUIMB 3HA4YeHb BaroBUX KOE(QIIIE€HTIB, IO
BIJIMOBIIAI0Th Yacy BHUKOHAHHS poOIT, HAa €(EKTUBHICTb MEpPEepUBaHb IS
OJTHOTO TKIIACy JIePEB;

dicmano noodanvbuioeo po3eumky TOCTIDKEHHS 3B’SI3Ky 3ajJad IMaKyBaHHS Ta
YIOPSIKYBaHHS,

dicmas nooanvbuioeo po3eUmKy aHail3 BIUIMBY JO3BOJY II€pepUBaHb Ha
ONTUMAJBHICTh HAOIMKEHUX PO3B’SI3KIB,;

énepuie po3poodIIEHO TOYHI AITOPUTMH PO3B’SI3aHHS AJIs y3arajJbHEHUX 3a7a4 3
MIepEePUBAHHAMU JJIS ABOX IMiAKJIACIB rpadis;

PO3p00JIEHO MPOTPaMHUIN TPOAYKT, SIKUM peastizye 3alpONOHOBaH1 aJrTOPUTMHU,
MPOBEICHO pAJl OOYHMCIIOBATBLHUX EKCIEPUMEHTIB 3 METO Bepudikaiii
OTPUMAaHHUX OILIIHOK Ta 3alpONOHOBAHUX aJTOPUTMIB.

[IpakTuHE 3HAYEHHS OJEPKAHUX PE3YJIbTATIB IMOJSITa€ y HACTYIHOMY:

OTpI/IMaHi TCOpeTI/I‘IHi pe3yiibTaTu  OO3BOJIAIOTH  IIPOTHO3YBATH I[OI_[iJIBHiCTI)

nepepruBaHb B TUX MPUKIATHUX 33/1a4aX, /1€ TEXHOJIOT14HI MPOLIECH MOJETIOOTHCS:

rpadamu, 1Mo CKIAAAITHCS 3 130JIbOBAHUX BEPIITHH;
napayiebHO-TIOCTiJOBHUMU Tpadamu;

MOBHUMHU JBOJIOJILHUMU Tpadamu;

CIeHiaIbHUMH KJIacaMu JIEPEB.

Taki mporecu 30kpeMa BHHUKAIOTh y cdepl 0OCIyroByBaHHS, B YIpaBIiHHI

MPOEKTAMHU TMPU PO3MOAUI POOIT MIXK HpaliBHUKaMu, y MPOMHUCIOBOCTI MpHU

BUTOTOBJIGHHI 4YM yTWJi3aiii BUpPOOIB, y TJIaHyBaHHI OyAIBHHUIITBA, MPOBEICHHI

napajCiIbHUX 00YHCIICHD TOIIO.

Po3po6iieni anropuTMu MOXYTh 3aCTOCOBYBATHUCS JI0 PALY MPUKIAAHUX 33]1a4,

B SIKMX KUJIBKICTh JOCTYITHUX PECYPCIB HE € CTAJIOI0 BEIMYHHOIO.

OtpumaHi pe3ylbTaTd MOXYTb OyTH PEKOMEHAOBAaHI J0 BHUKOPHUCTAHHS B

HABYAJBLHOMY TMPOIEC TPH TMIATOTOBIl CTYACHTIB cremiaibHocTel «CHCTeMHHUIMA

aHamiz» ta «l[IpukiagHa MmaTeMaTuKa.

OcCHOBHI pe3ysbTaTH JaucepTaliiiHoi poOoTH omyOnikoBaHO B 14 HaykoBUX

mparsx: 5 crarrei y HaykoBHX (paxoBuUX BHUJAHHAX YKpainu kateropii b 3 ¢izuko-
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MaTeMaTUYHUX Hayk, 9 Te3 momoBijel y 30ipHHMKax MaTepiaiiB perioHaJIbHUX 1
MDKXHAPOJHUX HAYKOBO-TIPAKTUYHUX KOH(EPEHIii Ta ceMiHapiB.

KarouoBi ciaoBa: 3amadi koMOiHATOpHOI ONTHUMI3allli, Teopis PO3KIAIB,
JMCKpEeTHA OINTHUMI3aIlis, 3a7ayl mapajesIbHOro YHOPSAKYBaHHS, Tpad, perysspHi
rpadu, opieHToBaHi rpadu, MOBHI ABOAOIBHI rpadu, rpaiio3Ha po3MiTKa, JepeBa-
31pKH, T'yCEHHII1, KOMOIHaTOpHA KOH(DIryparlis, onTUMaabHe pO3OUTTSI, IepEepUBaHHS,

HaOJMKEeH1 PO3B’SI3KH.



ABSTRACT

Kovalenko Y. Development of algorithms taking into account the influence of
interruptions on the sequencing problems solution optimality. — Qualifying scientific
work on manuscript rights.

Dissertation for obtaining the degree of Doctor of Philosophy in the specialty
113 «Applied Mathematics» (11 — Mathematics and Statistics). — Oles Honchar Dnipro
National University, Dnipro, 2024.

The dissertation is devoted to the development and justification of algorithms
that account for the influence of interruptions on the value of the objective function in
a subclass of scheduling theory problems called sequencing problems.

The mathematical foundations of scheduling theory are widely used in solving
theoretical and applied problems related to the planning of production processes,
construction, communication networks support, in the areas of service, logistics, in the
design of computing systems, etc. To perform a finite set of jobs, a certain number of
resources (machine tools, workers, processors, etc.) is given. It is necessary to
distribute the jobs between the available resources in such a way as to optimize the
criterion previously determined for a specific applied problem. The result of such
distribution is a schedule for the execution of jobs. In this case, additional conditions
may be set: the time of readiness for each job’s execution; directive terms that
determine the desired moments of completion of all jobs; restrictions on the order of
jobs’ execution; priority of jobs; others. The most commonly used optimality criteria
are the minimization of: the sum of the times of job completion, the delay or deviation
from the target terms, the downtime, or the total execution duration.

A number of scheduling theory problems assume that the given resources are
represented by a single executor. In cases where their number is greater, parallel jobs’
execution is allowed under the condition that at any given time, a specific work can be
performed by no more than one executor, and accordingly, each executor can perform

no more than one job simultaneously. Scheduling theory problems in which the
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presence of consistent technological constraints on the order of jobs’ execution is
allowed are classified as parallel ordering problems. They belong to optimization
problems on directed graphs, where the set of jobs corresponds to vertices, and the arcs
specify technological constraints. Two classical statements of such problems consist in
constructing parallel sequences of digraphs’ vertices of minimal length at a given width
or of minimal width at a given length. It is known that they are NP-hard.

In this work, the main attention was paid to the problems in the first formulation.
For them, exact algorithms of exponential complexity are known based on the methods
of complete or directed search, reduction to mesh networks, and integer linear
programming problems. For some subclasses of sequencing problems, there are exact
algorithms of polynomial complexity, which, for general formulations, can give
approximate solutions. However, an assessment of the quality of such solutions shows
that the obtained value of the objective function can be almost twice as high as the
optimal one. In particular, this applies to algorithms based on the use of the level
principle and lexicographic marking of vertices.

In classical sequencing problems, formulations that take into account possible
interruptions in the execution of jobs are not considered. However, in many applied
problems, it is possible to allow some interruptions in the execution. Hence, the
question arises whether their allowance can improve the objective function value?
Research on this issue began in the middle of the last century. The first algorithm for
solving a problem in a formulation where interruptions were allowed was presented in
the work of R. McNaughton in 1959. It has polynomial complexity and is exact for
cases where a finite set of identically efficient executors is given, among which a finite
number of jobs are distributed, which can be performed in an arbitrary order, while it
IS necessary to minimize all of the jobs' completion time. Since then, this topic has
repeatedly attracted the attention of scientists. Algorithms for solving other subclasses
of problems where interruptions of jobs are allowed were published in the works of E.
L. Lawler, T. Gonzalez, D. S. Johnson, S. Sani, P. Brooker, and E. G. Coffman. For a
number of formulations, as a result of research by J. K. Lenstra, J. D. Ullman, J. Du,

R. A. Sitters, and others, it was proved that they are NP-complete in the general case,
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even taking into account the admissibility of interruptions. It should be noted that in
the listed works, the main attention was paid to problems with different characteristics
of executors, optimality criteria, and relative durations of work execution, which were
mostly considered independent. At the same time, the specifics of technological
restrictions on the order of job execution remained poorly studied. Most often, if such
cases were considered, they concerned statements in which the corresponding graph of
the problem belongs to the class of chains, intrees, or outrees.

In this paper, we investigate the problems of the parallel sequencing of vertices
of digraphs belonging to different subclasses. For them, a comparative solutions
analysis was carried out under conditions when interruptions during the execution of
the work of the corresponding applied problem are allowed or prohibited, and
qualitative estimates of the possible gain from such permission were obtained. This
made it possible to identify such subclasses for which the use of interruptions can
significantly affect the obtained solution's optimality. Examples of such subclasses are:
complete bipartite, parallel-sequential, trees of a special structure, as well as graphs
consisting of isolated vertices. For the latter, it was shown that if the execution time of
all jobs is the same, then allowing interruptions reduces the value of the objective
function by almost two times compared to the case when there is no such permission.
The corresponding estimate was obtained and shown that it is achievable.

For cases where technological constraints are modeled by a complete bipartite
graph, it was found that the effect of interruptions on the reduction of the objective
function value can be considered separately for a subset of vertices of each partition,
in addition, theoretical aspects of the dependence of the gain on the initial data were
investigated.

In statements where constraints on the order form oriented trees of special
subclasses, the research found that the gain from interruptions can differ significantly
depending on the jobs' duration.

One generalization of the problem was considered, related to constraints on the
number of resources that can be used at fixed points in time. Algorithms were

developed to solve it, which are exact under the condition that the corresponding
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digraph of the problem consists of a set of isolated vertices or is regular and belongs to
the subclass of complete bipartite.

An analysis was conducted of improving approximate solutions possibility
obtained using two well-known algorithms of polynomial complexity. It is shown that
allowing interruptions of jobs corresponding to graph vertices located at sparsely
populated sequencing locations can reduce its length.

The relationship between the statements of the sequencing problem, in which
interruptions are allowed, and the one-dimensional packing problem is established. The
conditions under which it is possible to reduce the problems in one of the statements
to another are formulated.

The scientific novelty of the results obtained in the course of the dissertation
research are the following:

- new subclasses of graphs were identified for which the permission of
interruptions improves the solutions of sequencing problems;

- Mathematical models of sequencing problems were improved, which allow
taking into account the permission of interruptions in the corresponding applied
problems;

- for the first time, estimates were introduced for a priori determination of the
gain from allowing interruptions for a number of graph subclasses;

- for the first time, it was determined which initial data of the problem with
allowed interruptions have an impact on the optimality of the solution for one subclass
of graphs;

- for the first time, the impact of the values of weight coefficients corresponding
to the time of work execution on the efficiency of interruptions for one subclass of trees
was analyzed;

- the study of the connection between packing and ordering problems was further
developed;

- the analysis of the influence of allowing interruptions on the optimality of

approximate solutions was further developed;
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- for the first time, exact algorithms for generalized problems with interruptions
were developed for two subclasses of graphs;

- a software product was developed that implements the proposed algorithms;

- a number of computational experiments were conducted to verify the obtained
estimates and the proposed algorithms.

The practical significance of the results obtained is as follows: the obtained
theoretical results allow us to predict the feasibility of interruptions in those applied
problems where technological processes are modeled by:

« graphs, formed of isolated vertices;

» parallel-sequential graphs;

* complete bipartite graphs;

* special classes of trees.

Such processes, in particular, arise in the service sector, in project management
when distributing work between employees, in industry when manufacturing or
disposing of products, in construction planning, conducting parallel calculations, etc.

The developed algorithms can be applied to a number of applied problems in
which the number of available resources is not a constant value.

The obtained results can be recommended for use in the educational process
when training students in the specialties "Systems Analysis” and "Applied
Mathematics".

The main results of the dissertation work have been published in 14 scientific
works: 5 articles in scientific professional publications of Ukraine of category «B» in
physical and mathematical sciences, 9 abstracts of reports in collections of materials of
regional and international scientific and practical conferences and seminars.

Keywords: combinatorial optimization problems, scheduling theory, discrete
optimization, parallel sequencing problems, graph, regular graphs, directed graphs,
complete bipartite graphs, graceful marking, star trees, caterpillars, combinatorial

configuration, optimal partitioning, interruption, approximate solutions.
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BCTYII

AKTyaJbHicTh TeMH. B Teopii po3knanis 3a 6unbin HiXK 70 pOKiB TOCIHITKEHb
OyB po3po0JeHUI MOTY>KHUI TEOPETUYHHUM amapar, sSIKuid aKTUBHO 3aCTOCOBYETHCS
IpU pO3B’s3aHHI MPUKIATHUX 33734, OB’ S3aHUX 3 IJIAHYBAHHSAM Y PI3HOMaHITHHX
rayry3sx MPOMHCIOBOCTI, Py OYIIBHUITBI, Y cdepi mociyr, mpu odopoOili 3amnuTiB
KOMYHIKaIlIHHUX MEpeX, y JIOTICTHIll, Y CHUCTEeMax, IO 3AIMCHIOITH MapajieibHi
oOuncneHHs, Tomo. Jeski 3 HuX noTpeOyloTh MEBHOTO PO3MOALTY MK CKIHYEHHOIO
KUTBKICTIO BUKOHABIIIB CKIHUEHHOI MHOXXHHHU POOIT MPH HaIBHUX OOMEKCHHSX, 5Kl
CTOCYIOThCS ClIeUM(DIKM X BUKOHAHHS, 3 METOK ONTUMI3AIlll BIAMOBIIHUX KPUTEPIiB.
3amaul Teopli pO3KIaAiB, B SKUX JOIMYCKA€TbCS HAABHICTh HECYNEPEUWIMBUX
TEXHOJIOTTYHHUX OOMEKEHb Ha MOPSAI0K BUKOHAHHS POOIT, KIIacU(PIKYIOThCS SK 3aja4i
napajieiabHOTO YHOpPsAKyBaHHS. BOHM BIIHOCSTHCA N0 ONTHUMI3allfHUX 3a/ad Ha
Opl€HTOBaHUX Tpadax, e MHOXKKHI POOIT BIAMOBIIAIOTh BEPIIMHM, a IyTHU 337al0Th
TEXHOJIOT14HI OOMexeHHs. BBaxkaeTbcs, 10 B OyAb-sIKHH MOMEHT 4acy KOHKPETHA
pob0Ta MOkKe BUKOHYBATHUCS HE O1IbIIIE, HI>)K OJTHUM BUKOHABIEM, 1 BIJITOBITHO KOXKEH
BUKOHABEIh MOKE€ BUKOHYBATH HE OLIBIIIE OJTHIET pOOOTH OJTHOYACHO.

JIB1 KJIaCM4YHI MOCTAaHOBKHM TaKHMX 3aJad MOJATatoTh B MOOYAOBI MapayielbHUX
YHOPSAIKYBaHb BEPIIUH OprpadiB MpU YMOBI, IO AESKI 3HAUEHHS TapaMeTpiB BIOMI,
a JIesiKi MOTP1OHO ONTUMI3yBaTH. BUIBIIICTh MOCTAHOBOK TAaKUX 3a]1a4 BITHOCSTHCS 710
kiacy NP-Baxkux. Ilpm ix po3B’si3aHHI 3aCTOCOBYIOTHCS TOYHI aITOPUTMH
E€KCIOHEHIIAJIbHOI CKJIAIHOCTI, 4O SKUX BIJHOCATHCS IMIAXOIM OCHOBAaHI HAa METOAAX
MOBHOTO YH CIPSIMOBAHOTO TepeOopy, 3BEACHHA OO0 CITKOBUX MEpeX Ta 3amad
LIJIOYMCENBHOTO JIIHIMHOTO TmporpamyBaHHs. g geskux miaknaciB — 3agad
YHOPSAAKYBaHHS ICHYIOTh TOYHI aJTOPUTMH TMOJIHOMIAIBHOI CKJIQJHOCTI, SK1 JJIst
3arajibHUX MOCTAaHOBOK MOXYTh JlaBaTH HAOJIMKeH1 po3B’si3ku. OJIHAK OIIHKA SKOCTI
TaKUX PO3B’A3KIB MOKa3ye, 1110 OTpUMaHe 3HAUCHHS LUILOBOI (PYHKIII MOXe Maibke
BJIB14l MTEPEBUIITYBATH ONTUMAJIbHE. 30KpEeMa 11€ CTOCY€EThCS alITOPUTMIB, 3aCHOBAaHUX

Ha BUKOPUCTaHHI PIBHEBOI'O MPUHLHUITY Ta JIEKCUKOTPadiuHOT pO3MITKUA BEPLIUH.
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VY KJlacMYHUX TIOCTaHOBKAaxX Tepen0avyaeTbcsi HENEepepBHE BUKOHAHHA YCIX
poO0IT, ajie Ha MPAKTHULl BUSBUIIOCS, IO JTO3BLI MEPEPUBAHb MIPH BUKOHAHHI JCSIKUX 3
HUX B OKpPEMHX BHUMAJKaX MOXKE 3HAYHO TMOKPAIIWTH 3HAYEHHS BIAMOBIIHOTO
KPUTEPII0 ONTHUMAJIBLHOCTI. TOMY MOCIHIKEHHS MUTaHb JOIUIBHOCTI TEepepUBaHb
BUKOHAHHS POOIT € aKTyaJlbHMM, OCKIJIBKM BIiJMOBIAHI pE3yNbTaTH JO3BOJSIOTH
e(heKTUBHO OpPraHi30BYBaTH BUPOOHUYI IIPOIICCH.

3B’A30k Ppo0OTH 3 HAYKOBMMH MporpaMaMu, IJaHAMH, TeMaMHU.
Jluceprartiiiine TOCHIKEHHS MPOBOJUIIOCS B paMKaxX T€M HAyKOBO-IOCTIAHUX POOIT
MinictepcTtBa oCBITM 1 Hayku Ykpainu «Po3poOka Ta peamizaiis METOIB
ONTUMAJIBHOTO  (PYHKLIOHYBaHHS CKJIaAHMX cuctem» (Ne  nmepxkpeecrtpartii
0122U001466, 2022-2024 pp.) npu kadeapi OOYMCIIOBAIBHOI MaTeMAaTUKH Ta
MaTeMaTuyHOi KiOepHeTUKH JIHIMPOBCHKOTO HAIIOHAIBLHOTO YHIBEPCUTETY IMEHI
Omnecs ['onuapa.

Meta i 3aBaaHHs AoCJizKeHHsI. Mema oucepmayitinoi pobomu TOJIATAE Y
OTpPUMaHHI HOBUX TEOPETUYHHUX PE3YyJIbTATIB, 10 CTOCYIOThCA MOJIEIEH Ta METO/IIB
pO3B’sI3aHHS 3aJlay NapalieIbHOTO YNOPSAAKYBAaHHS, SIKI BPAXOBYIOTh JOMYCTHUMICTb
epepuBaHb.

3asoauHsamu 0ocniodcenHs: OyIu:

oliepKaHHS ~ HOBUX  pE3yJdbTaTiB g 337a4  ONTHMAaJIbHOTO

YHOPSIKYBaHHS BEPIIUH, IO CTOCYIOTHCS aHaNi3y BIUIUBY IMEepepUBaHb

Ha ONTUMAJIbHICTE,

- JIOCIIIJIKEHHSI MOJKJIMBOTO TIOKPAIIEHHS 3HAYEHHS IIJIbOBOI (DyHKIIIT
3QJICKHO Bl CTPYKTypu rpada;

- BHW3HAYCHHS OIIIHOK MOKPAIEHHS JJIsi TUX MiJKJIACiB, JJIA SIKUX BOHO €
CYTTEBUM,;

- po3po0Ka HOBUX TOYHHUX aJTOPUTMIB PO3B’SI3aHHS 3a71a4 YIIOPSAKYBaHHS,
B IKUX BUKOHAHHS POOIT JO3BOJICHO TIEPEpUBATH;

- po3poOKa TPOrpaMHOr0 MPOJYKTY, IO peaidye BIJIOMI Ta HOBI

3aMpONOHOBAHI AITOPUTMU;
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- IepeBlpKa OTPUMAHHUX TEOPETHUUHUX pE3YJIbTAaTIB Ta PO3POOJIEHUX
JITOPUTMIB IIIXOM MTPOBEICHHS O0UHCITIOBAIEHUX €KCIIEPUMEHTIB.
06’ exmom 0ocniodcenHs: BACTYAIOTh MaTEMaTHYHI MOJIEII MPUKIIAIHUX 3a/1a4,
K1 (POPMYJTIOIOTHCA Y BUTIISAAL 33a4 apajiesIbHOTO YIOPAIKYBAaHHS BEpILUH orpada.
IIpeomemom Oocniddicenns € aarOPUTMU Ta METOAU aHalli3y BIUTUBY
HEepepuBaHb Ha ONTUMAJIBHICTh PO3B’A3KIB Y 33/1a4ax MapajieIbHOIO yIOPSAKYBaHHS.
[Ipu gocmimKeHHI 3aCTOCOBYBAIMCS Memoou Teopii po3KiamiB, Teopii
ONTUMATBHUX YIOPSIKYBaHb, JUCKPETHOI Ta KOMOIHATOPHOI ONTUMI3AIIi].
HaykoBa HOBH3HA 0/1epKaHUX Pe3yJIbTATIB M0OJISITa€ B HACTYITHOMY:

- eusgleHo Hoel miakiacu rpadiB, s SKUX J03BUI NEpEepUBaHb IMOKpaIlye
PO3B’SI3KM 3a/1a4 YIOPSKYBaHHS;

- y3aeanvbHeHo OCHOBHI MOHATTS U MOOYJOBM MaTeMaTHMUYHUX MOJENCH, Kl
JIO3BOJISIIOTh BPaxOBYBAaTH JO3BLI Ha MEpPEpUBaHHSA pPOOIT y BIANOBIAHUX
NPUKIAJHUX 33]1a4ax;

- @nepuie BBENICHI OUIHKHU JJis alplOPHOTO BHU3HAYEHHS BUTPAINY BiJ J103BOJY
nepepuBaHb JJIs POy MiJKIaciB rpadis;

- @nepuie BU3HAYCHO, SIK1 TTOYATKOBI JIaH1 3a/1a4il MPHU JO3BOJICHUX MIEPEPUBAHHSX
MaloTh BIUIMB Ha ONTUMAJIbHICTh PO3B’SA3KY JJIs1 OJHOIO MiJIKJIacy rpadis;

- @nepuie TPOAHATI30BAHO BIUIMB 3HAYEHb BaroBUX KOE(DIIIEHTIB, IO
BIJIOBIJIAIOTh 4Yacy BHUKOHAaHHS pOOIT, HAa €(EeKTUBHICTb MNEPEpUBAHb IS
OJIHOTO MIAKJIACY JCPEB,;

- dicmano nodanbuio2o po3sumKy IOCHIKEHHS 3B’S3KYy 3a7au MaKyBaHHS Ta
YIOPSAKYBaHHS;

- Odicmas noodanbuwio20 po36UMKY aHajl3 BIUIMBY JO3BOJy IEepepHBaHb Ha
ONTUMAJIbHICTh HAOIMKCHUX PO3B’ A3KIB,;

- gnepuie po3poOJICHO TOYHI AJITOPUTMU PO3B’SI3aHHS ISl y3arajJlbHEHUX 3aj1ay 3
MIepEPUBAHHAMU JJIS ABOX IMiAKIACIB rpadis;

- po3poOIeHO MpOrpaMHUi MPOAYKT, SIKAW peastizye 3amporoHOBaHi alTOPUTMH,

- MPOBEACHO psii OOYMCIIOBAIBHUX EKCIEPUMEHTIB 3 METO Bepudikaiii

OTPUMAaHUX OIIHOK Ta 3aMpOMOHOBAHUX aJTOPUTMIB.
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IIpakTHYHe 3HAYEHHSI O/IePKAHUX pe3yabTaTiB. [IpoBeeHi TOCHIIKEHHS 32
TEMOIO JHCEpTaIliifHOI pOOOTH CTOCYBANMCS aHAI3y MOXJIMBOTO BIUIMBY J03BOITY
nepepuBaHh Ha ONTHUMAJBHICTH PO3B’S3KIB 3a/ay MapalielbHOTO YHOPSAKYBAHHS.
OTpumaHi TEOPETUYHI pe3ydbTaTH JO3BOJISIOTH IMPOTHO3YBATH  JIOUUIBHICTD
nepepuBaHb B TUX MPUKIAJAHUX 3a/ayax, /1€ TEeXHOJIOTIYHI MPOIECH MOJEIIOIOTHCS
rpadaMu TakuX MiAKIAciB. Tpadamu, SKi CKIAJAIOThCS 3 130JIbOBAHUX BEPIIHH;
napasneibHO-TIOCTIIOBHUMY, TMOBHUMH JBOJOJIbHUMH; CIICUIaJbHUMH MiAKIacaMu
JIEPEB.

Taki nponecu 30kpeMa BHHUKAIOTh y cdepl 00CIyroByBaHHS, B YIPaBIIiHHI
NPOEKTAaMHU TMpPHU PO3MOALI POOIT MIXK HpaliBHUKaMHU, y MPOMHUCIOBOCTI MpHU
BUTOTOBJICHHI 4YM yTWJIi3alii BUpPOOIB, y IJIaHyBaHHI OyJIBHHUIITBA, MPOBEICHHI
napajelbHUX 00UHCIIEHb TOLIO.

Po3pobiieHo anroputMu Aiis 3a/1a4, B AKUX KUIBKICTh JOCTYITHUX PECYPCIB HE €
CTAJIOI0 BEJIMYMHOIO Ta OOIPpYHTOBaHa JAOLUIBHICTH iX 3aCTOCYBaHHSA 10 psAy
MpUKIIaTHUX chep.

OtpumaHi pe3ylbTaTd MOXYTb OyTH PEKOMEHAOBAaHI J0 BHUKOPUCTAHHSA B
HABYAJILHOMY MPOIIEC] MPH MMiITOTOBIII CTYIEHTIB criellianbHOCTI « CUCTEMHUN aHAITI3»
Ta «[IpukiiagHa MaTeMaTUKa.

Ocobuctuii BHecok 3100yBaya. OCHOBHI pe3ylbTaTH, OTPUMaHI B XOi
JUCEePTAIiHHOr0 JOCTIDKEHHs, MpeacTaBieHi y 14 HaykoBux mpansx [1-14]. Vei
pe3yJbTaTH, IO BUHOCITHCS Ha 3aXHMCT, OTPUMaHi aBTOpoM ocobucTo. Y craTTti [1]
3100yBaueBl HAJIEKHUTh aHAII3 MOXJIMBOCTI MOKPAIICHHS HAOMMKEHUX PO3B’S3KIB,
QITOPUTM PO3B’sI3aHHS 3aJ]ayl, JOBEICHHS TBEPIKEHb; cmiBaBTopil TypuuHiii B.A.
HAJICKUTh (DOPMYITIOBAHHS YMOB JUIsl 3aCTOCYBaHHSI PO3POOJICHUX aJITOPUTMIB, Ta
TBEPJHKEHBb IO CTOCYIOTHCSI TOYHOCTI IMX aJrOpuUTMiB. Y cTaTTi [2] 3m00yBadeBi
HAJICKUTh aHaNi3 BIUIUBY TepepUBaHb Ui TIAKIACY OJHOAMCTAHTHUX [IEPEB,
nepepaxyBaHHs coco0iB MoOy10BU rpada 3amadi, TOBEJACHHS TEOPEMH; CITIBABTOPII
Typuuniii B.A. HaneXuTh BU3HAYEHHS! MOKJIMBO1 CTPYKTYPHU OPIEHTOBAHUX T'YCEHUIIb
ta opMymroBaHHS Teopemu. Y craTTi [3] 3100yBaueBi HaJICKHUTD OI[IHKA MOYKJIUBOTO

3MEHIIICHHS] 3HAYeHHsI LUILOBOT (PYHKINI 3a paxyHOK TIMepepuBaHb, IPOBEICHHS
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OoOUYHCITIOBAILHUX ~ €KCIepuMeHTIB, cmiBaBTopui Typuunii B.A. Halexurtsb
NOPIBHAJIBHUN ~ aHaNi3  OOYHCIIOBAIBHUX  E€KCIHEPUMEHTIB 13  TEOPETUYHHUMU
pesyapTaTamMu. Y crarTi [4] 3100yBaueBi HACKUTh aHANI3 BIUIMBY J03BOJY
nepepuBaHb Ha ONTUMAJIBHICTh PO3B’SI3KIB Ul TOBHHUX JBOAOJBHUX Trpadis,
JIOBEJIEHHSI TBEP/DKCHHS, OLIHKH MOJJIMBOTO TOKpAIEHHS 3HAYEHHS LUIHOBOI
byukiii; cmiBaBTopii TypuuHiii B.A. Hamexuth (OpMYIJIIOBaHHS TBEPKCHHS Ta
BU3HAUEHHS BUMAJKIB, 3a SKUX IEpPEepUBAHHS BIUIMBAIOTh HAa ONTHUMAJIBbHICTh
po3B’si3kiB. Y crarti [5] 3m00yBaueBi HaCKUTh BH3HAYCHHS OIIHOK MOJKJIHMBOTO
BUTpAlIy BiJ MEpepUBaHb Ta iX I'PaHUYHMX 3HAUEHb; chiBaBTOpLl TypumHiii B.A.
HAJICKUTh BU3HAUCHHS YMOB, 32 SIKMX JI03BLJI IEpepUBaHb 3MEHIITY€ 3HAUYEHHS LIJTHOBOT
¢yukmii. Y nyoOumikamii [6] 3m00yBadeBi HaJICKUTh aHATII3 NMPUKIAJIHUAX 3a/1ad4, IO
MOJICNIIOIOTECA TpadamMu pO3TJISHYTHX TifkiaciB; cmiBaBropii Typuuniit B.A.
HaAJIEXKUTh BUZHAUYEHHSA MiKIACIB rpadiB, Uil IKUX O3B IEPEPUBAHB € JOLIIBHHUM.
VY nyOumikarii [7] 3m00yBadeBi HaleKUTh (POPMYITIOBAHHS YMOB, 33 SKHX MOXIIHUBO
VHUKHYTH BUHUKHEHHS aHOMalllif, y BHIJISAl TBEPIKEHHS;, CIIBaBTOPII
Maumienko O.0O. HaneXHTh JOBEACHHS TBEepi KeHHsA. Y myoOumikarii [8] 3m00yBauesi
HajeXath CQOPMYJIbOBaHI O3HAYEHHS, PO3POOJICHI aNTOPUTMHU, JIOBEICHHS
TBEpJUKEHb; crmiBaBTOpll TypuunHiii B.A. Hanexxuth BU3HAYEHHS YMOB B O3HAY€HHI
y3arajbHEHOTO YIOPSAKYBaHHS Ta (OPMYIIOBaHHS TBEp/UKEeHb. Y myoOuikamii [9]
3100yBaueBl HAJEXHUTh JOBEACHHS C(HOPMYJIbOBAHUX TBEPKEHb; CIIIBABTOPIII
Typuuniit B.A. Hane:xxuTh GopMysTrOBaHHs TBepKeHb. Y myomikanii [10] 3mo0yBauesi
HAJICKUTh Yy3arajdbHEHHS 3aJIEKHOCTI MOKJIMBOTO BHUIpAIlly BiJ MOYATKOBUX JAHUX
3a/1a4l JJisl BUNAAKY KOMOITHOBAHOI 31pKH Ta BUBHAYEHHS TPAaHUYHHUX 3HAYEHb OLIHOK;
criBaBTopiil TypumHiit B.A. HaneXXuTh aHali3 3aJI€KHOCTI BUTPAITY JJIsi BXITHUX Ta
BUXIJHHX 3ipoK. Y myOmikarii [11] 3m00yBadeBi HanexuTh (HOPMYITFOBAHHS YMOB, 32
SAKUX MOXJIMBE 3BEJICHHS 3a/1aul YHOPSAAKYBAaHHS J10 3a7ayi MaKyBaHHS; CIIBABTOPIII
Typuuniii B.A. Hanexuts QopMyirOoBaHHS OOMEXKEHb 3aJlay IMaKyBaHHS, JI0 SKUX
MOXYTh OyTH 3BeA€HI 3ajJayl YHNOpPSAKYBaHHS Yy BHMaJAKax JI03BOJEHUX Ta
3a00pOHEHHUX TepepuBaHb. Y myoOmikamii [12] 3m00yBaueBi HalIEKUTh aHai3

3aJI€)KHOCTI BUI'pally Bi,[[ IMIOYaTKOBUX AaHHUX 3aJ:[aqi, BHU3HAYCHHS I'PAHUYHHUX 3HAYCHD
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o1iHoK; criBapTopii Typuuniii B.A. HanexuTh GopMyItOBaHHS OLIIHKYA BUTPAITY JJIS
JOCTKyBaHOTO TiaKiIacy rpadis. Y nmyo6mikarii [13] 3mo00yBadeBi HaIeKUTh aHATi3
MO>KJIMBOCTI 3MEHIIIEHHS 3HAYEHHS IIIIbOBO1 (DYHKIIT, TPaHWYHA OIIHKA JIJISl BULIAAKY
He3aleKHUX poOiT; cmiBaBTopill TypuuHii B.A. HanexuTh BU3HaueHHA Tpada, 1t
SIKOTO BEpXHs IPaHWYHA OIlIHKA BUTPAITY € TOCSHKHOIO0. Y myorikairii [14] 3mo0yBadeBi
HaJICXUTh (OPMYIIOBAHHS 3ajadl yMHOPSJAKYBaHHs, $IKa BPaXxOBYE€ MOKJIUBICTD
nepepuBaHb MpH BHUKOHAHHI poOiT; cmiBaBTOpmi Typumuiii B.A. Hamexurtsb
Kkiacudikariis 3amad ynopsakyBanss; criBaBTopili ['ypko O.B. Halle)KuTh BU3HAYCHHS
MPUKIAAHUX cep 3acTOCyBaHHS 3a/1ay YIOPSAKYBaHHS.

Amnpobanis pe3yabraTiB aucepraunii. OCHOBHI MOJOXKEHHS Ta pe3yJbTaTH
JTUCEePTAIiitHOT pOOOTH JOMOBLJIMCA Ta OOTOBOPIOBAJIMCS HA CeMiHapi MPH HAYKOBIi
pani HAH Vkpainn 3 mnpobiemu «Kibepuertuka», sKkuil (QYHKIIOHYE TIpH
JIHITpOBCHKOMY ~ HalllOHaJIbHOMY  yHiBepcutTeTi 1meHl Omnecs IT'oHuapa; Ha
MDKHApOJIHUX HAYKOBUX KOH(DepeHIiax «MaTeMaTnyHe Ta mporpamMHe 3a0e3MeueHHs
IHTEeNeKTyallbHUX cuctem» (M. J{Hinpo, 2022, 2023 pp.), «KombinaTopH1 KOH(Irypaii
Ta ixH1 3acTocyBaHHs» (M. KuiB — 3anopixoks — Kponusauibkuii, 2021, 2022, 2023,
2024 pp.); «ABromaruka» ([Juinpo, 2024 p.); «Theoretical and empirical scientific
research: concept and trends» (Oxford, UK, 2024 p.).

IMyoaikanii. OcHOBHI pe3yJlbTaTd AMCEPTALINHOI POOOTH OMyOJIKOBAaHO B
14 naykoBux mpaugx: 5 crarreid ([1-5]) y HaykoBuUX (axOBUX BHIAHHSX YKpaiHU
kareropii «b» 3 Qp13uK0-MaTEMaTUUHUX HAYK, 9 Te3 nonoBiael y 30ipHUKax MaTepialiiB
MDKHApOJHUX KOH(EpPEHIl Ta ceMiHapiB, pErioHalbHIM HAyKOBO-TIPAKTHUYHIN
koHbepenii ([6-14]).

Ctpykrypa Ta oOcsar auceprauii. Jucepramiiitna poOoTa ckiamaeTbes 3i
BCTYIY, YOTUPHOX PO3JILIIB, BUCHOBKIB, MEPEIKY BUKOPUCTAHUX JIKEPEJI, 1110 MICTHTh
113 HaiimeHyBaHb Ha 8 CTOpiHKaxX Ta OJHOIO JOJATKy Ha 4 CcTOpiHKax. 3arajibHUN
oOcsr nucepTtaitii — 147 cTopiHOK, 00caT 0CHOBHOTO TeKcTy — 135 cropinok. Po6oTa

MICTUTb 68 pucyHkiB Ta 1 TabauIto.
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Pozin 1. 3AJJAUI YIIOPSIKYBAHHS SIK CKJIAJIOBI TEOPII
PO3KJIAIIB

1.1 3acrocyBanHsi amapatry Teopii Ppo3kiIaaiB JIA MOJEJTHOBAHHSA

NPUKJIATHUX 33724

Teopis po3kiaaiB K HayKa BUHUKIIA B cepeinHl XX CT. B pe3yibTaTi CTPIMKOTO
TEXHOJIOTIYHOTO PO3BUTKY Ta YCKJIQJHEHHS BUPOOHMUYUX IPOIECIB 1, K HACIIJIOK,
3arOCTPEHHIO TMOTpPeOW y parlioHAIBHOMY BHKOPHCTaHHI Yacy. BoHa aKTHBHO
PO3BHUBANIACS BIPOJOBXK MOJATBIINX ACCATUIITD.

B Tteopii po3knaniB BUBYAIOTHCA Taki 3amadi, Jie Ui 3aJaHOl CKIHYCHHOI
MHOHUHH POOIT, CKIHUEHHOI KIJIbKOCTI BUKOHABIIIB Ta MEBHUX YMOB 100 CTIEIU(DIKU
BUKOHAHHS pOOIT HEOOXITHO 3HAWUTHU TaKUW PO3MOJIIT POOIT MK BUKOHABIISIMH, 1100
el po3MOoNii, SIKUH HAa3WBAETHCS PO3KIAZAOM, OyB HaWKpaliM 3a BH3HAUYE€HUM
yMOBaMU 3ajadl Kputepiem, un kputepisimu. [Ipupona camux poOIT Ta BUKOHABLIIB
BU3HAYAETHCSI KOHKPETHUMU MPUKIAIHUMHU 3a1adyaMu. Tak, Hanmpukiaa, poOoTaMu B
3a/layax MOXYTb BUCTyNaTH OKpeMi omeparlii, 1eTajl, IporpaMHi IpOayKTH Ta iH. B
TOM Yac K BUKOHABISIMU MOXKYTh OYTH JIIOJIU, CTAHKU, OpUTaH, TIPOIIECOPH TOIIIO.

[lepmi mpuknagHi 3amadi Teopili po3KIaaiB BUHUKIM y TMPOMUCIOBOCTI MPHU
IJIaHYBaHHI BUPOOHUITBA. 3aCTOCYBaHHIO TEOPETUYHOrO amapary Teopii po3KIajiB
JUT pO3B’sI3aHHS TPAKTUYHUX 33724 [bOTO HAMpsMy MPHUCBsUeHO podotu [15-22]. I3
yacoM cdepa 3acTOCyBaHb TEOpil pO3KIaAiB PO3IMIUPUIIACS HA 1HII BUAM JIIOJICHKOT
nismpHOCTI. Tak 13 moOya0BOIO PO3KIIAIIB TMOB’sA3aHI 3a7adi PO3pPOOKH METUIHUX
npemnapartiB [23] Ta 0OpoOKH 3aMUTIB KIIEHTIB (hapMaIlleBTHYHUMH KOMIaHismMu [24];
ckIagaHHs rpadikiB poOoUnx roauH [25-27] Ta po3moAiieHHs POOiT Mi>k pOOITHHKaMU
npu ynpasiinHi npoektamu [28-30]; o0cayroByBanns kiientiB [31] Ta immi.

VY nopanblioMy pO3BUTOK amapaTHOro 3a0e3MeyYeHHs CHOpUsB  MOSBI
00UYHCITIOBAILHUX CUCTEM 13 0araTonporecopHoro Ta 0araTosiIepHOI0 apXiTEKTYPOIO,
B SIKHIX JIe/1ajii OUTBIIE oneparliii MOTJIM BUKOHYBATHCS TapaienbHo. Lle mano momroBx
JOCIIIJIKEHHIO MUTAHHS ONTHUMAIbHOIO BUKOPUCTAHHS MPOLIECOPHUX PECYPCIB, AKE 13

JacoM cTae naeaaini Ounbin aktyanbHuM [32-38]. IIpu 11bOMy pO3BHUTOK MiAXOIIB 10
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opraHizailii mapajeiabHUX OOYMCIICHb JI03BOJISIE PO3B’SA3yBaTHU 3ajiaul BCE OUIBIIMX
MOPSIZIKIB CKJIATHOCTI, BUTPAYAIOUW IPUHHITHUHN IJIs TPAKTUYHOTO 3aCTOCYBAHHS Yac
[39-43].

Po3Butok 3aco06iB KOMyHIKaIlli Ta OOMIHY JaHUMH CIPUSB JOCTIIKEHHIM
NPUKIIAJIHUX 3a]1a4 P MPOSKTYBaHHI Ta miaTpumili 6e3nporoBux Bluetooth [44,45] a
srogoMm 1 Wi-Fi mepex [46,47].

Jlesiki 3amadi BUpPOOHHITBA Ta cepu MOCIYr MOTPeOYIOTh KOMILIEKCHOTO
niaxoay, SKuid mepeabadae BpaxyBaHHsS JOJATKOBHX (DAKTOpiB MOB’S3aHUX 13
TPaHCIIOPTYBaHHSAM a00 PECypCHUMHU OOMEKEHHSAMH. MaTeMaTW4yHl MOJei TaKuX
MPUKIIAIHUX 3a/a4 MOETHYIOTh Y cO01 0OMEXEHHS SIK 3a7a4 Teopli po3KiaaiB, TakK i
IHIIUX BiJOMHUX 3a7a4 JUCKPETHOI ONTHUMI3allli, TAaKKX SK 3a7adl TPaHCIIOPTYBaHHS

[48,49] ta makyBanus [50,51].

1.2 3apaui Teopii po3kJianiB, siki BpaxoBYIOTh NOPSII0K

MHOoXUHM poOIT Ta BUKOHABIIB Yy 3ajladyax Teopii pO3KIJIaJIB CKIIaJal0Th TaK
3BaHy OOCITYyTOBYIOUY CHCTEMY, SIKa B 3aJICKHOCT] BiJl KOHKPETHHX ITOCTAHOBOK MOJXKE
Oytu abo omHOCTamiliHOIO a00 OararocrafgiiiHoro. OMHOCTAIINHUMU € CUCTEMH, JIe
KOJKHa 3 poOIT MOKe OYTH ITOBHICTIO BUKOHAHA OY/1b-sIKMM 3 BUKOHABIIIB, B TOM Yac SIK
OararocTajiiiiHi CHUCTEMH BKJIIOYAIOTh POOOTH, SKI MOAUIAIOTHCS HAa CKIHYEHHI
MHOKMHH CTadil, KOXKHIM 3 SKUX CTaBUTHCS Yy BIJAMOBIJIHICTh Taka ITiJIMHOXXHHA
BUKOHABIIIB, 1110 OY1b-sIKUM 3 HUX (JIUILIE OJJMH OJTHOYACHO) MOKE BUKOHATH IIF0 CTA/Ii10
poboTH B TOBHOMY 00cCs31 [52].

B 3amauax Teopii po3kiamiB Uil OAHOCTAMIMHUX CHUCTEM 3aJa€ThCsl Yac
BUKOHAHHS KOXHOI pOOOTH Ta MOXKYTh BBOJIUTHUCS J10JaTKOBI YMOBH:

® JUPEKTUBHI TEPMiHHU, KOJIM HEoOXigHO abo OaxkaHo, mob poboTy Oyio

3aBEPIICHO;

® [IPIOPUTETHICTH POOIT;

® MOMEHTH Yacy, KOJIu poOOoTa roToBa 0 BUKOHAHHS;

® 1HII YMOBH.
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Sxmo Ha TOpPSNOK BHKOHaHHS poOOIT HAKJIaJalOThCA HECYNepeuwnBi
TEXHOJIOTT4HI 0OMEKEHHS 00 MOPSAIKY X BUKOHAHHS, TO Taki 3a/1a4l MOXYTb OyTH
chopMynbOBaHi SK ONTUMI3AIIITHI 3324l Ha rpadax, sSKi BIIHOCATHCS 10 Kiacy 3ajad
napajelbHOro yrnopsakyBanus [53]. HaiiOinbn 1oCmiKeHUMH 3 TAKKX 331a4 € JBi:

1)3agaua 31 CKIHYEHHOIO KUIBKICTIO pOOIT Ta BHUKOHABIIB, TEXHOJOTIYHI
0OME)XEHHSI YTBOPIOIOTh I'pad), sSIKUM € OPIEHTOBAHUM BX1JTHUM JepeBOM abo
JicoM, HEOOX1THO MiHIMI3yBaTH 4ac 3aBEPIICHHS BUKOHAHHS POOIT.

2) 3amaua 3 JOBITHLHOIO KUTBKICTIO POOIT Ta IBOMa BUKOHABIISIMU, TEXHOJIOT1YHI
O0OME>KEHHS YTBOPIOIOTH rpad TOBUILHOTO BUTIISTY, HEOOX1THO MIHIMI3yBaTH
4yac BUKOHAHHS POOIT.

JUis po3B’si3aHHA 3a3Jadyl B IMX IIOCTAHOBKAX ICHYIOTh TOYHI aJTOPUTMHU
MOJIIHOMIANIBHOT CKJIQJHOCTI: aJITOPUTM, 3aCHOBAHHMM HAa PIBHEBOMY MPUHIIMII, IS
nepmioi [53], Ta anropuT™u, 3acCHOBaHiI Ha MOOYI0BI MAKCUMAITLHOTO IMTAPOCTIONYYCHHS
[54] i nexcukorpadiunoi po3mitku (i rpadiB 6e3 TpaH3UTHUBHHX Ayr) [55] mus
JpyTOi.

ko B 3amayax Teopii po3KIaAiB NpHUpoaa POOIT Ta BUKOHABIIB JJIA MOLIYKY
PO3B’SI3KIB 3a/7aul 3HAYEHHS HE Ma€, TO X MOKHa IMPOHYMEpPYBAaTH HATypalbHUMHU
YHCIIaMHU.

3agaeThes esKa CKiIHYeHHA MHOYKHWHA POOIT:

A={1,2,...,n} (1.1)
Ta CKIHUEHHAa MHOXWHA BUKOHABIIIB:

B={1,2,...,m}. (1.2)
Tako B 3araJbHOMY BUIIAJIKy 3aJaHHAN 4ac

tj>0,iec4,1<j<m (1.3)

Ha BHUKOHAHHS po0OOTH | BuKOHaBIeM |. L{e#t yac mMoxke 3amexatu Bia e(eKTHBHOCTI
KO’KHOTO (DIKCOBaHOTO BUKOHABIIS |, TOJ[I BAKOHYETHCSI:

t =% ioin j=im (1.4)

1)
Ly
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ne ti — yac BUKOHAaHHS pOOOTH i BUKOHABLIEM 3 €PEKTUBHICTIO 1, a Tj — e(heKTUBHICTH
J-0T0 BHKOHABI. SIKIIO Tj = T A1 j =1, M, TO BUKOHABIII BBAXKAOTHCS 1ICHTUIHUMHU.

SIko 3a ymMoBOW 3amadi poGora I MOXe BUKOHYBATUCS TUIBKH IIiCIIS
3aBEpIICHHS BUKOHAHHS POOOTH I, TO HA MHOXHUHI poOIT A 3a1a€ThCs BITHOIICHHS
CTPOrOro MOPSAAKY, IO MO3HAYAETHCSA —, BUXOIMYHM 3 SIKOTO BHKOHAHHS pOOOTH |
IIOBUHHO 3aBEPIIUTHCS JI0 [T0YATKy BUKOHAHHS pobotu 1, skmo i — 1.

O3HaueHHS PO3KJIaay BBEIEMO HACTYMHUM 4uHOM. [Ipoliec BUKOHAHHS pOOIT
MOJKe OyTH ommcaHuii 3a JomomMoror cykymHocTi S = {S;i(t), sz(t), ..., sm(t)} kyckoBo-
TOCTIHHNX HemepepBHUX 37iBa GyHKii §;= Sj(t) (j=1m), sxi 3anani #Ha 0 <t < 0 i
npuiiMaioTh 3HaueHns 0, 1, ..., n. SAxmo Sj(t") = i#0, To B MoMeHT uacy t' BuKOHaABEIb
j BUKOHYE po6oTy i, stkiio Sj(t') = 0, To B MOMEHT 4acy t' BUKOHABEIb ] HEAKTHBHUIA.
OKpiM TOT'O OYEBHIHO, III0 MalOTh BUKOHYBAaTUCh YMOBH, 3a IKUMH PO0OTa | HE MOXKe
OJTHOYACHO BHKOHYBATHCh OUTBIII HI’K OJHUM BHKOHABIIEM. PO3KiIagoM Ha3WBa€ThCS
TaKa CYKYIHICTb (YHKIIIH S, SKa 3aJ0BOJIbHSE MEepesliueHnM yMoBam [56].

OckulbkM  3ajayl  Teopii poO3KIaNiB, SK NPaBUJIO, BITHOCATHCS 1O
ONTHUMI3allIMHUX, TO IX XapakTepusye IiboBa (YHKIIIS, 110 MOTpedye MiHIMIZaIlil
(piame MakcuMmizallii) Ha MHOXHHI JONMyCTUMHUX po3kiaaiB [57]. Jomyctumum
HA3WBAETHCS PO3KIIAM, SKUI HE MOPYIIYE BiTHOIICHHS YaCTKOBOTO TIOPSIKY, 3a/1aHE Ha
MHOXHHI A.

Jns xknacudikanii 3aga4 Teopli po3kiaaaiB 3aCTOCOBYIOTh TPUKOMIIOHEHTHUMN
saruc Buay olBly, 3ampomonoBanuii y [58] me o — XapaKTEpHCTHKM BHKOHABIIIB
(MammH, TpoIecopiB), B — XapaKTepUCTUKH POOIT, Y — KPUTEPI ONTUMATBHOCTI
3amaudi. B 3amadax, ne 703BOJSE€THCS MapaiebHe BUKOHAHHS POOIT BUKOHABISIMU, TIPU
XapaKTEPUCTHII BUKOHABINB BUKOPUCTOBYIOTH Mo3Hauku P, Q ta R:

e P BiAMNOBia€ BUIMAKY 1ICHTUYHUX BUKOHABIIIB, TOOTO THX, 5IKi 3 OJJHAKOBOIO

e(EeKTUBHICTIO BUKOHYIOTh OY/Ib-5IKY POOOTY;

e (Q BUKOPHCTOBYIOTH SIKIIIO BUKOHABII € YHI(IKOBaHUMH, TOOTO HE BCI 3 HUX

MAalOTh OJTHAKOBY €(DEKTUBHICTE;
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® R 3aCTOCOBYETHCS y BUIAJKY, KOJIU €(DEKTUBHICTD 3aJIEKUThH Bl KOHKPETHOI

po0OTH, 1110 BUKOHYETHCSI.

VY Bumajgkax, KoJW MOTPIOHO BKa3aTH 1 KiJIbKICTh BHKOHABI(IB, IO MOXYTh

[IpanroBaTH IIApaAJICIbHO, BKA3YE€TbHCA TAKOK HATypaJdbHC YHCIIO, IO BiI[HOBiI[SE

JAaHOMY 3HA4YCHHIO.

KomnoneHTa 3 € mociiJoOBHICTIO MAKCUMYM 6 3Ha4€Hb BIAMIOBLAHO P1, B2, B3, Pa,

Bs Ta Pe. 3ymuHUMOCS Ha THX, IKI BUKOPUCTOBYIOTHCS B JaHii poOOTi.

e [}; BU3HAuae€, YU TOMYCKAIOTHCS B 33/1a4l IEpeprUBaHHs MPU BUKOHAHHI poOiT,

BIJIMOBITHO Ma€ MO3HAYEHHS PMEN SKIIIO 11€ TaK, K0 Hi — TO HE BKA3YEThCHI.
B2 3amaeTbcs MO3HAYEHHSM Prec y pasi, KOJIM Ha MHOXHHI POOIT 3aJaHO
BIJIHOIICHHSI YaCTKOBOTO TOpANAKY. Toxl 3amady Teopii po3KIajiB MOKHA
chOpMyIIOBaTH SIK ONTUMI3ALIMHY 3a7ady Ha oprpadi. Skmo cTtpykTypa
oprpada Bu3Hau€Ha, TO BOHA 11IeHTU]IKYyeThCS Ha Micti 2. Tak, Hanpukiam,
BXiZHOMY (BUXiZTHOMY) JepeBy BimmoBimatote intree  (outtree), a
JOBLIEHOMY — tree. AHajoriuHo mo3HadeHHs chain Biamosimae rpady, o

Mae€ CTPYKTYpY JIaHIrora, Ta Sp-g raph — BHIIAAKY HapaJIGJ'IBHO-HOCJ'IiIIOBHOI‘O

rpada.

e (4 = tj; BU3HAaYa€ Yac BUKOHAHHS POOIT i BUKOHABIIEM |.

Skiio miboBa (GYHKINS BpaxoBye mmtpadu pizHoro poay (mrpadHi GpyHKIIii),

TO MPUKIJIAIAMH TaKUX (PYHKIIIH MOXKYTh OyTH:

Ci — MOMEHT 3aBepIileHHs POOOTH, MOMEHT 4acy, KOJau OyJia BUKOHaHA

poGoTa i HoMepoM |, i € A4;

Li — 3MmilIeHHs B Yaci, sike Bu3HavaeThes pizuuneio Ci—di, 1 € 4;

Ti — 3ami3HeHHs, 1m0 Bu3Ha4YaeThes sk Max{0,C, —d.}, i € 4;

Ei — BumnepemxkenHs, mo Bu3HavaeThes sk max{0,d, —C}, i € 4;

ne i — AMPEKTUBHHMIA TEPMiH 3aBEpIICHHS POOOTH IMiJi HOMEPOM [, TOOTO TaKHii

MOMEHT 4acy, JI0 SKOTO IF0 po00Ty 6a’KaHO 3aBEPIITUTH.

Jlesiki Kputepii ONTUMATBHOCTI B 3a7a4axX TeOopii po3KJIaIiB:
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1) MiHIMaKCHUN KPUTEPIH — MPH SIKOMY HEOOXIJHO MIHIMI3yBaTH I[iIbOBY

byHKIIIO, SIKa SBJIsIE COO0I0 MAaKCUMYM 3Ha4eHb mTpadiB pooiT. Hampukia:

o Chnax — MIN — 3amavya MBHIKOMIL, JJIST PO3B’SI3KY SKOi HMPOBOJIUTHCS
MIHIMI3aIllsg Yyacy, KOJau OyIyTh BUKOHAHI yC1 poOOTH;

® Lmax — MIin — kpurepiii MiHIMI3aIlil MaKCHMaJIbHOTO 3MIIIEHHS Yacy

Ly =max Ly ;

ied
2) cyMapHUi KpUTepiii — /e MiJIboBa QYHKI[iS Ma€ BUIJISL CyMH IITpadiB pooOiT.

[Ipukiaamu Takux KpUTEpliB:

o ZCi —> min — kpuTepid MiHIMI3aIlli CyMapHOrO Yacy BHKOHAHHS YCiX
ied
pooiT;

e > T —>min — kpuTepiii MiHiMi3amii CcymMapHOro d4acy 3ami3HCHHS

ied
BUKOHAHHSI pOOIT;
3) baraTokpuTepialibHi 3a/a4i, B AKHUX I[JIbOBA (QYHKIIIS MOETHYE Y cOO1 KiTbKa
KpUTEPIIB.
JUist  fgeskux TOCTaHOBOK 3a/lad  Teopili pO3KIAAIB  JIOCHIIHUKAMU OyIio
BCTAHOBJICHO iX KJIAC CKJIAJTHOCT1 Ta pO3p0OJIEHO BiIMOBIIHI ITOPUTMH 3HAXOXKCHHSI

po3B’s13KkiB. BizoMocTi Mpo yacTHHY TaKUX 3aja4 HaBeaeHo B Ta0ir. 1 [59].

Tabmuns 1.1. Jlesiki BIZOMOCTI TTPO OKpeMi KJIacu 3aj1a4y

[Mo3HayeHHst Kiac ckmagnocti 3amaui | CkiuaaHicTh JIxxepero
(P/INP) ITOPUTMY

P[ti = t; tree|Crmax P O(n) [53]

P2|ti = t; prec|Cmax P O(nlog7) [60]
Q2|ti = t; chains|Cmax P O(leh) [61]

Plti = t; intree|Lmax P O(n) [62,63]
P|ti = t; outtree| >"C, P O(n log n) [53]
Pm|ti = t; tree| > C, P O(n™) [64]




Tabmums 1.1. (mpoaoBKeHHS)

31

P2|ti = t; prec| Y C, P O(nlog7) [55]
RIY.C, P O(mn?®) [65]
P2|| Crax NP — [66]
P|| Ciax NP — [67]
P|ti = 1; prec|Cmax NP — [68]
P2|chains|Cmax NP — [69]
Q| ti = 1; chains|Crmax NP — [70]
P|ti = 1; outree|Lmax NP — [62]
Plti = 1; prec| > C, NP — [71]
P2|chains| > C, NP — [69]
P|pmtn|Crax P O(n) [72]
Ploutree; pmtn|Crmax P o(n? [73]
P|tree; pmtn|Cmax P O(n log m) [74]
Q|chains; pmtn|Cmax P O(n + mlog n) [75]
Plintree; pmtn|Lmax P o(n? [76]
Q|pmtn|Lmax P O(n log n + mn) [77]
P|ti = t; outtree; pmtn| | P 0O(n?) [78]
2.

P2|ti = t; prec; pmtn||P o(n?) [79]
2.

Qlpmtn| " C, P O(n log n + mn) [77]
P|ti = 1; prec; pmtn|Cmax | NP — [56]
P2|chains; pmtn| 3" C, NP — [69]
Rlpmtn[>"C; NP — [80]

1.3 PoJab nepepuBaHb y 3aja4yax Teopii po3kjajaiB

VY Teopii po3kiamiB BUIUISIOTH OKpeMi KJacu 3ajiad, B SKUX JIOMYCKaIOThCS

nepepuBaHHs, abo 3a00poHstoThCs. [lepepuBanHsIMU OyeMO Ha3MBATH Ti BUIAJIKH,

KOJIM BUKOHAHHS pOOOTH MPU3YMUHSAETHCS 10 11 3aBeprieHHs. [1icis 11boro BUKOHAHHS
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MPOJIOBKYETHCS 1IMM YW 1HIIUM BHUKOHABIIEM a00 10 HACTYMHOTO MepepuBaHHA, a0o
JI0 TIOBHOTO 3aBepIIeHHS poOoTH. B gaHiit poOOoTi yBara mpualIs€EThCs came 3aadam,
B SIKHX NEpPEepUBaHHS J03BOJICHI. Briepie Taky 3amady Uil 1I€HTUYHUX BUKOHABIIIB
OyJsio po3risiHyTO y [72]. PedynpTataM IOCIiKeHb MOXKIMBOTO BIUIUBY TIEpPEPUBAHb
Ha PO3B’ 30K OyJIO MPHUCBSYEHO OaraTto pooirT.

B [56] npomnoHyeThcs anropuT™M 3HAXOJKCHHS ONMTUMAIBHOTO PO3KJIALy IS
CHCTEM 13 HE3QJICKHUMHU 3aBJAaHHSIMHU Ta JOBUIHHOIO TpPUBANiCTIO. B OCHOBI 11bOTO
JITOPUTMY JICKUTD 17151 TOOYA0BU PO3KIIAAY 3 MIHIMAJTbHUMH MPOCTOSIMU y CHUCTEMI,
TOOTO TaKOTO, SIK€ MICTUTUME SIKHaWMEHIIIE BIJIPI3KIB Yacy, KOJU OJIMH YM OUIbIIE
BUKOHABIIIB HE 3alHATI KOJIHOI0 po00TOI0. JlOBXKMHA PO3KIIay BUSHAYAETHCS SIK:

>
i=1

| = max ?,m?x{ti} : (1.5)

ToOTo MOBXMHA NOPIBHIOE CyMapHIM TPHUBAJIOCTI yCiX POOIT, MOAIEHIA Ha
KUIBKICTh BUKOHABIIIB, 800 TPUBAJIOCTI HAMIOBIIOT pOOOTH, SKIIIO BOHA MIEPEBUIILYE 11€
3HAUEHHA. AJrOpUTM Imepefdadae TMOCIIJOBHE NPU3HAYEHHS pOOIT KOKHOMY
BHUKOHABIICBI JIOTH, TOKH He OyJie TOCATHyTa BeJTMYKHA |, 3HaUeHHS K01 00YHMCIICHO 32
(1.5). Sxmo momaBaHHS YeproBoi POOOTH IMEPEBUINYE 1€ 3HAYCHHS, TO MpoIec ii
BUKOHAHHS PO3AUISIEThCS Ha JBl 4acTUHU. OJHA 3 HUX PO3MINIYEThCS Tak, 1100
3aBepIIyBATUCA MPHU JOCATHCHHI BEIMYMHHM |, 1HIIA dYacTHHA TNPU3HAYAETHCS
HACTYITHOMY BUKOHABIIEBI 1 MOYMHAETHCS 3 MOMEHTY 4acy 0. [Ipoimoctpyemo poboTy
aJITOPUTMY Ha MIPUKIIAII.

Ilpuxnao 1.1. Hexaii nano MHOKHMHY HezanexHux pooit A = {1, 2, 3, 4, 5} 3
BIIMOBIAHUMHU TpUBaioCTsIMU 11 =5, o= 3, t3= 3, t4= 3, t5= 4. MHOXX1HA BUKOHABIIIB

B ={1, 2, 3}. Po3noainenns podit HaBeaeHO Ha puc. 1.1,
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1 2
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Puc. 1.1. Po3nozin He3aneKHUX poOIT 3a aIrOpUTMOM

OxpiM 1IOTO aBTOP HABOJUTH JOBEIACHHS, 110 MOOYJOBaHUN 3a HABEJACHUM
QITOPUTMOM PO3KJIAJ] € ONTUMATBHUM.

Takox y [56] yBara mpuaiiseThCcs OIIHIN KiTBKOCTI TepepuBaHb. OCKiIbKH
KOXKHE TepepuBaHHs MOTpeOye JTOJATKOBUX BHUTPAT IaM SATi, TO KOPUCHO 3’SICYBaTH
MaKCUMaJIbHy MOJIMBY KUIBKICTh TE€pEepUBaHb MpU TMOOYAOBI ONTHUMAIBHOTO
po3kiany. BepxHs oIlilHKa KUIBKOCTI MOKJIMBUX TE€pEpUBaHb BU3HAYAETHCS
HACTYITHOIO TEOPEMOIO.

Teopema 1.1. Hexait S — OoNTUMAJIBHHH pO3KJIaJ, CKIQJACHUA 3a
3alpPOIIOHOBAHUM aJTOPUTMOM JIJIsl CHCTEMH HE3aJIeKHUX POOIT, 10 BUKOHYIOTHCS Ha
m imenTHuHuX npouecopax. Toxi S° Mae He Oinbiue m-1 mepepuBanb. Binbme Toro,
oIfiHka m-1 s yucna nepepuBaHb HE MOXKE OYTH MOKpPAIIEHOI0 B TOMY CEHCI, IO
ICHy€e Taka cucTeMa poOiIT, mJisi K01 OyJb-SKHl PO3KJIaa MiHIMAJIbHOI JOBXKHUHU
MICTUTbh HE MEHIIE m-1 TepepuBaHb.

Tak HanmpukiIaa, SKIIO MaEMO cucTeMy 13 M+1 poOit, KoXkHA 3 AKUX TpUBA€E M
OJIMHUIIb Yacy, TO KOXKHa poOoTa OyJae BUKOHYBAaTUCh HE OUIbII HIXXK Ha JBOX
INPOMIKKax 4acy, TOOTO MepepuBaTUMEThCS HE OUIblIE OJHOrO paszy. 30BCIM
nepepuBaTHcs He OyayTh AB1 POOOTH: Ti, K1 MPU3HAYAIOTHCS MEPIIOI0 Ta OCTAHHBOIO.
TakuMm 4UHOM ONTHUMAIBHUHN PO3KIaa Oyae MiMicHO Matu He OuTbie (a B JTaHOMY

BUIAJIKY PIBHO) M-1 nepepuBaHb, sIK MOKa3aHoO HA puc. 1.2.
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Puc. 1.2. Posznmoain m+1 He3anexHux pooiT 13 M-1 nepepuBaHHIMH

ABtopu pobotu [79] HaBOIATH AITOPUTM MOJIHOMIATBHOT CKJIATHOCTI IS
pO3B’si3aHHS 3ajadi BiAIIYKaHHS ONTHMAJIBHOTO PO3KJIaAy Ha JBOX 1ACHTHUYHHUX
napajelbHUX Mpolecopax, Mpu MNoOyIOBI SKOrO JO3BOJIEHI MEepEepUBaHHS.
MiHIMI3yIOThCS HACTYTIHI TapaMeTPH PO3KIIATY:

1) 3arajpHUI Yac BUKOHAHHS BCiX POOIT;

2) cymMa MOMEHTIB 3aBEpIICHHS BHMKOHAHHS KOXHOI 3 pPoOiT, TOOTO YyCiX

MOMEHTIB 4acy, KOJIM BUKOHAaHHS POOOTH MPUITMHEHO, ajie He TIEPEePBaHO.

Onucyetbcst cucTeMa, 10 MICTUTh MHOXKHHY 3 71 POOIT, IPUUOMY TPHUBATICTh
BUKOHAHHS KOXKHOi poOOTH piBHA Neskid (ikcoBaHId oAMHUWII 4acy (aHTi. UNit),
3BijcH moxoauth Ha3Ba UET-cuctema (anri. unit-execution-time system) — to0to
Taka, 10 CKJIAJAE€ThCS JIUIIE 3 poOIT MEeBHOI TpuBajocTi. OKpiM TOro Ha Il MHOXKHHI
3aJJaHO BiTHOIIEHHS YACTKOBOTO TMOPSAIKY. [|03BONIAE€THCS MepeprBaHHS BUKOHAHHS
pOOOTH 13 MOMIJIMBICTIO TIPOJIOBKHUTH ii MI3HIIIE HA TOMY %, a00 1HIIOMY TIPOLIECOPI.
3a OCHOBY O€peThCsi BIIOMHI aITOPUTM MOJIHOMIAJIIBHOI CKJIAAHOCTI ISl JABOX
MPOLIECOPiB, M0 Oa3yeThcsl Ha JIEKCMKOrpadiuHiii poO3MITII BEPLIMH BIAMOBIAHOIO
rpada cucrtemu, e poOOTaM BiIIOBIIAIOTh BEpUIMHKU OpieHTOBaHOTrO rpada [55]. B
Mpolieci MPUCBOEHHS MITOK Ha KOXHIN iTepalii GopMyeThCs MO OJHIN MiAMHOMKHUHI
BEPIIIHH, SKIM ITOCTIJIOBHO MPUCBOIOIOTHCSA MITKU. TakuM YMHOM MHOKHHA BCIX pOOIT
pO30MBaEThCA HA K <N HEmepeTHHHUX MIAMHOXHUH Ak, Ak-1, ..., Ao TaKUX, 10 KOXKHA
poboTa 3 Aj 000B’A3K0BO Ma€e OyTH BUKOHAHA paHille 3a OyAb-sAKY 3 POOIT MiIMHOXUHU

Aia, i=12,..., k. Ie tak 3Bani nmocmigoBui MHOxuHU (anri. follow-sets). CriouaTky
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OyayeThCsl ONTUMANILHE YMOPSIIKYBaHHA Oe3 mepepuBaHb. [licis mporo st KOXKHOT
MOCITIJOBHOT MHOKUHH PO3TIISIAIOTHCS 3 BUIMIAIKU:

1)  mocmijoBHA MHOXKWHA MiCTUTh JIMIIE OJHY pOOOTY;

2) MOCIIJOBHA MHOXKHHA MICTUTh JB1 pOOOTH;

3)  mocIiiJOBHA MHOXKHHA MICTUTH OiJIbIIIE IBOX POOIT.

VY nepmomy BUNaAKY pob0oTa 3 MHOKMHU BUKOHYETHCS Ha TMEPIIOMY ITPOLIeCcopi
JI0 3aBEpIICHHA, MICIS YOTO PO3INAAAETbCS HACTYIHA IOCHTIIOBHA MHOXHHA. Y
JPYroMy BHIIQJIKy JB1 poOOTH BHKOHYIOTHCS TMapalielbHO Ha 000X mpoiecopax. Y
TPETHOMY BUIAJKY aHANI3Y€EThCA, UM TTApHA KUIBKICTh pOOIT. SIKIIO KIJIBKICTh MApHAa,
TO Ha MpoIecOpax poOOTH BUKOHYIOTHCS MOMAPHO aHAJOTIYHO JPYTrOMY BHMAIKY. Y
pa3i HemapHOi KUIBKOCTI JJIi OCTAHHIX TPbOX POOIT TPOBOJUTHCS IMPOIEIypa
cCKopoueHHs (aHrj. contraction), nmpuHImn skoi mpoitrocTpoBano Ha puc. 1.3. Iix
no3HaueHHsAM S[i, j] MaeThCs HA YBa3i MHOMKMHA BCIX €JIEMEHTIB YIOPSIKYBAHHS, 11O

3HAXOMAThCA Ha Micisax 3 1 mo J, 1<]< n. TakuM YHHOM CYKYIHICTH POOIT

S[ﬁ] J—1=3 TpuBaicTio 2 oAMHHUIII Yacy 3BOJUTHCS 10 3/2 oauHHIb. IIpH 1IbOMY
CyMa MOMEHTIB 3aBEpIICHHS poOIT He 30UIbIyeThCs. [ BUmaaky 06e3 rnepepuBaHb
Ma€EMO

1+1+2=4 onuHuIll Yacy,
K 1 1151 BUITAJIKY 3 TIEPEPUBAHHIMHU

1+3/2+3/2=4 opunuili yacy.

1 3 1
ﬁ H
2 3
i i i i S i i i i
1) 1) 1) L) /! 1) 1) 1) 1) >]

Puc. 1.3. Ilpouenypa ckopoueHHs

B crarTi 1oBoauThCs, 1110 MOOYIOBaHUNM TaKMUM YMHOM PO3KIIAJ €, SIK Ha3BaB
10T0 aBTOpP, 1/I€aJIbHUM, TOOTO QJITOPUTM MIHIMI3y€E NEPIINNA KPUTEPIH Ta HE MOTIPIIYyE

JPYTHiA, IPH LIOMY CKJIAIHICTh aIrOPUTMY OLIHIOETEC K O(n?).
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V¥ crarti [81] ocHOBHA yBara NMpUILISAE€ThCS MOOYAOBI PO3KIAAIB Y BUITAJAKAX
HETIOB sI3aHMX IPOIIECOPIB, 30KpeMa PO3B’s3aHHIO 3amad Buay R3|pmtn|Chax Ta
R|pmtn|Crnax. JlomaTkoBUM OOMEKECHHSM, BBEIACHHM JUIS ITUX 3a71a4 € BIJICYTHICTB
OJIHOTIPOIIECOPHUX IepepuBaHb, a00 po3puBiB (anri. Splits). Ileir Tepmin OyB
3anponoHoBaHuid y [82] nmns mo3HAYSHHSI CHTYaIiid, KOJIH TiCIs TEepepUBAHHS
BUKOHAHHS pOOOTH uepe3 IMEeBHHA MPOMDKOK Yacy MPOJOBXKYEThCS Ha TOMY XK
mporecopi. ABTOpH 3ayBa)xyrOTh, IO HASABHICTh TAKOTr0 OOMEXEHHS OOyMOBJICHA
30KpeMa THM, IO TaKi PO3PUBH 3a3BUYAM y MPUKIATHUAX 3a71ad TPHU3BOAATH 0

HEOOIPYHTOBaHUX YaCOBUX a00 MaTepiaJIbHUX BUTpAT.

Jlns 3amadi R3|pmtn|Crnax aBTopamu [81] 6ys10 moBeneHo, 1110 BoHa € NP-Baykkoro
HaBITh 32 JIOCUTh CIIEHU(PIYHUX MOYATKOBUX YMOB, KOJIM OUIbIIIA YaCTUHA POOIT TakKi,
SIKi IOTPEOYIOTh 3HAYHOTO Yacy Ui BUKOHAHHS Ha YCIX MPOILECOpax, KPiM OIHOTO.
KoHKpeTHO po3risiianacsi HaCTyITHA MOCTaHOBKA. /laHo K poOiT Takux, 110 TPUBATICTh

_— a. . k
BUKOHAHHS J-01 CTAaHOBUTH FJ Ha IEpPUIOMYy IIPOLECOpl, MNPUIOMY Zaj =2b.
j=1

IlepenbauaeThest, Mo icHye miaMHOKHHA S c{l...k} Taka, mo . a;=b. Taxox
jeS

BBOJISATHCS TPHU JAOJATKOBI pOOOTH:

e Amnotpelye 1o 3 oAMHUIN Yacy Ha OyIb-SIKOMY IIPOLIECOPI;
e B norpebye 2 oauHuULIl Yacy Ha Jpyromy Mporecopi;

e C moTpebye 2 0OAMHUII Yacy HA TPETHOMY MPOIIECOPI.

byno noseneno, 1o 0JHIM 3 ONTHUMAIFHUX PO3B’SA3KIB JAaHOT 3a/1a4i € PO3KIa
TOBXKHUHU 3, 7ie poOoTa A 3aiiMae Ha KO)KHOMY MPOIIECOPI MO OJUHUIIL MICIIS B TTOPSIAKY
2, 1, 3, pobora B po3mimiena Ha npomixky [1,3) apyroro npoiecopa, a podora C —
Ha rpoMixkky [0,2) TpeTboro. Pobotu muoxkuuu {1,...,K}, siki HajaeKaTh MiIMHOXKHHI
S, 3aiimMaroTh Ha TepIiIomMy mnpoiiecopi nmpomikok [0,1), Tomi sk pemta — MPOMIKOK
[2,3). AnbTepHATUBHUM PO3B’SI3KOM € PO3KJIaJl, B IKOMY MOPSAIOK BUKOHAHHS POOIT Ha

JIpyroMy Ta TPeThbOMY MPOLEecopax 3BOPOTHIM.
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[ToOymoBa ontumanbHOro poskiamy s 3amadi R|pmtn|Chrax 0a3yerbcs Ha

0II0HOMY IIIXO0/Ii Ta PO3MIAAAETHCS K y3arajabHeHHs 3ama4i R3|pmtn|Cpax.

Cepen mutanp, Kl TOTPeOYIOTh MOAATBIIOTO PO3TISAY aBTOPHU 3a3HAYAIOTh
3’CyBaHHS, YU € 3aja4a 13 (PIKCOBAHOI KIJIBKICTIO HEIOB’s3aHuX mporecopiB NP-

Ba)KKOIO Y CHJIIBHOMY CEHC1, 200 PO3B’S3HOIO 3a MICEBONOIIHOMIAIBHU Yac.

1.4 TIlocraHoBKM 32/1a4 YNOPSAAKYBaHHS i IX Micue B Teopii po3kJjialiB

B 3ane)xHOCTI Biff TUITY IIYKAHOT'O PO3B’SI3KY, CIIOCOOY 3aKpiIUIeHHS poOiIT 3a
BUKOHABIISIMU, Y3TO/DKEHICTIO Yacy Ta TMOPSAKY iX BUKOHAHHS BUAUIAIOTHCS Taki
OCHOBHI KJIacH 3aJ1a4 Teopii po3kiauis [83]:
1)3amayi ynmopsiaKyBaHHS, 1€ HEOOXITHO BH3HAYMUTH ONTHMAJIbHHMH CIOCIO
MPU3HAYEHHS MTOCIII0BHOCTEN pOOIT BUKOHABIIM;

2) 3a7a4i y3rojpkeHHs, c(OKycoBaHI Ha BHOOpI yacy poOIT HpU 3aTaHOMY
PO3MOILIL;

3) 3agadi po3noiy, 1e HeoOXiTHO BKa3aTH HAMKpaIe pO3IMOIiIICHHS POOIT MiX
BUKOHABIISIMHU.

barato nocnimkeHb Teopii po3KiIaaiB IPUCBSIYEHI 3aja4aM YIOPSAKYBaHHS, K1
Ha TPaKTUIl YacTO MalOTh OOMEXKEHHS Ha TMOPSJIOK BUKOHAHHA poOOIT uepes
TEXHOJIOT14HI YMOBH, III0 BUIUIMBAIOTH 13 TPUPOAN KOHKPETHOI pUKIaaHoi 3aaauil. 111
OOMEKEHHS 3aJal0ThCsl BIAHOILIEHHSMHM YaCTKOBOTO MOPSAKY, L0 BIIOOpPakaroTh
YMOBH T€peyBaHHs MPU BUKOHAHH1 poOiT. BiIHOIIIEHHS MOPSAKY TO3HAYAETHCS — Ta
BBOJIUTHCA aHAJIOTIYHO TOMY, SIK OyJ10 BBeJleHO B MyHKTI 1.1.

KnacuaHuii BapiaHT IOCTaHOBKH 3a/1a4i MapaJieIbHOTO YIOPSAKYBAHHS TIOJISTAE
y TOMY, II10 JUTSI 33JTaHUX CKIHYEHHUX MHOKHUH POOIT Ta BAKOHABIIIB, 3aJICKHO BiJl BUITY
3a/1a4i, HEOOX1THO 3aJJ0BOJILHUTH OJHY 3 HACTYITHUX BUMOT

- BU3HAUUTH MIHIMaJbHUN MPOMDKOK 4acy, 3a KUl yci poOoTu Moxe OyTu

BUKOHAHO 0€3 MOPYIIeHb Y TEXHOJOTTYUHOMY MPOIIECI;
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- BU3HAQYUTH MIHIMQJIbHY KUIBKICTh BHKOHABIIIB, SIKI HE MOPYIIYIOUH
TEXHOJOTTYHHUX BUMOT Ha MOPAIOK, MOXYTh BUKOHATH YC1 HEOOX1/1HI poO0TH
y 3a/IaHUN TEPMiH.

[Ipu upomMy TpUBAIICTH KOKHOI pOOOTH OJIHAKOBA, @ HA MOPSJIOK X BUKOHAHHS
MO3Ke OYTH HaKJIaJIeHO MEBHI TeXHOIOT14HI 0OMexeHHs. OKpiM TOro, yCi BUKOHABIII €
IICHTUYHUMH Y TOMY CEHCI, K OYyJI0 BU3HAYEHO B MyHKTI 1.1.

Hani 3amavi, sk 1 OUTBIIICTh 3amad Teopii po3kiadiB € NP-Baxkumu, a 1e
O3Hauae, 10 B 3araJIbHOMY BHIIAJIKy QJITOPUTMHU TOLIYKY ONTHUMAIbHUX PO3B’SI3KIB
OyIyTh MaTH €KCHOHEHIaNbHY CKIaAHICTh. OAuH 13 MIAX0AIB npu dopmaisii miei
3aJ1ayi MMOJIATa€e B MPEACTABIICHHI 11 SIK ONTHMI3aIliitHO 3a1a4i Ha rpadax [56].

Hexaii icHye neBHa ckiHueHHa MHOkHHA V @ |V| =N, Ha sAKiii 3a1aHO BiJHOIICHHS
CTPOTOro MOPSAKY, 1 e N — KUIBKICTh POOIT.

Osnauennsa 1.1. TlapanenbHUM YNOPSAKYBAaHHAM S €IEMEHTIB MHOXHUHU V
OyZieMOo Ha3MBATH TaKe IX PO3MIIIECHHS HA HE OUTBII, HIXK N MICISIX, TIPH SIKOMY KOKEH
€JIEMEHT MOKe OyTH pO3TalllOBaHU JIMIIIEe HA OTHOMY 3 HUX. OKpiM 1IbOTO, JI7Is Oy/ab-
akoi mapu enemeHTiB @ — b, a,be€V  nopaakosumii HOMep Micusg, Ha SKOMY
3HAXO/JMTHCS €JIEMEHT 8 MEHIIMH 3a BIANOBIJIHUNA HOMEpP MICI pPO3TalllyBaHHS
eneMeHTa .

Osnauennsi 1.2. KiTbKiCTh MICIIb, Ha SIKMX PO3MIIIEHI €JIEMEHTH Ha3UBaIOTh
JOBKHUHOIO YITOPSIKYBaHHs, sIKY Mo3Ha4aroTh |(S).

[TozHaunMo uepe3 Nk KUTBKICTh €IEMEHTIB, 110 PO3TallIOBaH1 B YIOPSIKYBaHH1
Ha K-omy MicIIi.

Osnauenns 1.3. lllupuHoro mapajiensHOro ymnopsakyBanHs h(S) Ha3uBaeThCs

BETMYMHA Maxn,, k=11.

BpaxoBytoun copmyb0BaHy MOCTAaHOBKY 3ajaul YHOPSAAKYBaHHS, TOIUIBHUM
Oyze nmogaHHs poOIT y BUTIIAAI MHOKHHH BepinH V opienToBanoro rpada G = (V,U),
a BUIMOBITHO TEXHOJOTTYHUX OOMEXeHb y BUTJAAl MHOXuHUA nayr U. I[Hmmmwu

CJIOBaMHM, KOKHIM poOOTI CTaBUTHCS y BIAMOBIAHICTH OJHA 3 BepIIMH rpada, a ayra
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(1, ]) € U Timbku y TOMY BUIIQJKY, SIKIIO 32 TEXHOJIOTTYHUMHU OOMEKEHHSIMHU poOoTa i
0e3mnocepeIHbo nepeaye pooorTi j, e i, j € V.
B pe3ynbrarti HaBeieHUX MIpKyBaHb Ta 03HaueHb 1.1-1.3 MaeMo JB1 MOCTAaHOBKH
3a]1a4 MapayieJIbHOr0 yIOPSAKYBaHHS:
- 3a 3amanuMu  oprpapom G Ta mupuHOK yrnopsakyBaHHs N(S)

MiHiMi3yBatu goBxkuny I(S) — min ;

- 3a 3agaHumMu  oprpagom G Ta goBxkuHOW0 ymopsuakyBaHHS 1(S)

MmiHimizyBatu mmpuny h(S) — msin :

Bapto Takox 3ayBakWTH, IO B CHIYy NPUPOIM TEXHOJIOTIYHUX OOMEKEHb
HaBeneHui rpad G He MICTUTH METENb, IUKIIIB Ta KpaTHUX yT. OKpIM TOrO OYEBUTHO,
10 B MIOCTABJICHHUX 33J]a4aX 3aCTOCOBYETHCSI MIHIMAKCHUIM KPUTEPIN ONTUMAJIBHOCTI,
mpo 1o cBigdaTh o3HadeHHS 1.2 Ta 1.3. 3a 3araJIbHONPUNHATOI0 TEPMIHOJOTIEO
3ajlaya y TEepIIi MOCTaHOBIll JICTajia Ha3By MPsMOi, a B JAPYrid — BIAMOBIIHO
oOepHeHoi. B pganiii poOOTI OCHOBHA yBara MNPUIUISETHCA MPSAMUM 3aJadyaM
YHOPSAIKYBaHHS.

JIJisi CKOpOueHHs 3alucy 3aaad YHIopsAKyBaHHS OyJeMO BHUKOPHUCTOBYBATH
sarmuc Buny S(A, B, C), ne A — rpad, sxuii BianoBigae ymoBi 3anaui, B — 3amani

napametpu, C — minboBa QyHKITisL. MOXINBI BapiaHTH:

h(s)

A B=J1(S), C= h(S)
- Ki j 1 - H - I(S) 1
| h(S)
GHH
ne G — JOBUTbHUN alMKIIYHUA OpieHTOBaHU# Tpad Oe3 merenb, 7 — KOpPEHEBE
nepeBo abo Jic, Kjj — aBogonbHUIA Tpad i3 KUTHKICTIO BEPIINH i Ta | B 101X, G —

napasenbHO-TIOCIITIOBHUM rpad.
Toni mepma 3amada matume 3anuc S(G, h(S), 1(S)), a apyra BiamoBigHO —
S(G, I(S), h(S)). Takoxx MoxHa BHKOpHcTOBYBaTH mpocTimuii 3amuc: S(G, h, 1) Ta

S(G, |, h) BiamosigHO.
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SIKIIO pO3rAsSHYTH B SAKOCTI TPUKIALy MpsAMYy 3anady HapaieabHOro
yrnopsaKyBaHHs 13 Tpadom G, 3amanum Ha puc. 1.4, ne h(S) = n, To nerko 6aunTH, 110
JIOBXKMHA MIHIMAJILHOTO TapalielbHOTO yropsakyBanHs |(S) B Takomy Bunanky Oyne
piBHa MakcUMalbHOMY IUIIXY B G, 32 yMOBH, 1110 paxyBaHHA e mo BepmuHax. Ctae
OYEBHJIHO, IO Oyab-sKe TIEPEMIIICHHS BEPIIHH, K1 JIeKATh Ha MUITXaX HAWO1IBIIO
JOBXXHHH, TIPU3BOANTH juiie a0 3poctaHHs |(S). Taki muisxu mpuitHATO Ha3WBATH
KpUTHYHUMU. SKmo rpad HE MICTUTH Iyr, a JHIIE 130JIbOBaHI BEPIIMHHU, IO
BIJIMOBIIAI0Th pOOOTaM OJTHAKOBOI TPUBAJIOCTI, TO BBAXKAETHCS, 1[0 KPUTUYHHUH IIIJISX

Ma€ OJMHNYHY JOBKHHY.

10
3 &

6 11
> & .

Puc. 1.4. OpierroBanuii rpad 13 KpUTUUYHUM OUISIXOM JOBXHHH 4

Ocp Aesiki MOXJIMBI NTapayiesibHI YIOPSAIKYBAHHS BEPIIHUH rpada:

14_9

1) S,=|25 ; 10 |, s sxoro h(S1) = 3, I(Sy) = 4;
36 11
1 9
2 710

2) %274 4 8 11 |» A axoro h(Sz) = 4, 1(Sz) = 4;
5 6

o (214709 i (5
3) 9= 365811 , s sixkoro h(S3) = 2, 1(S3) = 6.
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3aJIeKHICT, MDK  BIAMOBIAHUMU  JIOBKMHAMU  KPUTHYHOTO MHUIAXY Ta
YIOPSIKYBaHHS, SIK MPABUIIO, KOPUCHO BPAXOBYBATH IPH BIAITyKaHHI ONTUMAJIBLHOTO
PO3B’SI3KY, Yepe3 11e BAKIMBUM € MMMTAHHS BU3HAYCHHS MHOKHUHU KPUTUIHHUX ITUISIXIB
rpada. JJisi 1bOro KOPUCHO BUKOPHUCTOBYBATH JIBa YIHOPSIIKYBaHHS CIEI1aIbHOTO
BUIISILY, AKi TIO3HAYAIOTECA S Ta S BiAMOBiIHO.

Osnauennsi 1.4. IlapanenbHe yHOpSIAKYBaHHS, 3a SKOTO BEpIIMHU Tpada
3aliMaroTh KpaiiHe MpaBe JOIyCTHME MICIIE TO3HAYAEThCS S .

Osnauennss 1.5. TlapanenbHe yHNOpPSAKYBaHHS, 3a SKOTO BEPIIMHU TIpada
3aiiMalOTh KpaHe JIiBE MICIE MTO3HAYAETHCS S .

Ti BepinHU, sIK1 B 000X HaBEJEHUX YIOPSAAKYBAHHIX OYIyTh 3aiiMaTH OJHE 1 T€
camMe MicClle, Ha3MBAIOThCA KPUTHUUYHUMH. 3PO3YMIJIO, IO JJII HUX BHUKOHYETHCA
HACTyITHA YMOBA:

i e (S[K]NS[K]).1<k<l,ieV . (1.6)

JIns ToOy10BY NOPSIIKYBAHHS S iCHY€E HACTyIHUA anroputm [84,85].

Aneopumm 1.1.

Kpox 1. BBaxkaeTbes, 110 yCi MICUA B S € IyCTUMHU.

Kpox 2. Tlpuiimaetnes K = 1.

Kpox 3. Y rpadi G BiIIIyKyeThbCsl MHOXHHA BEPIIMH 0€3 BXITHUX AYT 1
3aHOCHUThCS Ha K-¢ Miclie B S .

Kpok 4. Bepmwmnm, sxki Oynu 3aHeceHi Ha K-e Miclie ymopsiikyBaHHS S
BUJIAJISIIOTHCS 3 Tpada pa3oM 13 JyraMmu, 110 3 HUX BUXOIATH (SKIIO TakKl BEPIIUHU Ta
JIyTH €).

Kpox 5. llepeno3nauaetses rpad G, sKio 1ie HeoOX1IHo.

Kpox 6. SIkmo [V| = 0, To KiHenb anroputMy, sSkiio Hi, To K = Kk + 1 ta nepexin
Ha KpOK 3.

[cHye aHanOriYHUii anropuTM MOOYAOBH MNAPANEIBHOTO YHNOPSAKYBAHHS S
[84,85].

Aneopumm 1.2.

Kpox 1. BBaxaeTbes, 110 yCi Mics B S € IIyCTUMH.
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Kpok 2. Ilpuiimaetbes K = n.

Kpox 3. Y tpadi G mrykaerbcsi MHOXKHHA BEPIIMH 0€3 BUXIIHMX IYyT 1
3aHOCHTBCA Ha K-€ Miciie B S .

Kpox 4. Bepumnu, sxi Oynu 3aHeceHi Ha K-€ Micle ymopsAKyBaHHS S
BUJIAJISIIOTHCS 3 Tpada pa3oM 13 AyraMu, 110 10 HUX BXOJSTH (SIKIIO TakKi BEPIIMHU Ta
TIyTH €).

Kpox 5. llepeno3nauaetses rpad G, ko e HeoOX1IHO.

Kpox 6. SIxkmio |V| = 0, To KiHebs alropuT™My, Ko Hi, To K = K — 1 Ta nepexin
Ha KpOK 3.

JUis BUMNAJKIB, KOJIM Yy 3aJadax YHOPSIKYBaHHS J03BOJIEHI INEpPEpUBAHHA,
OlsIbllIa yBara NpUAUIIE€THCA BaraM BEPILHH, 5Kl BIANOBIIAI0Th TPUBAJIOCTI BAKOHAHHS
poOiT. Od4eBUAHO, 110 BHUKOPUCTAHHS TaKUX MapajelibHUX YIOPSAJIKYyBaHb, SKi
nojarTbca B o3HaueHH! 1.1, crae HemoxuinBuM. IlocTae muTaHHS BIJUIYKaHHS
MOAM(IKOBAHOI (POPMH 3aMKCY, sika O BpaxoByBasla OKPIM pO3MIIIEHHS BEpUIMHU Ha
NO3MILIT TakoX 11 Bary. /[is 1poro BBEIEMO MOHATTS y3araJlbHEHOTO IMapajieIbHOrO
YIOPSAKYBaHHS HACTYITHUM YHHOM.

[TocTaBUMO y BiJINMOBIIHICTh KOXKHIM BEPIITMHI MHOKUHU V yIIOPSIKOBAaHY Mapy
(7,wi), ne i — mopsiakoBuit Homep BepiuHM (i € N), Wi — Bara i€l Bepman (W; € R,
w; > 0).

Osnauenns 1.6. Po30uTTAM yropsiikoBaHoi nmapu (1,w;) OyaeMo Ha3uBaTH OY/1b-

Ky CKIHUECHHY MHOXHHY yropsakoBanux map Buny (i,C1), (i,C2), ..., (1,¢r) 1e
r

dc=w,0<c <LreN,

ket

Osnauennsi 1.7. Y3araabHEHHM TMapajeibHUM YIOPSJIKYBAaHHAM BEpUIMH
rpaga G (abo eneMeHTIB MHOXUHU V) Ha3UBAEThCA JIIHIAHE YHOPSAIKYBaHHS
MIJIMHOXKHH, IO CKJIQJAlOThCS 3 CIEMEHTIB PO3OMTTIB IUX BEPIIUH, JUIS SKUX
BUKOHYIOTHCSI HACTYITHI YMOBHU:

1)  skmo BepmMHA | Mepenye BepUIMHI |, TO Bci emeMeHtH Buay (1,c)

3HAaXOJAThCSA B S Ha MO3MIISAX HE MpaBillie 3a MO3UIII0 OyAb-IKOrO eIeMEHTa BUIY
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(,c'),ne 0<c<1,0<c'<1,i,j=1n, i+ j, npuuoMy 3HaXOAUTHCS HA OJHIN MO3MILIT
BOHHU MOXYTb JIMIIIE 32 YMOBH, 10 ¢+c¢ <1,

2) Yy KOXHIH 3 HiIMHOXHH, sKa BKIItodae eneMeHtu (i1,c1),(i2,c2),...(im,Cm),
m
D6 <1, 0<c, <1, iy, } SV ;
k=1

3)  mns Oynw-sxoi mapu enemeHTis (i,C,) Ta (1,Cq) cepen ycix miAMHOXKHH, 110
CTOSITh HAa OJJHOMY MICIII B YIIOPSAKYBaHHI, P #(, p,q<T;

4)  wMuoxwuHa Bcix map Buay (i,c1), (i,c2),...(i,cr), SKi BKJIIOYEHI B
YIOPSAKYBaHHS, € pO30UTTAM mapH (1,Wi) JUIT KOXKHOTO (PiIKCOBAHOTO 3HAYCHHS .

Jlis y3arajapbHEHOT TOCTAaHOBKY 3a/1a4l YTOUHUMO TTOHSTTS IIIMPUHU Ta JTIOBXKUHH
yrnopsaKyBaHHs. Ha BiqMiHy BiJ KJJaCHUHOT HOCTAaHOBKH, 1¢ S[I] — MHOXHHA BEPILUH,
SKi CTOATh Ha {-OMY MICIli YHNOPSIKYBaHHS, TyT IIUPHUHA — II€ MaKCUMYM Cepej
KIJIbKOCTI M IMHOHH, €JICMEHTaMHM SIKUX BUCTYIAIOTh YIOPSAKOBaHi napu Uy (i,Cx),
e i — TOPSIAKOBUM HOMEpP BEPIIMHHU, Ck — 4YacTKa BaroBOro koedillieHTa Ili€i
BepIIMHU. JIOBKHHOIO y3arajlbHEHOTO YIOPSAKYBAaHHS HA3WBAETHCS BEIUYHMHA, KA

Ma€ HACTYITHUM BUTJISIA!

1.5 Kiio4oBi nuTaHHs, O NOTPeOYIOTH T0CTiIKEHD

[Ipy BUBYEHHI NHUTaHb, L0 BHHUKAIOTH Yy TEOPli PO3KIAAIB AKTUBHO
3aCTOCOBYIOTHCS MOJIEJ 1 METOJIM PO3B’sI3aHHA 3a/lay IUCKPETHOI Ta KOMOIHATOPHOI
ormtumiszaii, Teopii rpadiB. JOCHIDKEHHIO TaKUX 3a7ad MPUCBSYEHO pPoOOTU
Ceprienka .LB. [86,87], Tymauuneskoro JI.O. [88,89], Koszinal.B. [90,91],
AxosneBa C.B.,  Homoxwunooi M.B.,  Cremoka [1.I,  HenmepepBHHX  3agau
ONTUMAIILHOTO po30uTTst MHOXHH — KicenboBoi O.M. 1a ii yunis [92-95], po3pooii
METO/IIB Ta AITOPUTMIB CKJIaJJaHHS ONTUMaIbHUX po3kianiB — €wmi 0.0. [96,97].
[ToTy>XHUM THCTPYMEHTOM TIPH JOCIIKEHH1 PsATy IPUKIATHUX 3a/1a4 € 3aCTOCYBaHHS

anmapaty Teopii rpadiB. Tak, 3okpema, B poborax ['yk H.A. BebGrpadpu
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BUKOPHCTOBYIOTHCS MPHU aHaji3i ctpykrypu caitiB [98-100]. Okpemi mociimKeHHs
Honns I'.I1. Ta Cemenrorn M.®. opieHTOBaHI Ha crierianbHi kKiacu rpadis [101,102].
3amadi TMapajeNbHOTO YIOPSAKYBAaHHS BEPIIMH oOprpadiB aKTUBHO BHUBYAIHUCS
bypmaiokom B.S., Typuunoro B.A. Ta ix yuHsamu. Jleski mMOCTaHOBKH 3ajad Teopii
PO3KJIA/IB € TOBHICTIO AOCHIIKEHUMH, TOOTO IJIsi HUX PO3poOieHi edeKTHUBHI
QITOPUTMH TOJIHOMIQJIIBHOI CKJIQJHOCTI, IO 3HAXOASATh TOYHI po3B’si3ku. Lle
CTOCY€EThCS TEpII 3a BCE TUX 3ajad, AJS SKUX BIAJIOCS JOBECTU iX HAJEKHICTH J0
KJIacy TOJIIHOMIQJIbHO PO3B’s3HUX. AJie JesKi X 1HKOJU He3HAYHI y3araJbHEHHS, 10
BUHUKAIOTh Y 3B’SI3KY 3 pPEaIbHUMU MPAKTUYHUMU 337]a4aMHi MOXKYTh TTPU3BOUTH 10
Toro, mo 3aaadi craioTb NP-Baxkkumu. Tonl mocrae muTaHHS MpPO MOUIYK TAKUX
MIJKIJIACIB y3araJIbHEHUX 3a]1a4, K1 MOYKHA TOYHO PO3B’S3aTH 3a MOJTIHOMIAIBHUI Yac.

B nocranoBkax JesKuX 3a/1a4 4YiTKO iJie MOBa PO HEOOXIAHICTh MEepEepPUBAHHS
IIPY BUKOHAHHI BCIX 200 MEeBHUX poOiT. [ Takux 3a7a4 po3poOJIsiioThCs BIIIOBIIHI
QITOPUTMH, AKi BPAXOBYIOTH 111 BAMOTH.

Y BumaaKy, KOJW TIEPEPUBAHHA HE € OOOB’SA3KOBUMH, aj€ BOHH HE
BUKJIIOYAIOTHCS, BUHUKAE MUTAHHS PO JIOLUIBHICTh 1X BBEJICHHS 3 METOIO MiHIMi3allii
BIIMOBIAHUX MITHOBUX (DYHKITIH.

VY 3B’s13Ky 3 UM NOTPEOYIOTh MOJATBIIOTO JOCTIIKEHHSI HACTYITHI MTUTaHHS:

- OIliHKa e(EeKTHUBHOCTI 3aCTOCYBAaHHS IEpepUBaHb Ta I1X BIUIUBY Ha
3HAYEHHA LUIbOBOT (DYHKIIT B MOPIBHSHHI 3 BUMAJIKaMH, KOJIU BOHU 3a00pOHEHI;

- BUJIIJIEHHSI CTPYKTypH TpadiB, Uisl SKMX MEPEPUBAHHS BIUIMBAIOTH Ha
ONTUMAJIbHICTH, Ta PO3POOKA ISl HUX BIAMOBIIHUX METOJIIB 1 AJITOPUTMIB;

- BCTAHOBJICHHS TPAaHWYHUX 3HAY€Hb BHTpAlly BiJl 3aCTOCYBaHHS
nepepuBaHb ISl TUX MIJIKIACiB TpadiB, 1€ MEpEepUBaHHA 3MEHIINYIOTH 3HAYCHHS
ITHOBOT (PYHKITIT;

- dhopMyIIIOBaHHS HEOOX1THUX YMOB, 3a SIKMX OIIHKHU € JOCSHKHUMU;

- BU3HAYCHHS a00 YTOYHEHHS TPyOWX ampiOpHUX OINIHOK JOBXKHHH
YIOPSIAKYBAaHHS JIJIs1 BUITAJIKIB 3a00pOHEHUX Ta JI03BOJICHUX TIEpPEPUBAHb;

- JOCITIJKEHHS y3araJIbHeHb TIPU ITOCTAHOBI 33/1a4 YITOPSIKYBaHHS;

- po3poOKa aNropuTMIB, K1 BPaXOBYIOTh JJaH1 y3arajabHEHHS;
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- aHaJli3 MOXKJIMBUX 3B’ SI3KIB MiXK 3aJJa9aMy TIapajieIbHOTO YIOPSIKYBAaHHS
Ta IHITUMU 33]1a4aMU JUCKPETHOI ONTUMI3aIliT;

- po3po0Ka BIMOBIIHOTO TPOTPAMHOTO 3a0€3MEUCHHS, SKE peali3ye
HasBHI QJITOPUTMH Ta OIIHIOE BHTpAIl BiJ BUKOPHCTAHHS TIEpEPHUBAHb I 3ajad
YIIOPSAKYBaHHS B PI3HUX TIOCTAaHOBKAX.

[{i muTaHHs IeTalbHO JOCITIKYBAIUCS B JaHI poOOTI.

1.6 BucHOBKH 10 po3ainy

3agadi Teopii po3KiIaIiB — ONTUMI3allliHI 3a7a4i, 1110, IK TPaBUIIO, MOACTIOIOTh
TEXHOJIOT14HI MPOIIECH, B AKUX IUIAHYETHCS BUKOPUCTAHHS JCSKOTO 00Csry 3aJaHuX
pecypciB JUisl BUKOHaHHS MEBHOTO 00’eMy poOiT. ONTUMaIbHUM PO3KJIAJ0OM B HUX
Ha3MBAEThCSA TaKUU CHOCIO o3IOy poOIT MiX pecypcaMu, 10 MiHIMI3ye (pialie
MaKCHUMI3y€) BU3HAYCHUI 3a3faneriip kputepil. Cepen KputepiiB ONTUMAIbHOCTI
HalyacTilie BUKOPUCTOBYIOThCA MIHIMAKCHI (MIHIMI3allisi 4acy 3aBepIlieHHS abo
3MIIIEHHS] BUKOHAHHS po0iT), cymMapHi (MiHIMIi3allisi CyMapHUX MOMEHTIB 3aBEPILCHHS
poOIT, BIIXWIEHb a00 3aMi3HeHb) a00 00’ €IHAHHS KIJTbKOX 3 HUX.

B 3aranbHuX mOCTaHOBKaX psj 3a7a4 Teopii PO3KIaAiB BITHOCSATHCS J0 Kiacy
NP-mioBHHX, TOMY 1X JOCIIDKEHHS 3 METOFO SIK BUJIUJICHHS CTICIliabHUX MMAKIACIB X
3a/1ay, A5 SKUX BJIAETHCA OTPUMATH TOYHI AJITOPUTMU MOJIHOMIANIBHOI CKIAAHOCTI,
Tak 1 po3poOka e(EeKTUBHUX HAOIMKEHUX aJNTOPUTMIB € aKkTyanbHUMH. s
CIIPOIIICHHS 3aMucy Npu Kiaacudikailii 3aj1a4 3aCTOCOBYIOTh CKOPOUCHUM 3aIicC BUTY
o|Bly 3a skMM TOCTaHOBKa 3ajadi BPaXxOBY€ XapaKTEPUCTHUKU BHKOHABIIIB (MAIIWH,
MPOLIECOPIB), XapaKTEPUCTUKU POOIT, Ta KPUTEPI ONTUMATILHOCTI 3a/1a4i.

OnHiero 3 XapaKTepUCTHK, 11O MPUBEPTAE yBary JAOCIHIIHMKIB, € JO3BLI Ha
nepepuBaHHsl MPU BUKOHAHHI poOIT. BIIMB Takoro 103BOJy Ha ONTUMAJBHICTH
Ib0BO1 (PyHKLIT B 3aJayax 3 KIJIbKOMa BUKOHABLSIMU BIEplIe Oyl0 pO3IJSHYTO B

[72], mo 3akiamo OCHOBY MoOJajbINKX JOCTIKEHb Y JaHOMY Hampsmky [69,73-82,

103,104].
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OmnuM 3 miAKIaciB  3a7adi  Teopli pO3KIAMIB € 3ajadil  MapajelbHOIo
yIOPSAKYBaHHS. B HUX ONTHMI3Y€ThCS PO3MOIINT CKIHYEHHOI MHOXHHH pPOOIT, Ha
MOPSIIOK BUKOHAHHS SIKMX HAKJIAJAI0ThCS TEXHOJIOTIYHI OOMEXEHHS, Mi’K CKIHUEHHOIO
MHOKHMHOIO 1JICHTUYHUX BHKOHABIIIB. 3aJIE’)KHO BiJI KPUTEPIIO ONTUMAJIBHOCTI 3aj1a4l
MIHIMI3Y€EThCSI a00 4Yac 3aBEpIECHHS BUKOHAHHS YCIX pOOIT MpU 3aJaHiil KiTBKOCTI
BUKOHABIIIB, a00 KUJIbKICTb BUKOHABIIIB, sIKa 3a0€3MEUUTh 3aBEPIICHHS BUKOHAHHS B
3aJlaHui TepMiH. B MX KJIaCHYHWUX MOCTaHOBKAaX HE IMepeadadaeThCsl 3aCTOCYBAHHS
nepepuBaHb IPU BUKOHAHHI poOiT. Maog0CiIKEHUMU 3TAINAIOTHCS BUTIAIKH, KOJIN
Taki TepepuBaHHs 103BOJIEHI. ToOTO 3’ICYBaHHS TOTO, YW MOKHA MOKPAIIUTH
3HAYCHHS MUTLOBOT (PYHKITT, JO3BOJIMBINN TIEpepUBaAHHS. SIKIO 1€ TakK, TO JJIA SKUX
came miakiaciB rpadiB Take MOKPAIEHHS MOXIIMBE, a JJIsl SIKUX HOTro HEIOIIHHO
BUKOPUCTOBYBaTU. UM CYTTEBOIO € PO3MIPHICTH 3a/lay MPHU OIHII SIKOCTI BIUIUBY
nepepruBaHb.

Came 3 po3B’si3aHHA TaKUX MMUTaHb € OCHOBHHUM ITPEJMETOM JIOCIIKEHb Y TaH1i
poOoTi. 1ist 1poro OyJio y3araabHEHO NOHSATTS MapajiesIbHOTO YIOPSAKYBaHHS Ta HOTo

XapaKkTepucTHK [8].
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Po3nin 2. JOCJIIIZKEHHA BIIVIMBY IIEPEPUBAHD JJI51 IEBHUX
HIAKJIACIB I'PA®IB

2.1 YnopsiakyBaHHs 0e3 HasIBHOCTI YaCTKOBOI0 MOPSAAKY

Posrisaemo 3amauy S(G,h,l) nins Bunaaky rpadis, siki MiCTATH JIKIIIE 130JIbOBaH1
BepumHu, T00T0 U =& . OCKUTbKY Yac BUKOHAHHS POOIT MOXKe OyTH Pi3HUM, TO TIPH
MaTeMaTUYHOMY MOJICTIOBAHHI MOBa BEICThCS NPO 3BaKeHI rpadu, y 3B’SI3Ky 3 YUM

BBEJICMO IMO3HAYCHHS JUIS BEPUIMH y BUTJISAL YIOPSAKOBaHUX map Buay (V,W;), ae

Wi — Bara BepmmanY; €V, i =1N .V gacTynmHux npuknagax SKIIO Baru BEPIIMH B

3a/1a4l yHOpsIKyBaHHs OyIyTh PI3HHUMHU, 30KpeMa He pIBHUMH 1, TO Ha pUCYHKaxX BOHH
MO3HAYaTUMYThCS Y AYXKKaxX OUIsI HOMepa BIANOBIAHOI BEPUIMHHU. 3 SICYEMO, UM
MaTHME BIUIMB JIO3B1J MEPEpUBaHb HA JIOBKUHY ONTHUMAJIBHOTO YIIOPSIKYBAHHS JIJIst
PI3HUX MMOYATKOBUX YMOB 3aj1adui, 1 B pasil, SIKIIO e JIHCHO TaK, BU3HAYUMO BUTpaIl,

SAKUU MaTUMEMO MpHU LbOMY. ByieMO OIIHIOBaTH MOT0 HACTYITHUM YHHOM:

"
W = 1—|—13 -100% | (2.1)

ne I — noBXuHA ONTUMAILHOrO YHOPAAKYBaHHsA 0e3 mepepuBaHb, |, — IOBXHUHA

ONTUMAJIBHOTO YMOPSIAKYBaHHS 3 TEpEepUBAaHHSIMH. BBeleHa OIiHKa 103BOJIUTH
BU3HAYATH MOKJIMBUM BUTPAIl BiJ TEpepuBaHb 1 3a3[ajeriib MpUUMATH PIIICHHS
1010 IOIJIBHOCTI IX BUKOPUCTAHHS MIPH PO3B’I3aHHI KOHKPETHUX MPUKIIATHIX 3a/1a4.
[IpoanaiizyeMo NuTaHHs BILUIMBY MEPEPUBAHb HA ONTUMAIBHICTh PO3B’SI3KIB Ha
NeSKUX MPUKIIaaax.
Ilpuxnao 2.1. Po3s’szatu 3amauy S(Gi,4,1) nns BumagkiB 3a00pOHEHHMX Ta

JTI0O3BOJICHHUX M€PEPUBAHbD.
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14)

5(3) 2(5)
. .

4(3) 3(3)
. .

Puc. 2.1. I'pad G

1 1 5
» -—
2 2
o o
a) 3 6) 5 3
L 5 - 4
e A
% % % % $ % $ > 3 ] % $ $ =
6 ! 5 !

Puc. 2.2. Cxemu po3mnoiny BepiiuH rpada G; 6e3 nmepepuBaHb a) Ta 3

nepepuBaHHaMu 6) pu h = 4

3 puCyHKY 2.2 BUAHO, 11O 332 PaXyHOK J03BOJY NEpepUBaHb OYyJIO 3MEHIIECHO
JIOBXKHHY YIOPSIKYBaHHS IIJITXOM 3allOBHEHHSI IIPOCTOIB Y CUCTEMI1, TOOTO TTOPOXKHIX
Miciib. JIOBKMHHM ONTHMAJIBHUX YIOPSAKYBaHb MPH 3a00pPOHEHUX Ta 03BOJICHHUX
NepepuBaHHAX JOPIBHIOIOTH BIANMOBIMHO 6 Ta 5. ONTUMaNbHUNA PO3B’SI30K 13
BUKOPUCTaHHAM TiepepuBanb nae Burpam W = 16,(6)% BiTHOCHO ONTUMAIBHOTO
pPO3B’sI3Ky 0€3 mepeprBaHb.

Ha nactymHomy mpukiaal MOKaXeMo, sIK 3MIHUTBCS BUTPAI TMPU CXOXKHUX
MOYATKOBUX JIAHWX, aJle SKIIO Bard BEPIIUH OyIyTh OJTHAKOBUMHU.

Ipuxnao 2.2. Pos3s’szatu 3amauy S(Gy,4,l) nns BumagkiB 3a00pOHEHHMX Ta

JTI0O3BOJICHHUX M€PEPUBAHbD.
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1(3)

5(3) 2(3)
. .

4(3) 3(3)
[ ] L ]

Puc. 2.3. I'pad G,

1 5 1
ﬁ M
2 2 5 2
2 3 6) 3. .53
—— —— i —
4 5 4 5
B B e e S —
6 / 4 /

Puc. 2.4. Cxemu po3noiny BepinuH rpada G, 6e3 nepeprBanb a) Ta 3

nepepuBaHHAME 6) ipu h = 4

3
HOB)KI/IHEI OIITUMAJIBHOT'O YIIOPAAKYBAHHA 3 IICPCPHUBAHHAMU CTAHOBUTH 32,

T00TO Burpam Bix nepepuBanb W = 37,5%. Otxe, SKIIO MOPIBHATH PE3yJbTar i3
HOTMEPEIHIM TPUKIAZA0M, TO MOKHA JINTH BHCHOBKY, 11O IPHU OJHAKOBHX Barax
BEpUIMH BUTPAIIl Bil IEpepuBaHb Oye OUIbIINM, HIXK 111 aHAJIOT1YHOI 3a/1ayl, B SIKIA
Baru BepmnH rpacda pizHi. TakoX BapTO 3ayBakKUTH, 10 MPHU OJHAKOBUX Barax
n
2.0
BEpILMH JIOBXUHA YHIOPSAAKYBaHHS 3 NMEPEPUBAHHAMU 3aBXIU Oyne piBHOWO —— . B

n
W,
i=1 .

h

1HIOMY pasi OyB OM MOKJIMBMI BHIIAJIOK, 3@ AKOTO I, =max(w,)>

1<isn

HactynHuM po3riisiHeMO BUIIa 0K BILIMBY IepepUBaHb aHAIOTIYHOI 3a1a4i, TIPU
1HIIH mpuHi h.

Ilpuxnao 2.3. Po3w’szatu 3amauy S(Gz,3,1) mis BumaakiB 3a00pOHEHHX Ta

JI03BOJIEHUX II€PEPUBAHb.
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1 4 5 |
ﬁ M
2 3 2 4 5 2
a) > > 6) |t
A 5 3 405 3
- - e e e e
—t—— > —t— >
6 / 5 /

Puc. 2.5. Cxemu po3noziny BepiuuH rpada G, 6e3 nepeprBanb a) Ta 3

nepepuBaHHsIMU 0) ipu h = 3

V 1ilt 3a7a4i BUrpani BiJi BUKOPUCTAHHS repepuBanb ctanoBuTh W = 16,(6)%.
[Ipu nopiBHAHHI 3 ONEPEAHIMYU BUIIAJKaMH 3BEPHEMO yBary Ha Te, 110 X04 JI03B1J1 Ha
BUKOPHUCTAHHS NIEpEepUBaHb 1 YCYHYB IIOPOKHI MICIIS B YIIOPSIIKYBaHH1, OJJTHAK BUTPAIll
BCE I1I€ € HE3HAYHUM. [3 IbOTO MOXKHA 3pOOUTH BUCHOBOK, 1110 BUTPALI B1Jl IEPEPUBAHD
3aJICKUTH 1 BIJI IIUPUHU YIOPSIKYBaHHS.

HaBenemo y3aranpHIOIOUMN NPUKIAA, Ha SIKOMY CHPOOYEMO BiJIUIYKAaTH
MaKCUMaJbHO MOJIMBHM BHUIpall BiJl E€pepuBaHb s rpadiB, M0 CKIAJAIOTHCS 3
130J1bOBAaHUX BEPIIUH.

Jns dopmanizamii 3amad mpo MOOYIOBY pPO3KIIAMy BUKOHAHHS CKIHYEHHOT
MHOKUHU

Ilpuxnao 2.4. Po3w’s3atu 3amauy S(Gs,h,l) mis BumagkiB 3a00pOHEHHX Ta

JI03BOJICHUX MIepepUBaHb mmpu h = .

I 20 3@ p+1@)

Puc. 2.6. I'pad G3

1 p+l 1

r—— e
2 2 p+l 2

——

a |° 0) *
. +1 . })+1
p - p - p
L L] ;) LJ LJ 2'}) L] /I LJ L] ;) p;—l LJ /1

Puc. 2.7. Cxemu po3mnoiny BepiuuH rpada Gz 0e3 nmepeprBaHb a) Ta 3

IepepuBaHHAME 0) ipu h = p
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JIoB)XKMHA ONTHUMAIBHOTO YIIOPSAKYBaHHS O€3 TepepuBaHb JUIA M€l 3amadi
" =2p, Toxi sx i3 nepepuBanusmu maemo |, =p+1. Posrnsaemo ix BigHOIIEHHS,
y3sate 3 (2.1), 1 mpunmyctumo, 1o p >> 1:
I +1
_IZ = p— - 01 5 .
I 2p

Toni BepxHE TpaHUYHE 3HAYCHHS OIIHKH:

_p+l
2p

limW = Iim(l j-100%=50%.
p—x p—o

Ile cBimuuTh mMpo Te, 110 y BUMAAKY, konmu U =0, 103Bin niepeprBaHb MOXKe
CYTT€BO TMOKPAUIUTH 3HAYEHHA LIbOBOI (DYHKII, y HAMINIIOMY BUIAIKy Maiike

B/IB1Ul. BapTo 3ayBakuTH, 110 B HABEJIEHOMY IMPHUKJIAJI BaroBi KOeQII€EHTA BEPIIUH
piBHi, a mupuHa ynopsakyBanHs = ‘V‘—l . IIpu mocniipKeHH1 BILUTUBY MEPEPUBAHD

Ha ONTUMAJIBHICTh PO3B’SI3KIB y 3aja4yax, J€ BIAMOBIIHI Ipadu HaIEKaTh OO 1HIIMX

MIJKJIACiB, aHAI3y BUMNAAKIB MOAIOHUX MOYATKOBUX YMOB Oy/Ie MPUJILJIEHO 0COOIMBY

yBary.

2.2 BruiuB nepepuBaHb JJi51 NOBHUX JABOJ0JbHHUX rpadis

Sk BusSBWIOCS, pe3yibTath nochipkeHHs rpadis G = (V,U), mo MicTITh
MHOXHHY 130JJbOBaHUX BEPIIMH, MOKHA BUKOPUCTATH 1 TIPHU aHali31 €PEeKTUBHOCTI

nepepuBaHb ISl pEryjsipHuX rpadiB OJHOTO MiAKIacy, a came JIBOAOJbHUX.
Posrmstmemo  mBogonmsHmit  tpad G = (V,U)= K, 3 IV |=n ne
V,OV, =V, VNV, =G, |V, =K, |V, |=r,n=K+r. Sxmo posriasHyTd BUMAnoOK, KOIH
K, , € moBHHM, TOOTO KijbKicTh ayr |U [=Kr, 1o jlerko Gauwry, 1o *oaHa 3 pooiT,
SIKIH BIZTIOBIIa€ BEPIIMHA 3 MIAMHOXKUHU V,, HE MOXe OyTH pO3I0YATOIO JIO TOTO, 5K

BCl po0OTH, IO BiAMOBINAIOTH BEpIIMHAM 3 MIAMHOXUHHK V, OyAyTh MOBHICTIO

BHKOHaHI. [3 MbOro BHIUIMBAE, 0 MOYKHA PO3IJISAATH ONTUMAIBHHM PO3KJIAL IS

rpada G = (V,U) sk cykymHicTh onTuMalbHUX po3kiaaiB rpadis G, =(V,U,) Ta
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G, =(V,,U,) 3 i3onpoBanuMu BepmmHamu, T06to U, =3, U, = . [Ipumycrtumo, 1o
Bar BCiX BEPIIHH OJIHAKOBI 1 JOPIBHIOIOTH 1.
[Tounemo amami3 i3 rpadis, B sxkux K = r. 3naiinemo |I” ta |; nna rpada i3

pucyHky 2.8 mpu h = 3.

a)

>
—t——>
4 l
o)
— >
1 2 3 4 /

Puc. 2.9. Cxemu po3nojiiy BepiinH NoBHOTO rpada Ki 4 6€3 nepepuBanb a) Ta

3 IepepuBaHHsAMU 0) ipu h = 3
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SIk MO>KHA TOOAYUTH 3 PUCYHKY 2.9, TOBKMHA ONITUMAIILHOTO YIIOPSAAKYBAHHS 3
NEpPEepUBAaHHSIMU € MEHILOIO Yepe3 pO3MOALICHHS BEPUINH MiJ HoMepaMu 4 Ta § MixX

TpbOMa MICISIMHU YHOPSAKYBaHHs. Burpaii BiJi BAKOpUCTaHHS NepEpUBaHb CTAHOBUTH

W = (1—%)-100% ~33% ,

[Toxaxemo, 110 BIITydeHHS Xxo4ya O OJIHI€T AYTH 3 MOBHOTO JBOJIOJIBHOTO rpada
CYTTEBO TOTIpIIye BIUIMB JO3BOJY IepepuBaHb. Hexall ans Bu3HaueHOCTI 3 rpada
Oyno BuinydeHo ayry (1,5), sk mokazaHo Ha pucyHky 2.10. CxemMu po3noiny BEpIIUH

JUISL IbOTO BUTIAJKY HaBeACHI Ha pUCYHKY 2.11.

1 8
. ——
a | 2 5 6
- - »
‘; /
.4.7.
L R R B A R S T . S S —
1 2 3 4 !
4 1 8 5
— P >
6 2.4 2 6 8 6
e P i —————
3 4 3 7 8 7
B o S S .
====:==:====:>I
| 2 3 4

Puc. 2.11. Cxemu po3nofiny BepiiH HenoBHOTo rpada Ka4 0e3 nepepuBaHb

@) Ta 3 epepuBaHHsIMU 0) ipu h = 3
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PozpaxoBanuii 3a ¢Qopmynoo BuUTpaml BiJg MepepuBaHb TYT CTaHOBHTH

8
W = (1—5)100% ~11%  mo cBigunTh MPO HOro 3HAYHE TIOTipIIEHHS MOPIBHIHO 3

BUITaJIKOM ITOBHOTO Tpada.

Tenep posrmsinemo rpad Kss (puc. 2.12) Ta HaBegeMO YNOPSIKYBaHHS HOTO

BepiuH npu h = 4 (puc. 2.13).

a)

10

v

i —
T ,f

; Y t Y ; t Y Y :; Y Y t j
Puc. 2.13. Cxema posnoainy BepmuH rpada Kss 0e3 nepepuBanb a) Ta 3

niepepuBaHHAME 6) ipu h = 4
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Amnazoriuno 70 rpada K 4, pO3TIISIHYTOTO paHillle, ONTUMAaIbHE YIIOPSAKYBAHHS
3 MEepEepPUBAHHIAMH Ma€ MEHIIY JOBXKHHY 4Yepe3 pO3MojiieHHs BepmH 5 Ta 10 Mix

yciMa MICHISIMH B YIIOPSAKYBaHHI. Burpai Bij BUKOpUCTaHHS NIEpepUBaHb CTAHOBUTD
W = (l—gj -100% ~ 38% .

Jlis noBinpHOTO uyncna K > 2 rpad Kix Oyme matm BUTIIA, HaBEJACHHUW Ha

puUcyHky 2.14.

1 k+1

2 k+2

N/

k/ &Zk

Puc. 2.14. T'pad K

k+1
 ———

1
ﬁ

2 k+2
ﬁ

!

k-1 k 2k-1 2k
> > > >
—t— >
1 2 3 4 /

Puc. 2.15. Cxema posnoziny BepiuH rpada Ky 6€3 nepepruBaHb

I[Ipu h=k-1 onruManpHe yHopsAKyBaHHS BepmuH Tpada Kk 3
IepEepPUBAHHAMU Ma€ MEHIITY AOBXXHHY 3a YIIOPSAKYBaHHS Oe3 IepepruBaHb 4epes Te,
mo BepmwHA i HOoMmMepamu K Ta 2K posmogimstorees mik (K-1) Micisamu

yHOPSAAKYBaHHS. Burpaiil Biji BUKOPUCTaHHS MTEPEPUBAHb CTAHOBUTH!



(2+k 1) (1+k J
W = 1—T_ -100% = 1—7_ -100%

[IpoananizyBaBmu 1€ Bupa3, Jerko OauuTu, OO0 MpHU Aeani
3HaueHHsAX K Oyme BimOyBaTucsi craOimizaiisi BEIMYMHU BUTPAILy, MPU

npsiIMyBaTHUMeE JI0 3Ha4eHHsI, 0Ju3bKoro ;10 50%.

&0 002

i i iii-B--0-0-0-0-0 O-0-0-0-09

AAAAA

A NS
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OLTBIIINX

SKIA BiH

Puc. 2.16. 3anexHicTh BUrpanty Bij KutbkocTi BepiuH mpu h =k — 1

2.2.1 IlepepuBaHHS y BUNIAJKAX Pi3HUX KUIBKOCTEI BEPIIMH Y 10X

Hactynmuumu posrisiHemo Bunaaku, ne K # r. ITounemo 3 tux, me K<r. Ha

pucynky 2.17 naBeneno moBHui rpad Kis, a Ha pUCYHKY 2.18 BiAMOBIHO CXEMH

PO3MMO/ALTY Oro BEPILIUH ISl BANIAAKIB 0€3 epepuBaHb Ta 3 MePEPUBAHHAMH.
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a) 9 »
8
»
L] L] L L : L L L L L : L >
2 4 ¢
4 1 8 9 5
P —— e ———
_ 24 2 6_ 8 9 6
0) | ——— e —
3 4_ 3 7 8 9 7
e e i  — e e e
—ttt 4ttt 4t >

1 2 3 4 !

Puc. 2.18. Cxemu posnopiny BepinH rpada Kis 0e3 nmepepuBanb a) Ta 3

nepepuBaHHsaMu 0) pu h = 3

Burpam Bijg BHUKOpUCTaHHS TIEpepUBAaHb CTAaHOBUTH W =[1—%j-100% =25%.

Tak camo, sk 1 B BuUmamkax K=r, MOBXHHA ONTHMAJIbHOIO YIOPSAAKYBAHHS 3
MEpEPUBAHHSIMU € MEHIIOK 3a JOBXKHHY O€3 mepepuBaHb 3a PaxyHOK TOTO, IIO

BEPILIMHU MiJ HOMepamu 4, 8 Ta 9 po3NOAUISIOTECS MIXK MICIISIMU YIIOPSIAKYBaHHS.
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Tenep mpu h=3 sk 1 qIg momepeIHBLOrO MPHKIALY PO3MNITHEMO Ipad i3
OUTBIIOI0 KUTBKICTIO BEPIIMH y A0NSIX — K7g Ta HaBEIEMO CXEMH YIIOPSIKYBaHHS
BepmuH [4]. 111 criponieHHs! pUCYHKY BiIMITUMO, IIO i3 KOXKHOT BEPIIUHY 2—7 MepIoi
J0Jl WAyTh AYyTU B KOXKHY BepHIuHy 8—15 npyroi moji aHaJIOri4yHO J0 TUX AYT, SKI

BUXOJISTH 13 BEPIINHHA 1.

,_
[
]
® =~
N
(=}
~1]

8 9 10 11 12 13 14 15

Puc. 2.19. I'pad K78

1 4 8 11
> P
2 5 9 12 14
a) > »
3 6 7 10 13 15
> g > > - »
1 2 3 4 6 !
1 7 4 8 14 15 11
r—— — P P P
2 5 7 5 9 12 14_ 15 12
—— e — P ———
9] 7 : 5
) 3 > 6 6 10 > 13 14_15_ 13
$ t # t t # # t t % t t t # t t t # >]
1 2 3 4 5 6

Puc. 2.20. Cxemu posnoziny BepiuH rpada K7 g 6€3 nmepepruBanb a) Ta 3

nepepuBaHHaMu 0) pu h = 3

Burpaii Bii BUKOpUCTaHHS MepepruBaHb CTAHOBUTH W :(1—%)-100% ~17%. B

ONITUMAJILHOMY YIIOPSIIKYBaHHI BepiuH rpada K7g 3 IEpeprUBaHHIMU BEPIIMHHM ITi]T

HoMepamu 7, 14 Ta 15 po3noALISIOTECS MK MICIIMA B YIOPSAKYBaHHI, yepe3 10
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AOBXHMHAa € MCHHIOIO 3a JOBXHWHY OITUMAJIILHOI'O YIHOPAAKYBAHHSA oe3 IepEcprBaHb.

Jani moOyayeMo yrmopsiAKyBaHHS IIboro Tpady mpu h = 4.

1 8 12
> > >
2 5 9 13
> - > -
a) 3 6 10 14
> > >
4 7 11 15
> > > -
—l—'—!—l—’—l—l—l—'—l—l—l—'—f—l—i—l%
1 2 3 4 !
5 6 7 1 8 12
—— > > >
2 5 6 7 2 9 13
> > >
0| 3 5 6 7 3 10 14
. e e > > >
4 5 6 7 4 11 15
> > >
} 4 + 4 $ 4 + + 4 4 + + § 4 4 + 4 =»
1 2 3 4 !

Puc. 2.21. Cxemu po3noziny BepiinH rpada K7 g 6e3 nepepuBanb a) Ta 3

nepepuBaHHaMu 6) mpu h = 4

Tenep BUT'pAILI BiJl BUKOPUCTAHHS IepeprUBaHb CTaHOBUTH

17 . .
w :(1—5}100% ~6% TOOTO BiH 3MEHIIMBCS MOPIBHSHO 3 BUMAaIKOM Koju h = 3.

TyT Tak camMo MepepuBarOThCS 1 PO3MOAUIAIOTHCS MIXK MICISMU YHIOPSAIKYBAHHS TpU
BEpIINHM, aje BCl BOHU TENep HaJlexkaTh nepiuii gomi. st poOiT, o BiANOBIIAIOThH
BEpIIMHAM JIPYTOi J0JI1 IEpepUBaHHS B I[bOMY BUIAJIKy HEOIUIHHI.

[IpoanamizyemMo, YW 3aBXKAM BHUTPAIl BiJ TMepepuBaHb 3MEHIIYEThCS TPU
30UIBIICHHI IIUPUHU YIIOPSIKYBAaHHS Ha NpUKIaai BUmaaky h = 5 s toro x rpada

Kis.
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Puc. 2.22. Cxema po3noainy BepiuH rpada K7g 6e3 nepepuBanb a) Ta 3

nepepuBaHHAMU 0) ipu h =5

Sk BuAHO 3 ymopsAakyBaHb npu  h=5  Burpam = cTaHOBHTH

W :(1—%)100%:25%, TOOTO BiH 3HAYHO 3pic TMOPIBHSHO 3 BumaakoM h=4. I3

HaBEJICHUX MPHUKIAIIB BUILUIMBAE, IO TpH 30UIbIICHHI MUPUHU N BUrpam Bif
nepepuBaHb MOXKE K 301IbIITYBATUCS, TaK 1 3MEHITYBaTHUCS.

PosrissHemMo BuIagku, Koiaud K>, Ta mpoBeaeMo MOPIBHSAIBHHEN aHali3 13
pesyibratamu, oTpuManumu it K < r. TTounemo 3 posrisny rpada Ksa, 11 SKOTO
BU3HAYMMO CXEMH PO3MOJILTY BEPIITUH JIJIsl BUTIA/IKIB, KOJIH TIEPEpUBAHHS I03BOJICH] Ta

3a0opoHeHi, mpu h = 3.
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Puc. 2.24. Cxemu po3noainy BepiuH rpada Ks4 6€3 nepepuBanb a) Ta 3

nepepuBaHHsaMu 0) pu h = 3

[Ipu nopiBHSAHHI yHOpAAKYBaHb BepIIuH rpadi Kas Ta Ks 4, 1€rko 0a4uTH, 1110
BIJIMTOBI/IHI JIOBXKWHU IUX YIOPSAKYBaHb SIK Y BUMIAKY 13 3aCTOCYBaHHSAM NEPEPUBaHb,
TaK 1 6€3 HUX € 0JJHAKOBUMHU. BHACI1J0K YOT0 1 BUTpAI BiJl BAKOPUCTAHHS IEPEPUBAHb

TaK caMo JOpIBHIOE W = (1—%) -100% = 25% .

Hactynmaum posrinsaemo rpad Kg7 1 MOPIBHSIEMO BIAMOBIIHI JIOBXWHU KHOTO
ONTHUMAJIBHUX YITOPSIIKYBaHb 3 YpaXyBaHHSIM JIONYCTHMOCTI NIepepuBaHb, Ta rpada
K7 g. g nporo rpada ynopsakyBaHHs 0e3 nepeprBaHb Ta 3 nepepuBaHHsaMu npu h = 3

MarOTh HACTYITHUN PO3MOJILT BEPIIIHH.
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Puc. 2.25. Cxema posnoainy BepiuH rpada Kgz 6€3 nepepuBanb a) Ta 3

nepepuBaHHaMU 0) ipu h = 3

Tak camo, sik 1 ans rpadiB Kas 1 Ksa, m1s rpadiB Kr7g ta Kg7 NOBXHUHHU
ONTUMAJILHOTO YIOPSIAKYBaHHSI O€3 IMepepuBaHb Ta 3 MEPEPUBAHHSIMU € PIBHUMHU.

Burpai Big BAKOPUCTaHHS IEPEPUBAHb CTAHOBUTHh W = (1— gj -100% ~17% .

Y HaBeIeHHX MPUKIaNaX 3MEHIICHHS JOBXWUHHU YMOPSIAKYBAHHS OUYEBUIIHO
B1JIOYBAETHCS 32 PaXyHOK 3aCTOCYBAaHHS NIEpEpUBaHb MPHU PO3MOILTI BEPIITNH Ti€l A0,
710 K01 BOHU HajeXaTh. BpaxoByrouu, 110 po3IJisiIaloThCsl TIOBHI JIBOJIOJIbHI Trpadu,
1€ MATBEPKYE MOYATKOBY AYMKY, 110 YIIOPSAKYBAHHS BEPIIMH KOXKHOT JT0JII MOYKHA
posrisiaati okpeMo. Takoxk 3BepHEMO yBary Ha Te, [0 TpU 3HAYCHHX 4u TO K, uu TO
r, KpaTHUX mpuHi h (200 000X OJHOYACHO), PO3B’SA30K 3a1adi YIOPSAKYBAHHS JIJIs
BIJIOBIJIHOT J10J11 OyJ€ TPUBIAJIbHUM 1 HAa 3HAYEHHSA ONTHUMYMY LUIbOBOI (PYHKII]
JI03BLI TIEpepUBaHb HISIK HE BILIMHE.

Ha ocHOB1 HaBeZieHUX NMPUKIIAIIB CPOPMYIIOEMO HACTYITHE TBEPAKECHHS.

Teepooicenns 2.1. Jlns pomimpaux K, r: kK > 1, r > 1, kr € N noBxuHu
ONTUMAJIbHUX yHOpsaKyBaHHs BepmmH oprpadiB Ky, ta Kix € piBHUMH 1 SKIIO

HiepepUBaHHs JI03BOJIEH], i akuo 3a0oponeni YV h>1 heN.
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Jloseoenns. OUeBUAHO, 110 TBEP/OKCHHS € BIPHUM JJIs BUNAAKY, KOau K =r

OCKiTbKH MU MaeMO Tpad Ky.

Tenep moBeaeMo crpaBeIMBICTh TBEPKECHHS 1pH K # . SIk Oyio 3a3HaueHo,

YHOPSAIKYBAHHS BEPIIMH KOXHOI 10y rpada MOKHA po3risigatd okpemo. Tomi

MMO3HAYUMO JOBXKHWHY OITUMAJIBHOIO YHOPAAKYBAHHS oe3 nepepnBanib Ta 3

HIepepUBaHHAMY BEPLIMH NepIoi poui Bignosiguo |, ta |, , a apyroi — BigmosigHo

Ir Ta I I+ Takox YBCACMO IMO3HAYCHHA JOBXHWHHU OIITUMAJIBHOI'O YIIOPAAKYBAHHA BCIX

BepiurH rpaga Ky, 0e3 nmepeprBaHsb:

=1
Ta 3 IEPEPUBAHHSIMU:

I;Yk,r = II*Yk + II*Yr .
Amnanoriyno s rpada Ky

I:,k = +1;

I I+
Ir.k — 'IIr + Ik *

(2.2)

(2.3)

(2.4)
(2.5)

Ockinpku 'y 3arampHomy Bumaaky I l,eN, I, |l €Q to onepamis

JOJIJaBaHHs € KOMYTaTUBHOIO, TOOTO!
I +1, =1 +I

r r k1

(2.6)
2.7)

[TincraBusmm (2.2)-(2.5) y (2.6) Ta (2.7), noBomumo, mwo I, =I;, ta l, =1, ,.

2.2.2 TeopeTHYHi acCNEKTH 32JIEKHOCTI BUTPAIILY BiJl MOYATKOBUX JAHUX

3agauvi

AHani3 mokasye, 10 BHUrpanl NpH J03BOJEHUX NEPEPUBAHHIX MEpPEIycimM

3aJICKUTh BiJl TIOPIBHSHHS ONTHUMAIBHOI JOBXKUHU YIOPSAKYBAaHb ISl BUTIAJKIB

JI0O3BOJICHUX TIEpEpUBaHb IS 3aJaHOro rpada, Ta 3a00pOHEHUX, TOOTO BijJ 3HAYCHHS

po0y:
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L=ln (2.8)

<=

OCKiTbKH YIOPSIKYBAHHS BEPIIHH KOKHOT 3 JI0JIEH MOYKHA PO3TIISIIATH OKPEMO,
TO JOCTaTHBO Oyze po3msiHyTH po3noiit K BepmmH npu mmpuHi h. [Ipoanamizyemo
MOXJIMB1 BUNaAkd. [lo3HaYMMO MJOBXKHHY Ti€l YaCTHUHH YIOPSAKYBAaHHS, SKY
3aliMarOTh BEPIIUHU 1i€T 1011 |y 1s BUaAKiB 3a00pOHEHUX IIEpEPUBaHb, 1 BIAMOBITHO
l,; — nnsa nossonennx. Toxi BuUTpam mpu po3moxini BepmmH miei gom Wy Gyme
3aJIe)KaTH BiJl BIIHOIICHHS WX BEIMYMH, 00UMCIIeHOTo 32 (hopmyoro (2.1).

|. ITpu 3HadyeHHsx K kpaTHUX h o4YeBHIHO BHIpall OyJe HYJbOBHM, aKe B
takoMy Bunaaky Bci K = ph Bepmmn (P e N) po3mingyroTbcs Ha P HO3MIAX 1
nepepUBaHHs € HEJIOIIILHUMU.

I1. Axmio K < h, To B ynopsimkyBaHHi 6€3 epeprBaHb BEPITHHHA OYAyTh 3aliMaTH
nepury mo3utlito, To6to |, =1. [lepepuBanHs TyT HEMOXJIHMBI Yepe3 Te, M0 OJHA 1 Ta
caMa BepIIMHA HE MOXe OyTH pO3MOJiJieHa OJHOYACHO Ha KiJIbKa MICLb B OJIHIM
MO3MIIIT.

III. Bunagku, xomu h < k < 2h. Hexaii c€ N — ocraua Bix niteHds K ma h,

O0<c<h. Toxi, BpaxoByIOUH BiZICYTHICTh B3aEMHHX 3aJIC)KHOCTEH MPH PO3IOIIICHHI

e k
BEPIIMH OfHi€el o, |, = [E—l , 200

| - [?W | (2.9)

Tyt oxpyrienns Bropy HeoOXximHe uepe3 Te, mo |, € N. BpaxoByroun BenmuumHy
KOHCTaHTH ¢, YMCEIbHUK o0y (2.9) 3aBxau Oy/ae MeHIHM 3a 2N, ToOTO He3aIeKHO
Bij 3HauYeHb h Ta ¢ 3a paxyHOK OKpyriieHHs oyaemo matu |, = 2.

Ha Binminy Big li, y 3araneHomy Bumanky |, €Q. lle o3nauae, mo Bupas s

PO3paxyHKy JIOBXKWHU YTOPSAKYBAHHS 3 TIEPEPUBAHHSAMU € aHAOTiYHUM 10 (2.9) 3a

BUHSITKOM OKPYTJIEHHS, TOOTO

|kn:—=1+%, (2.10)



[TincraBuBmu (2.9) ta (2.10) y (2.8), maemo

1+E

( h} 1 ¢

- L —=— 4 —
2 2 2h

Hapemrri, migcraBusmm (2.11) y (2.1) ogepxkyemo

w, = 1-[ 14+ )-200%,
2 2h

a CIPOCTUBILM LIEW BUPA3, OTPUMYEMO

W, =(1—i :100%.
2 2h

IV. Y3aransaenns (p-1)h <k < ph. Maemo y 3sHamennuky (2.8) Bupas

[(p-Dh+c]
lk—{—h ]—p,

a B YUCEJILHUKY BiJIIOBITHO

-Dh+c
Iknz(p |’? =p-

>|o

Bignowenns |, /1, MmaTume BUTIISA:

Toni oliHKa BUTpaIy:

abo MpH CHPOIICHHI

w, :[l—ij-loO%.
p ph
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(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

I3 (2.16) nerxko GauuTH, 110 BUTpall JIACHO HE 3aJIeKUTh O€3MOCepeIHbO Bij

k

KIJIbKOCTI BepIIHH K, HATOMICTh 3aJIe)KUTh BiJl YaCTKU MPH IICHHI — HAIIIJI0 Ta YKcia

h

¢, sIKe € OCTayero BiJl IBOTO JAUICHHA. Y ToMy, 10 (2.16) € y3araabHEHHSIM JIETKO

NepeKOHATHCS, aJ[Ke TIPU MiJCTaBlIeHH] P = 2 oaep>kumo Bumaaok I11.
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2.3 Crneuudika mnapajieabHO-NOCHITIOBHUX rpadgiB Ta ii BIVIUB HaA

nepepuBaHHS

PosrnssHemMo mpuKiIamud po3B’sA3aHHSA 3a7ad  YHOPSAAKYBaHHS JUIsl BUIAAKIB
3a00pOHEHHMX Ta JI03BOJCHHUX TepepuBanb, ne rpadu G = (V,U) mamTh CTpyKTYpY
CTICIIaAIbHOTO BUY 1 32/I0BOJIbHSIOTH YMOBH:

1) M=n,|Ul=2(n-2)

2) Vv, :ii=1(n-2)3(v, V). (v,v,)eU .
3a cBoero Oy0BOIO rpady TaKOTO BUTIISAY BIHOCATHCA JO MiAKIACy MapajielibHO-
nociigoBaux [105], Toxi BepimHa Vi1 HA3UBATUMETHCS JHKEPEIIOM, a Vi — CTOKOM. Y
CYKYITHOCTI IIi BEPIIMHHA YTBOPIOIOTh TaK 3BaHy TepMiHanbHy mapy [106]. Takox B
SKOCTI y3araJdbHEHHS pO3TIITHEMO BUMAIKU MOCI1JOBHOT KOMITO3UIII1 rpadiB MoaioHO1

CTpyKTypH. [loCniIOBHOIO KOMIMO3MIIEID MapanesbHO-MIOCHIIOBHUX OprpadiB BUAY
G'=(V",U") ta G"=(V",U") nasusaremo rpad G = (V,U), B sixomy Bepumna-cTik V,,

rpadpa G’ 00’eqHyeTHCS LUISXOM 3JIMTTA 3 BEPIIMHOIO-IKepenoMm V.., rpadpa G”,

"

. . . n :
BinmoBinmo yei myru Bumy (Ve Vi), V'€V meperBopioioThes Ha (v;,v), micas 9oro

BEPIIMHU NIEPEHYMEPOBYIOThCS. CITi/l 3ayBaXKUTH, 110 MapayieTbHa KOMITO3HIIISI TAaKUX
rpadiB, sika nepeadavae 3MUTTS BIAMOBIIHUX BEPIIMH-IHKEPEN Ta BEPIIUH-CTOKIB
MPU3BOJUTH 10 YTBOPEHHA Tpada, 110 MaTUME TaKy X CTPYKTYPY, SK 1 Ti, 3 SIKUX BIH
YTBOPEHUM.

[IpoanainizyeMo sk A03BLJI NEepEepUBaHb BIUIMBAE HA ONTUMAIBHICTh PO3B’SI3KIB
s Takux TpadiB. PosrisHeMo 3amady ymopsaKyBaHHS BEpIIMH MapalieilbHO-
MOCJTIIOBHOTO Tpada, yTBOPEHOTO MOCITIIOBHOIO KOMITO3HITIEIO ABOX MiArpadis.

Ilpuxnao 2.5. 3anaHo 3BaxkeHuit rpad G, Ta mWMpHHA YHOPSIAKYBaHHS h = 2.

[ToOynyBaTn napanenabHe YHOPSAKYBAaHHS MIHIMAIbHOI JOBXKUHHU.
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1(4) 4(2)

7(1) 2(4) (1) 5(2) 9(2)
- . .
3(4) 6(2)

Puc. 2.26. IapanenpHo-mtocinoBHMA rpad Ga

3HalIeMO ONTHUMAaJbHI PO3B’SI3KM 0€3 IMepeprBaHb 1 3 MEPEPUBAHHSAMHU IS

3aJ]aHO1 IIUPUHU Ta MOPIBHAEMO ONTUMAaJbH1 3HAYCHHSI LIUTHOBUX (DYHKIIIH.

1 4
. ﬁ
a)
3 5
i 2 - HS - 6" 2 -

L 4

6)

1 13 !

Puc. 2.27. Cxema po3nojiny BepmuH rpada G4 6e3 nepepuBanb a) Ta 3

nepepuBaHHsAMU 0) ipu h = 2

s G, ynopsinkyBaHHs 3 iepepuBanHsamMu nae Burpam W = 18,75%. 3 ormsany
Ha PUCYHOK 2.27 cTae OYeBUIHO, 1110 BUrpalll IpU J03BOJI NepepUBaHb BUHUKAE 32
paxyHOK KpaIioro po3mo/Iiiay poOiT Mi>k BUKOHABISIMH, 1110 3MEHIITY€E CyMapH1 MPOCTO1
B oOcayroByroouiil cucremi. Lli mpocToi MOXYyTh BHUHHMKAaTH Ha THX MICIIX
YIOPSAIKYBaHHS, 110 PO3TAIIOBAHI MIXK TTO3UIISIMHA TEPMIHAILHUX BEPIIUH miaArpadis.

[lepexkonaeMocsi, 10 TIEpepUBaHHS MaTUMyTh BIUIUB Ha JIOBXKHUHY
ONTUMAIBHOTO YHOPSAKYBaHHS HaBITh JUIA rpada, KW He YTBOPEHUH MOCIiJOBHOIO

KOMIIO3HUIIIEIO.
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IIpuxnao 2.6. Posrnsaemo rpad Gs Ta ais mmpunu h = 4 3HaiiieMo mapaieibHe

YIOPSIKYBaHHS MIHIMAJIbHOT JTOBKHHU.

1(4)
2(4)

6(2 3(4) 7(1)
- L ™

3(4)

5(4

Puc. 2.28. IMapanensHo-nociigoBuuii rpad Gs

a)

0)

N,

t— + + — —t—t /

Puc. 2.29. Cxema posmnoiiy BepiinH rpada Gs 0e3 nepeprBaHb a) Ta 3

nepepuBaHHsiMu 0) ipu h = 4

[3 HaBemeHoro mpHWKIaAy BHJHO, IO HABITh MJis Takoro rpada mg03BLIT
NIepEePUBAHb 37aTCH 3HAYHO MOKPAIIUTH PO3B’A30K, y naHoMy Bunaaky W = 27,(27)%.
Po3rissHeMo y3araJlbHeHHs TaKOTO BUNAJAKY JJIA MapalelbHO-TIOCTIOBHOTO rpada,

10 YTBOPEHUI O€3 MOCIIOBHOI KOMITO3HIIIT KITEKOX miaArpadiB.
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Ilpuxknao 2.7. 3HaiiTM napajieibHE YHOPSAKYBAaHHS MIHIMAIbHOI JOBXUHU

rpada Ge pu MMpPHHI YIIOPSIKYBaHHS h = p.

L(c)
2(c)

p2(c) e p+3(c,)

ptle)

Puc. 2.30. INapanensHO-ocainoBHMMA rpad Ge

[Ipu ¢ = p po3noLT BEPIIUH B YINOPSAKYBaHHI JJI1 BUIMAJIKIB 3200pOHEHUX Ta

JIO3BOJICHHUX NIEPEPUBAHB NTOKA3aHO HA PUCYHKY 2.31.

1
»
2
a) >
p+2 P ptl p+3
> > > >
+ + + >
Cy ci+p c+2p C1+Cy+2p
p+l 1
—_— »
2 p+l 2
6) —— »
. Ll L
p+2 P p+1 p+3
> »— >

c1 el er+2 ertp cpEp+l  cpECatp+l

-1

Puc. 2.31. Cxema posmnoiiy BepiinH rpada Gg 0e3 nepeprBaHb a) Ta 3

nepepuBaHHsAMU 0) ipu h = p

Jlnst 3pyunocti mo3HaunMo C = ¢1 + ¢ Ta MaTUMEMO BUTpAIl HACTYITHOTO

BUTIISIY:



W = 1_C+—p+1 .100%
C+2p

IIpy owiHIi BUTpaIly PO3IIITHEMO J1BA BHIA/IKH:
1)  C>>p, toxi Burpam W — 0%;

2) p >>C , romai Burpamr W — 50%.
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Ha nactynHoMy eTamni y3arajqbHEHHS po3riisiHeMO rpad 13 JOBUIBHOIO KIJTBKICTIO

niarpadis Buay Ge, 00’ €THAHUX MOCIIIOBHOK KOMITO3HIIIEIO.

IIpuxnao 2.8. {ns 3aganoro rpada Gy Ta MIUpUHYU yIOPSIKYBaHHS h = p 3HaiTH

napajeibHe YIOPSAKYBaHHS 13 MIHIMAJIBHOIO JIOBXXHHOIO.

k-1

1(p,) ¢1+1(22) Z‘f 1(P)

i’lvl(q) oif/gvk(qﬂ)
q1(p1) Z%(P;) iﬂv(P;—)
Puc. 2.32. INapanensHO-ocainoBaMMA rpad Gy

V Bumaaky, konmu Bci (i = p+l, 1=1K wmarumemo ynopsakysanHs 0e3

nepepuBaHb Ta 3 IEPEPUBAHHIME 32 CXEMaMH, SIK1 TOKa3aHO Ha pucyHKy 2.33. Burpam

BIJl TepepuBaHb OyAEeMO OLIHIOBATH aHAJOTIYHO TOMY, SK L€ poOuiu s

npukiaany 2.7. Jljis 3py4HOCTi MO3HAYUMO

k+1

C:Z:ci ,
i=1

Toni BUTpaIn MaTUME BUTJISI:

k
> (p+D+C
W =|1- i=1

:100%

k

Y 2p+C

i=1

Sk 1 B monepeaHbOMY PUKIAAl PO3IIISTHEMO 2 BUIAIKU:
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K
1) C>> Zpi , Toxi Burpam W — 0%.

i=1

k
2) ZPi >>C | toni Burpam W — 50%.

i=1

1 (pr1)(k-1)+1
—
2 (pr1)(k-1)+2
a) — —
k(p+1)+1 P p+1 k(p+r1)+2 @+D)(k-1)+p k(p+l) k(p+2)+1
> > > P ¢ o o - @ > >
+ + + + + + + + >
3 Cr+py a+2p it C+2p CW4c, CV-p, CV  CO%cpyy !

p+l 1 k(+l) (pr1)(k-1)+1
2 p+l 2 PD)K-1)+2  k(pt]l) (pr1)(k-1)+2
6) —— —— &
. . . . . .
k(p+1)+1 p p+l k(p+1)+2 @ErDE-D+p  k@t]l) k(p+2)+1
- > P ———————— P i
——t +——t + + + + >
¢ el c#2  cpy cprrl R C+prtl €@y CP®  CP+cpyy Al

Puc. 2.33. Cxema posnoainy Bepuiut rpada Gg 6e3 nmepepuBaHb a) Ta 3

nepepuBaHHAMU 0) Tipu h = p

Ha rpadikax puc. 2.33 nis crpornieHHs Oyiu BBEICH1 O3HAYCHHS BUTTY:

j j
CH=>(c,+2p,) Ta CP =D (c;+p, +1).
i=1 i=1

2.4 TlapaJiesibHi yNOpsiAKYBaHHSI BePIINH I'PaliioZHUX JiepeB

OpHuM 13 crerialbHUX KJIaciB JEpeB € TaKWi, M0 MICTHTh TPAIiO3HI JIepeBa.
JlepeBo Ha3MBalOTh TpaIliO3HUM, SKII0O BOHO JOIYCKAa€ Tpaiio3Hy pO3MITKY.
OsHaueHHs Takoi po3MiTkH, HaBeaeHe B [107].

Os3nauenna 2.1. T'pamio3Hor0 Ha3WBalOTh TaKy pO3MITKY  BEpIIUH

HEOPIEHTOBAHOTO jAepeBa | 13 N peOpamu, Mpu SKIM KOXKHIM BEPUIMHI CTaBUTHCA Y
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B3a€MHO OJIHO3HA4YHY BIiAMOBiAHICTH MiTKa 13 MHOXuHH {0, 1, ... N}, npuyomy Bci
1HIyKOBaH1 MITKU pe0Oep € pi3HUMHU.

O3nauennsa 2.2. IHIyKOBaHOIO MITKOIO peOpa € a0COMI0THA BEIMYMHA PI3HUII
MITOK BEpIIUH, 1HIIIJICHTHUX JI0 IIOTO pedpa.

Y 1967 p. O6yno copmynboBaHO TiMmOTe3y, 3TiAHO 3 AKOIO BCI JEepeBa €
rpamiosuumu  [108]. Ha pganmii MOMEHT BOHA 3aJIMINAETLCS TIMOTE3010, IMPOTE
TPaIio3HICTh NEAKUX KIaciB JepeB Oyma oOrpyHroBaHa. PosrmsHemo 3amadi
MapaJIeIbHOTO YIOPSAKYBaHHS I BIAMOBIAHUX JEPEB TaKUX KJAciB, IS SKUX
JIOBEJCHO MOKIIMBICTh Tpaiio3Hoi po3MiTKU. OCKUIBKM TOHATTS TPaiio3HOCTI
BIJIHOCUTBCS JI0 HEOPIEHTOBAHMX JI€PEB, a B MOJAJBIIOMY OYyIyTh PO3TISIATUCS
OpIEHTOBAH1, TO MOXKJIMBI1 Pi3HI BapiaHTH 3aMiHH pedep Ha ayru. OKpiMm TOro 0yaeMo
BBaXXKaTH, 10 Tpadu 3BaKeH1 Ta X BEPIIMHU MAIOTh OJIMHUYHY Bary, sKIIO HE BKa3aHO

1HAKIIIE.

2.4.1 Ouinka BIUIMBY NepepUBaHb IS epeB-3ipoK

OnnuM 3 HaWmepuux KJIAciB JAEpeB, Ui AKUX OyJIO JOBEACHO MOMJIHUBICTD
rpaifio3Hol po3MiTkH, € 3ipku. HaBenemo Bimome o3nauenus [107].

O3Hnauenns 2.3. 3ipKOIO HA3UBAETHCS ACPEBO, 1[0 MAE OJIHY BEPIINHY CTEIICHS,
Ou1bIIOTO 32 1, a perniTa BepivH MalOTh CTEIIHb 1.
[Ipu neTanbHIIOMY PO3TJISAlI OPIEHTOBAHUX 31POK MOKHA BUILITUTH TaKl TP KaTeropii
Ha OCHOBI TOT'O, IKUM CaM€ YHHOM pedpa 3aMiHIOIOThCS TyramMHu.

1. Bci nyru BUXOATH 13 IEHTPaAIbHOI BEPIIMHU 31PKH, TOJII MAEMO BUXIiJIHE

KOPCHEBC ICPCBO.

[ =N

2 e > 0
1

Puc. 2.34. Buxigna 3ipka



73

2. Bcei nyru BXOISATh B LEHTPAIbHY BEPIIMHY 31pKH, TOJI MAaEMO BXiJTHE
TIepeBo.
4
3 5
2e > o€ g
1

Puc. 2.35. Bxiana 3ipka

3. YacTtuHa nyr BXOASTH B IEHTP 31PKHU, PEIITa — BUXOMASTh.

5

1
3 e~ >0
2/ )

Puc. 2.36. 3ipka 13 BXIIHUMH Ta BUXITHUMH JTyraMu

[Ipu po3B’sA3aHHI 337a4 MapaneibHOrO YNOPSAKYBAaHHSA, KOJIM OOMEXKEHHS Ha
MOPSIJIOK BIAMOBIAAIOTE Tpady, M0 MA€E CTPYKTYPY BHXIJHOI 31pKH, ii LIEHTpaIbHa
BEpIIIMHA CTABUTHCS Ha TIEpIIe Miclle YNOpsAKyBaHHsA. Perra BepIIMH BHOCSTHCS B
JOBUIBHOMY MOPSAKY HA HACTYITHI MICLISI, a/1)K€ BOHU HE TIOB’sI3aH1 M1 COOO0I0 yramu.
Jlst BXiIHOT 31pKHM aHAJIOTIYHUM YMHOM CIIEpITy BCi BEPINUHHU, KPIM IEHTPAIBHOI,
PO3MIIIYIOTECS B YIOPSJAKYBaHHI Y JIOBUIBHOMY TOPSIAKY, MICIS YOTO 3aHOCUTHCS
HEeHTpajbHa. Y BHUMNAAKy KOMOIHOBAaHOi 31pKM YacTHMHA BEPIIUH, 13 SKUX OyTH
OpSIMYIOTH 70 TEHTPalIbHOI, BHOCITHCS 1O VYIOPSAKYBAaHHS TMEPIIUMHU, TOTIM

LEHTpaJIbHA BEPILIMHA 31pKH, MICJIS YOTO — PEILITa BEPIIHH.
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Hexaii ckiHueHHa MHO>KMHA POOIT, Ha MOPSIOK BUKOHAHHSI IKMX HAKIaal0ThCS
YMOBH CJiyBaHHS, MOJACIIOETHCS JEPEBOM, IO € OPIEHTOBAHOIO 3IPKOI0. 3’SCYEMO
BIUIMB IEPEPUBAHb ITPH BUKOHAHHI pOOIT Ha ONITUMAIBHICTD PO3B’A3KY B BIAMOBITHUX
3aavax yrnopsaAKyBaHHs JJIs [UX BHITA]IKIB.

Jlerko 6a4nTH, 110 ONITUMAJTEHE YIIOPSAKYBAHHS JJIsl BX1THUX Ta BUX1THUX 31POK
13 KUIBKICTIO BepmnH (p+1) BiApi3HSAETHCS BiA BUIMAAKY Tpada 3 p 13071b0BAHUMHU
BEpIIMHAMU JIUIIIE THUM, [0 MICTUTH 1€ OJHY BEPIIMHY Ha MEpImni (I BUXITHHX
31pOK) YW OCTaHHIN (mns BXigHuxX) moswiii. Ile Takox o3Ha4ae, MO JAOBKHUHA
ONTUMAJILHOTO YMOPSAKYBaHHs Oyne Ha 1 OUIBINO0, HIXK JIJIs1 BIAMOBIAHOTO rpada 3
130JIbOBAaHUMH BEPIIUHAMH HE3AJIC)KHO BiJI IIMPUHU YIIOPSIKYyBaHH: .

Toni BUrpai craHoBUTH

£+1

W=[1--1 1.100%
|Vp—‘+l
h

Jiis h = p - 1 cipocTMO BIAHOIIEHHS JOBKHUH

L e T - S I ST B S
p-1  p-1 . p-1 p-1  p-1 = p-1
L +1 Lm _|_1 pi_l+i _|_1 1+L _|_1 i _|_2.
p-1 p-1 p-1 p-1 p-1 p-1
i 1 . i
B pesysbTati OKpyriaeHHS Ipo0y E JI0 HAMEHIIIOTO I[iJI0T0, IO ITEPEBMIIYE TaHE

3Ha4YeHHSI (TOOTO OKPYIJICHHS BBEPX), 3aBXKIU MaeMo | miisg OyJb-sIKUX 3HA4YeHb

P=2 , T06TO OCTATOYHO MAEMO

11+2
W= 1—""T 100%

[lpu p >>1

i—>O:>W —33,(3)%.
p-1
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OTtxe, 11 AOCTaTHHO BEJIMKOT KIJILKOCTI BEPIIMH y BXIJIHIM YU BUXIAHIN 31pIli

JI03BiJT IIepepUBaHb JaBaTUME iCTOTHHIA Burpamt npu h= p—1. Tenep y3araabHUMO
MipKyBaHHs, npuiyckarou, mo 2<h<p-1 i mokaxemo 3amexuicts W(h) mis

JACAKUX KOHKPCTHHUX 3HAYCHb .

29,63

20

10

——p=10

Puc. 2.37. 3anexxHicTh BUTpaITy BiJl IIMPUHHU YIOPAAKYyBaHHS mipu p = 10

35.00
30,00
25,00
20,00
15.00
10,00

5,00

2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48

——p=50

Puc. 2.38. 3anexxHicTh BUTpallly Bijl IIUPUHU YIOPSAKYBaHHS npu p = 50
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0
2 6 10 14 18 22 26 30 34 38 42 46 50 54 58 62 66 70 74 T8 82 86 90 94 98

———p=100

Puc. 2.39. 3anexHicTs BUTpally BiJ IHUPUHH yHopsaakyBaHHs mpu p = 100

JIns kOMOIHOBAHOTO BHUMAJKY, KOJM B 3ipli € pi AYr, MO BXOJASTh [0
IIEHTPAJILHOI BEPIITMHU, Ta p2 TAKUX, K1 BUXOIATH 3 HEl (CyMapHO p1 + p2 = p), BUTpalll

PO3pPaAX0OBYETHCA HACTYIIHUM YHUHOM:

p1+ p2 +1 h
W=|1-_—_"h 100% a6oW =| 1 PP,

BiRE R EHIRS

e h> 2, asignosinno py, p, = 3.

-100%

Posrnsnanuvcs pizHi KOMOIHALIIT p1 Ta py, alle 3aKOHOMIPHOCTEHN MiX BUTpalllaMu
IIPY TIOPIBHSHHI BUIAJKIB IJIs1 BXIAHUX Ta BUXITHUX 31POK 13 KIJIBKICTIO YT P1 Ta p2
BUSIBJICHO HE OYJIO.

BcraHOBHMO 3a11€KHOCTI BUTpAIIly Bijl pi3HHX 3HAYCHb MmapaMmeTpiB Pi, P2 Ta h.
JUIs BU3HAYEHOCTI TPHUITYCTHMO, mo P, = P,. Sk BumHo i3 puc. 2.37-2.39,
MaKCHMaJjIbHI 3HAYCHHS BHTPAIIy JOCATAIOTHCA HPH 3HAYEHHSAX N OJNM3BKUX [0
kinbkocti ayr. Uepes ne BBakarumeMmo, 1mo Nh = p,—1. Burpam mnpu pisHHX
KOMOIHaIIisIX 3HaYeHb P1, P2 Ta h 11t p = 50 HaBeaeHo Ha pucyHky 2.40, a ns p = 100

— Ha pUCYHKY 2.41.
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45
40
35
30
25

W

20
15

10

2 3 45 6 7 8 9 10111213 14 15 16 17 18 19 20 21 22 23 24

h

Puc. 2.40. 3anexHicTh BUTpallly BijJ napamerpis st p = 50

W

-2
(=)
—
(=]
—
.

18 22 26 30 34 38 42 46

Puc. 2.41. 3anexHicTs Burpaty Bia napametpis mpu p = 100

Sx BumHO 3 rpadikiB, MaKCUMaJbHI 3HAUYCHHS BUTPAIIy JOCATAIOTHCS TMPHU
p1 = P2. 3'ICyeMoO, IO SKOTO 3HAYCHHS CXOAWTHCS BUTpall. BBemeMo mo3HAYCHHS

P =p1 =Pz iBignosigao p = h + 1. [Ticis migcTaHOBKU OTPUMYEMO:

W=|1- 3h+2 .100%

o[




/8

a00 Mpu CIPOIIEHHI

W =(1— 3h+2j-100%,
5h

Jlns 3aauens h>>2 (aomxkei p'>>2) purpam W — 40%.,

2.4.2 Kiacu epes, 110 3BOASTHCS /10 JepeB-3ipoK

3BepHEMOCS 70 1HIIOTO KJIAacy AEpeB, MM SKUX OYyJI0 JOBEACHO MOXKIWBICTH
IpaIfio3Hoi PO3MITKH — OJIMBKOBI JiepeBa.

O3nauenns 2.4. ONUBKOBUM HA3MBAETHCSA JCPEBO, SKE CKIAMAETHCS 3 P
JAHIIOTIB, [0 3’€JHAaHI B OJHIM BEpIIMHI, 0OpPH UBOMY JOBXHHA [-OT0
nanmora (i=1p ) gopienroe i [107].

[epeiineMo Bi OJIMBKOBUX JI€PEB /10 31poK. JlJist I[bOT0 3p0OMMO IEPETBOPEHHS
OJTMBKOBOTO JIEpEBa Yy 3BaXKCHY 3ipKy HAcTymHUM dYHHOM. KoskeH i-uil JaHIor,
JOBKMHA SKOro OulbllIa 3a OJUHULIO0, 3rOPHEMO 1O OJHOr0 pedpa, OTPUMABIIH
3aranom p pedep Buny {i,(p+1)}, B Toii ke yac mepeHyMepyBaBIIK BepIIMHH. Toi
(p+1) — uenTpanbHa BepIIMHA 3IPKH, IO Ma€ BaroBui koedimieHT 1, a Ko)kHA 1HIIA
BepirHa | Mae Bary i. [Ipu 3amini pebep ayraMu aHaJOTIYHO 10 3ipOK OTPUMAEMO 3
BUTIAKU:

1) BCi Qyrw BUXOIATH 13 IEHTPAIBHOT,
2) BCi IyTH BXOMASATH B IICHTPAIIbHY;
3) meBHA YacTUHA YT BXOMASTH, PEIITa — BUXOJIATH 13 IICHTPAIBHOI.

3’gacyemo, SIK caMe J03BUIT NIepepuBaHb y BHUMAJKY, KOJU BCl BEPIIUHU MAaIOTh
pi3HYy Bary, BIJTMBA€ HA 3HAUYCHHS LUJIOBO1 (DYHKIIII.

[Ipouiec mnoOOynOBM YHOPSAKYBAHHS BEPIIMH TaKoi 3IPKUM  BIJIOYBA€ETHCS
aHaJIOTIYHO TOMY, SIK II€ POOMJIOCS Yy BHMAJKYy OIAMHMUYHUX Bar HELEHTPaIbHHUX
BepmiH. Ha octanHe Mmicue (15 BXigHOT) a00 Ha mepiie (A BUXITHOT) CTaBUTHCS
LEHTpaJIbHA BepilInHA. Pellita BepiinH, OCKUILKY BOHU HE 3B’ s13aH1 M1 COOO0I0 IyramH,
MOKYTh PO3MIIIYBATUCA B YNOPSAKYBAHHI 1O aHAJOTIi 3 BUIIAJKOM HE3AJIECKHUX

BepiinH. bynemo Bumaratu, mo0 Ui TIIMHOXWHU HELEHTPAIbHUX BEPIIUH
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p
Wi
BUKOHYBaJach yMOBa rgiil%((wi )< % . BpaxoByrouu crienndiky Takux 31poK, OIIHKa

BUTpAIIly IPU KUTBKOCTI BepIIHH (p+1) Mae BUTIIS;

i
=41

W=|1-—"" 1.100%
I +1 .

OcCKUIbKY anpiopHe BU3HAYEHHS TOBXUHU ONTUMAJILHOTO YHOPSAIKYBaHHS 0O€3
nepepuBaHb B JaHOMY BHUIAJIKYy € HETPUBIAJIbHOIO 33]]a4€t0, TO OLIIHUMO 1I€ 3HAUECHHS

3HU3Y HACTYITHUM YHHOM

" >| =L
h

p
=1

Tomi omigka

p

Zi

W = 1—p—
ZI
% +1

=4
-100%

BIJINOBIJIA€ MIHIMAJIbHOMY rapaHTOBaHOMY BUTpaIlLy.

Cnig BIIMITHTH, IO BUTPAIIy BiJ NEpepuBaHb HE OyJe y BUIAIKY, KOJIU

P
|
i=1

DZTOCKiHLKI/I JOBXMHH YIOPSJIKYBaHb 3 TIEPEPUBAHHIMHU Ta 0€3 HUX OyayTh

OHAKOBUMH. 3’ACyeMO, JUIS SKHMX 3HA4eHb N 11 HEPIBHICTh HE BUKOHYETHCH.
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p
BpaxoBytoun, 1110 Baru BEpIIuH yTBOPIOIOTh apUPMETHUHY TPOrPECito, 3aMIHUMO ZI
i=1

Ha GOpMYITy CyMH MEPIINX p ii YICHIB:

PP+ o PP+ PrL
2h 2p 2

VY nonmanemomMy OyAeMo pO3TIISIATH JIAIIE Ti BUTIAIKH, IS SKUX N 3a7J0BOJIBHSIE
I[iii YMOBI, IPU LIOMY 3ayBa)KUMO, III0 BOHA HE MOKe OyTH BUKOHaHa Ipu p = 3 yepes
Te, 0 B TaKOMY BHIAAKy Iie 0 o3Hayano, mo h < 2. [Ipoanamisyemo, skum Oyze
MiHIMaJbHUM rapaHTOBAHUHN BUTpAIl JUIA rpadiB i3 KUTbKicTIO BepiuH (p+1). llupuny
YIOPSAKYBaHHS BI3bMEMO PIBHOK HalOUIBIIOMY HATypaJbHOMY YHCIY, LIO0 HE

+1
IIEPEBUIILY € (pT_lJ' BianoinHuii rpadik 3ajeKHOCTI BUTpally BiJ HapameTpa p

300pakeHo Ha puc. 2.42.

v

w
~

11 15 19 23 27 31 35 39 43 47 51 55 59 63 67 71 75 79 83 87 91 9 99

Puc. 2.42. 3anexxHicTh rapaHTOBAaHOTO BUTPAIITY BiJ P JAJiA BXiTHOT 200

BUXIJHOT 31pKHU

3 rpadika, 300pa)KEHOr0 Ha PUCYHKY, BUIHO, 110 MPU 30UIBIIEHH] KUJTBKOCTI
BepmMH rpada 3 ypaxyBaHHSM TOTO, IO BIANOBITHO 3HAa4YeHHS N TeX 3pocTae,

rapaHTOBaHU BUTpAII Oy/1e 3MEHITYyBaTHUCS.
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HpoaHani3y€Mo, J0 AKOro 3HA4YCHHA CXOIUTBHCA I“apaHTOBaHI/II‘/’I BUI'pall B

TaKkomy pasi.

1 p(p+D) 4
W=|1- 2 2 : 100%
h 2
p+1 p-1
Tenep, BpaxoBytoun, mo N = 5 -1= 5> MaeMo:
2 . p(|02+1) 1
W=|1- pz_ 100%
{ ,p(p+l)l+1
p-1 2

CnopocrtuBim, MaeMo

(p(p+ll)j+1
W =|1-~L7 100%

P(P+1) | 4
p-1

p+1)
p-1

OcKinbkH p =3, TO 3HAUYEHHS 30UTBIITY€EThCS 31 3pocTaHHaM P. Okpim

p(p+1)
p-1

TOT'0 JIETKO OAYUTH, 1110 BOHO OY/1e BIAPI3HIATHUCS Bl { —‘ MeHie, HbK Ha 1. Tomi

JJIs1 BEJIMKUX 3HA4YCHB P

P(P+D) 4

JIy1st KoMOIHOBAaHOTO BHUIIAJKY, KOJIHM B 3IpIll € HE JIUIIE AYTH, 110 BXOAATH JI0
LHEHTPAJIbHOI BEPIIMHHU, a W Taki, 10 BUXOAATH 13 HEl, MPOaHaTI3yeEMO 3aJEXKHICTh

MO>KJIMBOIO TapaHTOBAaHOTO BWrpaily s rpada, mo MICTUTh Pi1 BXIAHMX Ta P2

BUXIJHHMX JyT, BPaXOByIO4H 1m0 P, + p, = p. BBaxkatumemo, mo P, >2,p,>2 Ta

2<h< maX( Py pz). Takox npumyctumo, mo OyAb-sKa BEPIIMHA Vj, B SIKY BXOJIUTh
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JIyTa 13 EHTPaJIbHOI, Ma€ OLIbIIY Bary 3a Oy/Ib-sIKy BEpPIIHUHY Vi, 13 SIKOT BXOJIUTH IyTa
B LEHTPAJIbHY, TOOTO

W, eV i (v, V,, )€U, Wy eV (v, v ) eU = w <w,.

[Toni6HO 10 TepIIMX IBOX BUMAAKIB OLIIHUMO 3HAUYCHHS BUTPAIITY

p.(P. +1) le+ max( P(P+1+p)

max( oh oh j+1
W=|1- -100%.

I*

OriHKa TIOBKMHU ONTUMAJIBHOTO YIOPSJIKYBaHHs 0€3 IepeprBaHb

,*Zmaxq pl(p1+1)1,pl}+maxg p, (P +1+ p)]pj”'
2h 2h

TakuM YMHOM MIHIMAJIBHUN FapAHTOBAHUM BUTPAll MATUME BUTJIA

max( pl(glh+1) | p1j+ma><( pz(p12+hl+ P) pjﬂ
100%.

maxq p1(51h+1)w, pljeraXU pz(p12+hl+ p)w, pjﬂ

JI1st KoKHOTO (DIKCOBAHOTO 3HAYEHHA p OyJM BU3HAUYEHI MOKIIMBI rapaHTOBaH1

W=|1-

BUTpAIll s ycix gomyctumux map (Pi,p2) Takux, mo P,+p,=p 1a p,>2,p,>2.
Ha pucynky 2.43 300paxkeHo rpadik 3aieXHOCTI BUTpPAIy BijJ mapameTpa p, 1o €
MaKCHMAJIbHUM CepeJl YCIX 3HAUCHb, sIKI OOUMCIICH] JIs BIAMOBITHUX KOMOIHAIN P1

ta P, pu dikcoBauux p <100 (mepe N).
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40
22
44
a6
a8
50
52
54
56
58
60
62
64
66
68
70
72
74
76
78
80
82
84
86
88
90
92
94
96
98
100

Puc. 2.43. 3anexHicTb rapaHTOBAaHOT'O BUTPAILy BiJl p Y KOMOIHOBAHOMY

BHIIAJIKY

[IpoanainizyeMo MOBEIIHKY BUTPAIy TP PI3HUX 3HAUCHHAX p, p1 Ta po. Jlerko

. 1
O0aunTH, 0 3HAYCHHS BHpa3iB MaX M P, [ Ta max M , P, | 3aJI€KaTh
P \

2h 2h

BiJI P1 TaK camo, sIK y BX1/1Hi1# 3ip1ii 3 (p1+1) Bepmmnamu. Bupasu max( o

p,(p,+1+p) pj

Ta max p,(p, +1+ p) ) .. .
—Zh , P | K 1 TonepeaHs napa BIAPI3HAKOTHECA OAUH Bl OQHOTO HE

oinbIe, HiXk Ha 1. BpaxoBytouu, 1110 p2 = p — p1, po3rJIstHEMO Api0

(P +1+p) (p-p)(pitl+p) p +p-p-p
2h 2h 2h |

3Ha4yeHHs 1IbOT0 Apo0y Oye 301IbITyBaTHCS MTPU 30UIBIICHH] p 3a (PiKCOBAaHOTO

h, ane 3MeHITyBaTUMEThCS TIpU 3pOcTaHHi p1. OJTHAK BPaxOBYIOYH, IO p > p1 & TAKOK

Py = 3 MaKCUMalIbHE 3HAYCHHS p1 = p — 3 MaeMO

PP +p-p —p, _ P +p-(p-3)°—(p -3) _6p-6_3p-3
2h 2h 2h h

OTxe, mpu 301TBINIEHH] p 3HAYSHHS ITUX IPOo0iB Oy1e 3pOCTaTH, a BIAMOBITHO



84

max( p.(P, +1) pl)+max( P (P, +1+p) ij
2h 2h

maXU pl(p1+1)}, pljmaxﬂ p, (P, +1+ D)W’ pjﬂ
2h 2h

byno mpoBeaeHO psag  OOYMCITIOBAIBHUX EKCIIEPUMEHTIB, Y XOMIl SKHUX

->1=W —>0.

BCTAHOBJICHI 3HAYCHHS HAMOLIBIIMX I KOxHOro ¢ikcoBanoro p <100 purpariis,
oOpaHHUX cepel YCIX MOXJIMBUX KOMOIHaIIM p; Ta py. I'padik 1i€i 3anexHOCTI
HaBEJCHO Ha PUCYHKY 2.44, ne Juisi MOPIBHSAHHS MPOIyO0Ih0BaHO rpadik 3 pUCYHKY
2.43. HasiBHa po301KHICTh B OJIEPKAHUX 3HAUCHHSX BUTPAIIB MOXE MOSCHIOBATUCS

THUM, IO OHiHKa JAOBKMHH OIITUMAJIBHOI'O YIIOPAOKYBAHH:A oe3 IICpCpruBaHb, 30KpCMa

p,(p, +1+ p)

o —l p} € I0OCTaTHBO IPy0oI0.

JOJITAaHKY Max U

25

20

W

MiH. TapaHT. BHTp.

O04. exen

Puc. 2.44. TlopiBHSIHHS OLIIHOK BUTpally 3 pe3yJbTaTaMyd 00UHCIIOBAIIBHOTO

EKCIIEPUMEHTY

[Tonpu icHyBaHHS JaHUX pPO30DKHOCTEW MK 3HAUYEHHSIMH BEPXHBOTO
TPAaHUYHOTO Ta MIHIMAJIBHOTO TapAaHTOBAHOTO BUTPAIIB, CTA€ OYEBHIIHUM, 110 MPHU

30UIBIIEHH] 3HAYEHHSI MapameTpa P BOHM 3MEHINYIOThCA. [IOpIBHSHHS OAepaHuX
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pPe3yJbTaTIB 13 TUMH, 1110 OyJIK OTprMaHi B 1. 2.4.1 CBIIUUTH, IO JIsl BUTIAJIKIB PIBHUX
Ta PI3HUX BaroBHX KOE(IIIEHTIB BEPIIMH MPHU CTaJil CTPYKTypi rpadiB HaHOTO

nigKiIacy e(peKTUBHICTh 3aCTOCYBAaHHS IEPEPUBAHB MOXKE Pi3KO BIAPI3ZHATHUCA.

2.4.3 AnipiopHa oliHKa T0BKUHHU YNOPSIAKYBaHb

[Ipu pocnikeHH1 BIUIMBY IE€pepUBaHb ISl 31pOK 13 PI3HUMH BaroBUMH
KoedilieHTaMHl BEpIIMH Oyja 3aCTOCOBaHA Ipy0Oa OIIHKA JOBXHHHU YHOPSIKYBAaHHS
JUIs BUNAJKIB, KOJIU NEpepUBaHHs He mnependaueHl. Lle croHykae mpoaHanizyBaTH
MO>KJIMBICTh OUIBII TOYHO alpiOpHO OLIHWTH 3HAYEHHS LUIbOBOI (QyHKuIi. Hexaii
KUIBKICTh BEPIIMH BX1JHOI YU BUXIJHOI 31pKH JOPIBHIOE (p+1), mpuyoMy BepIIMHA 3
HOMEpOoM (p+1) € IHEeHTpaabHOK 1 Mae€ JOBUIbHUK BaroBuii koedirieHT Ce N .
JleTanbHille pO3rasSHEMO BHMAA0K, KOJM BaroBl KOE(IIIEHTH PEIITH BEPIIMH

BIZIPI3HSIOTHCS Ha 1 1 Tt 3pyYHOCTI BBAXKATUMEMO, 1110 JUIsI i-01 BepmmHu ( 1<i < p)

BiH JnopiBHIOE i. [lo3HAauuMoO SK I(*p

) MIHIMaJlbHy KUIBKICTh MiCUb, Ha SKI MOXHa
PO3MICTUTH HELIEHTPaAIbHI BEpIIMHM 1, 2, ..., P TaKOi 31pKHU.

Haragaemo, mo nis rpada, KUl Ma€ CTPYKTYpY BXIAHOI 4M BHUXIJHOI 31pKHU
[EHTpaJIbHA BepIIMHA Oyae 3aiMaTd BIAMOBIIHO OCTaHHI YM TMEpIUIl ¢ MIiCIb
YIOPSIKYBaHHS, TPUYOMY YKOJIHA 1HIIIA BEpIITUHA HE MOKE OYTH pO3MillleHa Ha THX K
Mmicugx. IIpoananizyemo, SIKOO € MIHIMAQJIbHA KUIBKICTh MiCIlb, Ha SIKI MOXHa
po3MicTuTH pemty p Bepimmud. Hexait p=kh+r,0<r<h, ne h — 3agana mupuna
YIOPSIKYBaHHS.

Teepoorcenns 2.2. JInst K> 3 mOBKHUHY ONTHMAIBHOTO YIOPSIKYBaHHS BEPIINH
BXIJIHOI YW  BHUXIAHOI  3IpKHU I” MOXHa  TPEJACTaBUTH Yy  BUIJISIL
I” = I(*p—Zh) +1, +¢, nel, =const.

Hosedenns. Posriasinemo 2h BepIinH i3 HAWOUIBIIMMU BAaroBUMHU Koe(illieHTaMu

(kh+r), (kh+r-1), ... (k—=2)h+r+1). 3rpynyemo iX momapHO TaKUM YHUHOM, 1100

cyMa BaroBux Koe(illi€HTIB B KOXHIN 3 map Oyyia ogHakoBoro. Tomi maemo h map
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BEPIINH, KO’KHA 3 SIKUX 3aliMaTUMe MPU BHECEHHI B YIOPSAKYBAHHS MICIIS 3 TIEPIIOTO

mo Kh+r+(k—=2)h+r+1=(2k-2)h+2r+1.

TakuM unHOM, To3HaunBIH |, = (2k —2)h+2r +1, oxepsxyemo | Ip o Tl +e.

Teepooicennsa 2.3. Jlna k>3 popxkuny | onTtumanbHOro ymopsaKyBaHHS
BEpIIMH BXiHOI UM BUXiTHOI 3ipKM MOKHA MPEACTaBUTH y BT | I(th +L, +c

saxmo K — mapre, i |7 I(3h+r)+L + ¢, IKII0 HemapHe, a L, = const.

/Jlosedennsa. BpaxoBylouu MomnepeaHe TBEPHKCHHS, TOBXKUHY ONTHUMAIbHOIO

YHOPSIKYBaHHS MOKHA MIPEICTABUTH Y BUTIISII

=1+l +c, (2.17)
e |, =(2k—-2)h+2r+1. Ockineku p—2h=(k—2)h+r 06aunmo IO TBEPKCHHS €
ictuHHNM y Bunankax, kom K—2<3, L = ly. B inmomy pasi Ly on.r =l anin + ez
IincraBuBmm neit Bupas y (2.17) Mmaemo 1" =1y 4.+l +h, +c. Sxmo k—4<3, 1o
nosHayusmu L =1, +1_, ogepixyemo abo I =1, +L +c,a00 I =1, ,+L +c.

[Ipouiec MpoAOBKYETHCS 1TEPALIITHO, HA KOXHOMY KpOLl A0 YHOPAIKYBAHHS
3aHOCATHCSA 2N BEpIIMH Tak, SK OMHMCAHO TPH JOBEJICHHI TBEPIKCHHS 2.2, Ta

—4)

: k
BHOKPEMJIIOIOThCSI KOHCTAHTHI JOMaHKu |y, |, ;... ,, B (2.17), ne q = (k=4) AKIO K —

q
akimo HenapHe. Toxi Lk=zlk_2j, a | =l,,,+L +c abo
=0

napHe, 1 Q=

(k=5)
2

I” = I(*3h+r) + L + ¢ BIAMOBITHO IS MTAPHKUX Ta HEMAPHUX 3HAYCHB K.

Taxkum YUHOM IIOKa3aHO, 1o 3HA4YCHHA JOBXXHWHHU OIITUMAJIBHOI'O

YIOPSAKYBaHHS BEPIIIVH 31PKU MOKHA allplOpPHO YTOYHUTH.

2.4.4 THi migkaacu aepes

Cepen 1HMMX MIAKIACIB JEPEB, 10 JOMYCKAIOTh I'PaIliO3HY PO3MITKY BapTo
TaKOX BUIIJIUTH JIAHIIOTU Ta OJHOJAUCTAHTHI JepeBa (200 T'yCeHHII]).
Osnauennus 2.5. JlepeBo, B sKOMY JB1 BEPIIMHN MAaIOTh CTETIeH]1 piBHI 1, a pernTa

BEPIIMH — CTEIEHI piBHI 2, Ha3uBa€eThes Janiorom [107].
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OpieHToBaHuit MaHIIOr CKIamaeThbes 3 |V [= K BeprumH, mociigoBHO 3’ €qHAHUX
pyramu MEHOKHEH U ={(V,,V,),(V,,V3)..(Vy,V, )} . Jlerko Gaumty, mo moxi6ua

CTpYyKTypa rpada He J03BOJIsE pO3MIILYBaTH KOJHY Hapy BEPIIMH Ha OFHE U Te came
MiCIle B YHOPSAIAKYBaHHI HE3aJEKHO BiJl KUIBKOCTI BEpPIIMH rpada, 4u iX BaroBUX
KoedilieHTiB, TOOTO Takuid BUIAJAOK HE TMOTpedye pPO3B’sI3aHHSA  3ajaul
YIIOPSIKYBaHHS.

3 iHII0r0 0OKY, TYCEHUIll — JepeBa, MOX1AHI Bi JAHIIOTB, MAIOTh CTPYKTYPY,
sKa JIOMyCKae mapaieibHe yIOpSIKyBaHHS BEPILIUH.

O3nauenns 2.6. I'yceHUIEI0 HA3UBAETHCS IEPEBO, SIKE MICIIs BUIYYEHHS 3 HHOTO
BCIX BEpIIUH cTereHi 1 mepeTBoproeThes Ha janior [107].

Caig 3ayBakutu, 110 30€pEKEHHS TOBKHUHHU JIAHIIOra B PE3YJIbTaTl BUIIyYEHHS
TaKUX BEpUIMH HE 00OB’SI3KOBE.

[IpoanaiizyeMo MOKJIUBI BaplaHTH CTPYKTYPH I'yCEHHIIh 3aJI€KHO BiJ] CIIOCO0Y,
3a SIKUM peOpa 3aMiHsoThCs nyramu [2]. Hexaii ryceHuIs yTBopeHa 3 Opi€HTOBAHOTO
JIaHIIOTa JIOBKHHU K IUITXOM JI0JIaBaHHS 10 HBOTO BUCSYMX BEPIIVH CTENeHiB 1, ski
3’€IHYIOTHCS BXITHUMU JyraMy 3 BEpIIMHAMM JIAHLIOTa, YTBOPIOIOYH 3 HUIMH KOPEHEBI

nigaepena (puc. 2.45).

1 2 3 4
] [ ] L ] L ] L ] [ ] L ] [ ] L ] [ ] L ] L ]
5 6 7 8 9 10 11 12 13 14 15 16

Puc. 2.45. OpieHTOBaHa I'yCEHHUIIS 13 BUXITHUMU JyraMu

JIJisi BU3HAYEHOCTI MPUITYCTUMO, IO BCl BEPIIMHU MAarOTh OAMHUYHI BaroBi
koedimientu. [Ipu moOymoBi TapanenbHOTO YHOPSAIAKYBaHHS Ha mepin K Micipb
PO3MIMIYIOTHCS BEPIIMHH 33JaHOTO JIaHIIora. Perira BepiuH TyCEeHUIl 3aHOCATHCS 3

ypaxyBaHHSM YacTKOBOI'O MOPSJKY MOYMHAIOUU 3 THUX, K1 NMPHUENHAHI J0 MOYATKY
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naHIora. Y BUIMajKax, KOJU 3ajaHa mmpuHa N>2 3a yMOB, IO B MOOYIOBAHOMY
ONTUMAJIBHOMY YIIOPSJIKYBaHHI 0€3 MepepruBaHb HA OCTAHHHOMY MICIll CTOITh MEHILIE
HiK h BepmvH, npu4oMy Ha JBOX OCTAHHIX MICISX CTOSTH JIMIIC BUCSYI BEPIIMHHU,
3HA4YCHHS 1IJIbOBOI (PYHKIIIT MOKe OyTH MTOKPAIIICHO.

[Ipu ymopsiakyBanHi BepmnH rpada 3 puc. 2.45 mepepuBaHHA 3MEHIIYIOTH

JTOBKHHY mpu h = 2,

h=2

(1267810121416 o
\ 5349111315 |

(126781012 {(14,0,5),(16:0.5)} (1405)) . _
'\ 53491113 15 16:0,5)) " 7

h=2
HactynmHuM po3riiiHEMO CXOXKHI BaplaHT CTPYKTYpU OPIEHTOBAHOI I'yCEHUII,
IO BIAPI3HAETHCS JIMIIE CHPSIMOBAHICTIO YT, SKUMH JO OPIEHTOBAHOTO JIAHIIOTa

JIOBXKUHHM K TIpreTHaH] BUCSYi BEPIIMHU CTETICHIB 1.

1 2 3 4
] ] ]
5 6 7 8 9 10 11 12 13 14 15 16

Puc. 2.46. OpieHTOBaHa I'yCEHHUIIS 13 BXITHUMU JyraMu

J1J1g TaKoi r'yCeHUIll MPUHIUI, 32 SKUM OYy€eThCsl YIOPSIKYBaHHs, Oye TaK0oX
MOAIOHUM JI0 MOMNEPETHHOr0 BUMAIKY, OJHAK PO3MIIICHHS BEPIIUH MOYMHAETHCS 3
KiHIlg. Pyxaroumch 3 KiHIM JO TOYATKy YIOPSIKYBaHHS, mepmumu Ha K wmicib
CTaBJIATHCS BEPILIMHU JaHItora. Jlajai B TOMy X HampsiMi 3 ypaxyBaHHSIM 4aCTKOBOTO
MOPSIZIKY 3aHOCATHCS JOMYCTUMI BHUCSYl BEPUIMHU, 32 MOXKJIMBOCTI JO3AMIOBHIOIOYU
Micisl. 3MEHIICHHs TOBXHHU YHOPSAAKYBaHHS B TaKOMY BHIIaJKy MOJIMBE, SKIIO 3

ypaxyBaHHSIM 3a71aHol mmprHu N> 2 mepiin ABa Mics YIOPSIKYBaHHS MICTSTh JIUIIE
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BEPIIHHHY, I1[0 HE MAIOTh BXiJHHUX JYT, OKPIM I[bOTO MIEPIIIe MICIIE 3aIIOBHEHE YaCTKOBO,
to0TO |S[1]| < h. IloOymoBaHe TakuM CHIOCOOOM YITOPSIKYBaHHS BepIIMH rpada 3

puc. 2.46 ipu h = 2 mae BUTIAA;

(5,0,5) {(5;0,5),(6;0,5)} 81012 1 2 3 4
(6;0,5) 7 9 11 13 14 15 16

[HIIMIA TpUHIMT TOOYI0BH YIOPSIAKYBaHHS JIJIsl BEPIIIMH TAKOTO Tpada mosisrae
B 3aHECEHHI Ha MepIIi MICIISl YIOPSAKYBAaHHS BEPIIUH 0€3 BXIAHUX IyT MOYUHAIOYH 3
TUX, AKl TPUETHAHI 10 mMepmoi BepmuHU JaHmiora. Cami BEpIIMHU JIAHITIOTA
BHOCSITBCSA J0 YHOPSIAKYBAaHHS HA HACTYMHI MICLS MICHSI TOTO, SIK yCl BIJMOBIAHI

MIpUETHAH] IO HUX YK€ PO3IOIIJICHI.

51 212 3 4
518 2 11 31416 4
=2: 'h=3:/6 8 10 13 15
6 791012 13 15
791114 16

Takox posrisHemMo rpadu SKi yTBOPEHI 3 OPIEHTOBAHUX 3IPOK MUIIXOM
MTOKPOKOBOTO TIOCITITOBHOTO 3JIUTTS HEIICHTPATLHUX BEPIIIHMH, TaK [0 KOKHA HACTYITHA
MIpUEIHAHA 31pKa Ma€ JIUIIE OJIHY CIIJIbHY BEPIIUHY 3 TToNepeaHbotr0. [Ipukian Takoro

rpada, o CKIaIae€Thes 3 MOETHAHHS BUXITHUX 31POK, 300paxeHo Ha puc. 2.47.

1 2 3 4
. ./\. ) )
s 8 9 1 15
L] .
. . . 12 . 14
6 7 10 13

Puc. 2.47. I'pad six 06’ € qHAHHS BUXITHUX 31POK

VY Bumaaky, Koiu rpad, 1Mo Ma€e TaKky CTPYKTypy, HEOpPIEHTOBaHUM, BiH OyJe

I'yCEHULIEIO.
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IIpu Takit cTpykTypi rpada moOyoBa MapajeIbHOr0 YHOPSAKYBaHHS 1l
BEpPILMH BiI0yBAa€ThCsA HACTYMHUM 4MHOM. Ha mepimi Micisi CTaBiIsAThCS LIEHTPATbHI
BEPIIMHM 31pOK, 3 AKX BOHA CKIAAETHCS, TOYMHAIOYM 3 THX, SKI MAIOTh O1IBIIHIA
cremidb. ITicas mBOrO BHOCATBHCS pelnTa BepinuH. SIKmo npu 3amaHomy h>2 B
noOy/I0BaHOMY TaKUM CIIOCOOOM YHIOPSAKYBaHHI 0€3 mepepuBaHb OCTAaHHE MICIE
3allOBHEHE YaCTKOBO, JO TOTO » Ha OCTAHHIX JBOX MICLSX BIJCYTHI LIEHTPaJIbHI
BEPILKHU 31pOK, TO 3HAYEHHS LITHOBOT (PYHKIIIT MO’KHA 3MEHILUTH 32 PaXyHOK JI03BOJTY

nepepuBaHb.

4357 9 111315 .,
12681012 14

oo 485791 {(13,0,5),(15;0,5)} (13;0,5) ) ..
~"l12681012 14 (15,0,5) ' "

=17,5.

[TpoanaiizyeMo, SIK 3MiHUTBCS JTOBKUHA ONTUMAIBHUX YIIOPSIKYBaHb BEPITUH
pO3TIsHYTUX TpadiB, a TAaKOXK SK BINIMHE YMOBa PI3HUX BaroBUX Koe(dilll€EHTIB Ha
¢()EeKTUBHICTh TepepHrBaHb. [IpUITYyCTHMO, IO BEPIIMHH OPIEHTOBAHOTO JIAHIIIOTA
nosxuHn K MatoTh 10BiIbHI Barosi koeditientu Py, Pz ... Pk Taxi, wo p; >> 1 (i =1,k).
[Ipn npuenHaHHl A0 JOBUIBHUX BEPIIMH V; OPIEHTOBAHOTO JIAHIIOTA JTOJATKOBUX
BepIIMH oaMHM4YHOI Baru V, (f > K) muisxoM BBeACHHS BiAMOBiZHUX ayr (Vi,Vr)
OJIEPKYEMO CTPYKTYPY Tpada 3 OJIHIE0 BEPIIMHOIO, 1110 He Ma€ BXiaHux ayr. [Ipukian

Takoro rpaga HaBeJeHo Ha puc. 2.48.

1(p1) 2(p2) 3(p3) 4(ps)
% - - -
Y Y Y
° Y ® ° Y ° M ' ° 4 'y °
3 6 7 8 9 10 11 12 13 14 15 16
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Puc. 2.48. OpieHTOBaHUH JAHIIOT 13 BUX1THUMU AyTraMH Ta HEOJUHUYHUMU

BaraMu BCpUINH

[Ipu 3a00poHEHUX TEpEepUBAHHSIX ONTUMAJIBHE YMOPSAKYBaHHS MOrO BEPIIWH

4
mpurn h = 3 Mae fopxkuny | = Z P, +2 1 OyayeThbCs 3a cXeMoro 3 puc. 2.49.
i=1

5 7 8 10 11 13 14
— — — ——
6 9 12 15
— — — —
2 3 4 16
ae e P co e . cee L e e s ]
3 4 n 4 n ry n Y
¥ o v L ¥ L L -
p 2p 3p ap  4p2 !

Puc. 2.49. Cxema po3nofiny BepIIrH r'yCceHuIll 3 puc. 2.48 0e3 nepepuBaHb

3MEHIIeHHS! 3HaYeHHS LIIbOBOI (PYHKIIT 32 paxyHOK JO03BOJIy NEPEPUBAHb Y

JTAHOMY BUMAJKy € HE3HaYHUM, aj[Ke MO0YyI0BaHE 3 1X ypaxXyBaHHSIM yHOPSIKYBaHHS

4 1
Mae JOBXHUHY |, :Zpi+1§, AKa BigpizHAeTbCA Bif |° MeHI, HiX Ha OJUHULIO.
i=1

BpaxoByroun modaTtkoBy yMOBY Pi>> 1, nilileMO BHCHOBKY, IO TOKpAIIEHHS €
HECyTTEBUM. B pe3ynpTaTi aHANOTIYHHUX MIPKYBaHb Ui BUNAAKY, KOJIH
CIIPSMOBAHICTh JIYT, IO 3’€IHYIOTh BepiuHU V, (I > K) i3 JTaHIIOrOM € 3BOPOTHOIO,
TOOTO MaeMo Tpad 3 OAHIEID BEPUIMHOO, 110 HE MA€ BUXIJHUX AYT, ONTUMAalbHE
YHOPSAIKYBAHHS 3 MEPEPUBAHHSIMU TaK CaMO HECYTTEBO 3MIHUTH 3HAYEHHS LLIHOBOT
GyHKITI.

Hactynaum nmpoananizyeMo BUMaa0K, KOJM HE BCl BEPIIMHU MalOTh OJHAKOBI
BaroBl Koe(iIli€eHTH, OJIHAK Ha BIAMIHY BIJ MomnepenHix rpadis, BEPIIMHH JIAHITIOTA
MarTh Baru piBHI 1, a TpueaHAHI JO HUX — BIAMOBIAHO piBHI p. Ha puc. 2.50

300paKEHO CTPYKTYPY TAKOTo Tpada, mpuuoMy BBAKAETHCS, 110 BEPIIMHH 5-16 MatOTh

Bary p.
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4(1)

y ®

7 8 9 10 11 12

L
(=3}

b
13 14 15 16

Puc. 2.50. 3BaxkeHa BXijgHa I'YCCHUIS

[ToGynoBaHe yrmopsAKyBaHHs BEPIIMH Takoro rpada mnpu h = 3 Ta 3a00pOHCHUX

nepepuBaHHaX Ma€ ToBxkuHy | =4p+2. 3i cxeMu po3moaiay BEPIIMH CTa€ OUEBUIHO,

110 32 paxyHOK J03BOJIY I€pEeprBaHb JOMOITUCS CKOPOUYEHHS JOBXKUHU B JAHOMY pasl

HCMOJKIIMBO, aJI?K€C 4aCTKOBO 3aIIOBHCHHUM € JIMIIC OCTaAHHE MiCIIe YIOPAAKYBAaHHA, IO

MICTUTh OCTaHHIO BEPIIMHY JIAHIIIOTa.

5 1 10 13 16 4

L] i cse e e cse i

6 8 2 12 15

'"EE] o ae e S e e 'R -

7 9 11 14 3

'XE} o ' - cae se e ]
i i i i i 0
¥ ¥ U ¥ ¥ rd
? 2p 3p 4p 4p+2 !

Puc. 2.51. Cxema posnofiny BepiinH ryceHutll 3 puc. 2.50 6e3 nepepuBaHb

1106 BUSIBUTH, YU € BUTIAJKH, KOJIH JO3BLI IEPEPUBAHb TaCTh CYTTEBUI BUTPAIIl

3HAYCHHA IIJTbOBOI (DYHKIIIT IJIs1 TYCEHHUII], 110 Ma€ MOI0HY CTPYKTYPY, PO3TISTHEMO

rpad yTBOpeHUH 3 HaBeJeHOro Ha puc. 2.50 NUITXOM NpUEIHAHHS YePTOBOi BEPIITUHU

Vr (3 mojmasiblio mepeHyMmepaiiiero). Jlus BH3HAYCHOCTI, BBaKaTUMEMO, IO BOHA

MpPUEIHAHA IO BEPILIMHU V7, 1110 IPOLTIOCTPOBAHO HA pUC. 2.52.
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1(1) 2(1) 3(1) 4(1)

5 6 7 8 9 10 11 12 13 14 15 16 17

Puc. 2.52. 3BaxkeHa ryceHuIIs 13 MpUEIHAHOIO BEPIIUHOIO

YHopsiikyBaHHS BEpIIUH Takoro rpada 0e3 nepepuBanb 3a mmpuau h = 3 mae

HACTYIIHY CTPYKTYpPY, 3 SKOI BHIHO, IO KiIbKICTh YaCTKOBO 3allOBHCHHX MiCIb
ckmanae (p+1):

7 10 13 16 17 4

sas - ase T sas - ses - aes P

6 9 12 15 1 2 3

see T see T “ee - o 0 0 e——————

5 8 11 14

sas - aes - sas - sas o
+ + + + —t >
P 2p 3p ap 5p Sp+l /

Puc. 2.53. Cxema po3noity BepIlIrH I'yCeHHuIll 3 puc. 2.52 6e3 nepepruBaHb

JI03Bin TepephBaHb CKOpOUYYe IOBKHHY ymopsakyBarHs 3 | =5p+1 mo

1

* b 1 1 i 2
I, = 45 P+2. Pi3HMI MK BIINOBIJHUMH [OBXHHAMU CKJIaJa€ (gp _lj > 1O

CBIIYUTH MpPO OUIBII CYTTEBUMM BUIpAll y TOPIBHSHHI 3 IMONEPEIHIM BHIIAJIKOM.

CrpykTypa ONTUMAJIBHOTO YIIOPSAKYBaHHS 3 IEPEPUBAHHIMU HaBeIeHa Ha puc. 2.54.

7 10 13 1 17 16
') o 'R - K} P — 0 ¢ —

9 12 15 2 17 15

. - cee - aee - P ¢ ¢ ¢ —
5 8 11 14 3 17 4
'R} - 'R - 'K} I 'R S s
i r i r r 0
L] ¥ L] LJ - ¥ -
p 2p 3p dp 13p /

Puc. 2.54. Cxema po3noainy BepIluH rycenuti 3 puc. 2.50 3 nepepuBaHHIMU
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[Ipn BHeEceHHI THUX BEpIIWH, SKI MPHUETHAHI 1O OPIEHTOBAHOIO JAHIIIOTA,
OpIOPUTETHICTh TpPHU BHOOpPI KOXKHOI HACTYNMHOI BEPIIMHU JUISI PO3MIIICHHS
BU3HAYAETHCS TOBKUHOIO HAWIOBIIOTO NUIAXY, IKUW TOYMHAETHCS B il BEPIIIMHI.

Jlani 3’sicyeMo, UM BITMBA€ Ha BUTpAIl BiJ MEpPEpUBaHb CHOCIO, 32 SKUM 0
JaHLIoTa TPUETHYIOTbCS BepInHU V. Hexail Oinbplie MOJOBMHM TakuX BEPILUH,
IPUETHYIOTHCS O OCTAHHBOI BEPIIMHM JIAHILIOTA. J[Js BHU3HAYEHOCTI PO3TISTHEMO
NOPUKIAT, B SIKOMY BEpIIMHU 1-3 YTBOPIOIOTh OpPIEHTOBAaHHWM JAHIIIOT, a OlIbIIe
TIOJIOBUHU BEPIIMH Bard p (Hampukian 8-17), mpuemHaHi 10 OHI€T 3 HUX, TOOTO

HepiBHOMIpHO (puc. 2.55).

1(1) 2(1) 3D

A \

17

4 5 6 7 8 9 10

Puc. 2.55. I'ycenunis 3 nepepo3noAiIeCHUMU BEpIIMHAMU, TIPUETHAHUMU 10

JaHIrora

CxemMaTMYHO ONTHUMAaJIbHE YIOPSJAKYBaHHS BEpIIMH JaHoro rpada 06e3
TnepepuBaHb NpH MIMPMHI PiBHIN 4 Mae noBxuHy | =4p+1 i BUIIALA€ HACTYIIHUM

yrHOM (puc. 2.56).

4 1 8 12
see P sea > 00—
9 2 13
eee o cee e o0 o mm—l
6 10 14 16
asa > asa - * 00— — 0 & —
11 15 17 3
eee - cee T o0 0 e—— ¢ ¢ e———
' 3 + ' 4 \
L v v v v -
P 2p 3p 4p 4p+1 !

Puc. 2.56. Cxema po3nofiny BepIIvH ryCeHHII 3 puc. 2.55 6e3 nepepuBaHb
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I[O?)BOJII/IBH_II/I INEpCpruBaHH:A, I AOBXXWHA MOXKC 6yTI/I CKOpPOYCHA OO BCIWYMHU

T 1 1 1 1
piBHoi 1, = 35 p +1E , TOOTO Ha 3HAYCHHS (Ep —Ej :

1 | 8 16 12
seae s K] P - cee »
9 2 17 13
'K o 'EE] o - . 'Er] »
6 10 14 16
aee - ase - aese e »
7 11 15 17 3
ss e - as e P sae - P
+ + + t >
P 2p 3p 3.5p+15 l

Puc. 2.57. Cxema po3nofiiny BepIINH I'yCEHUII 3 pUC. 2.55 3 nepepuBaHHAMHU

Po3risinyTi npuKkIiiaay cBil4aTh, M0 B 3arajJbHOMY BUITaIKy MHOXXUHY BEPIIHUH,
K1 MalOTh BaroBl KOCQIIIEHTH p MOXHA PO3TJISIATH HE3AJEKHO BiJI TOTO, 0 SIKUX
came BEpIIUH JIAHIFora BOHU TpuenHaHi. [{e Takox o3Hauae, 110 po3B’sS3aBIIN OHY
3a/1a4y YHIOPSAKYBAHHS ISl 3aJ]aHUX IMIJMHOXKUH BEPILUH JIAHIIOTA 3 OJUHUYHUMU
BaroBUMU KOe(illEHTaMU, Ta TPHUETHAHUX BEPLIMH Baru p, OJEpKaHl JOBXHHU
YOOPSAAKYBaHb OyAyTh (ikcOBaHMMH i OYyIb-IKOTO CHOCO0Yy TMpHUETHAHHS.
Po3rissHeMO KIJTbKICTh MOXKJIUBHUX CIIOCOO1B 11€ 3pOOUTH.

Sxmo mpu mpuUETHAHHI BEPIIWH Bard p CYTTEBUM € BpaxyBaHHSA HyMeparlii
KOHKPETHUX BEPIIHUH, TO KUIbKICTh MOXKJIMBHX BapiaHTIB MPUEIHAHHS JIO JIAHIIIOTA
BEepIIMH OyJie JOpIBHIOBATH KUIBKOCTI BIJMOBIAHUX crojydeHb. [IpencraBumo
noOy1oBy rpada y BUIJISI ITEPaTUBHOTO MPOILIECY, MPU SKOMY Ha KOXKHOMY KpOI 10
OJIHIET 3 BEPIIMH JIAHIFOTa JOBXUHHU K TMOCIIOBHO MPUETHYETHCS JCSIKA KIIbKICTh

BEpIIMH Baru p. Hexait iX KiIbKICTB JJISI KOKHOI i-01 BEpIIMHM JIAHIIOTa CKJIagae M

PR K
( Vi=Lk;m >1), BianoBigHO 3arajibHa iX KiIbKicTb » m,=m. [l OpocToTH 3amucy
i=1

MOYHEMO TMPHUETHAHHS MOYMHAIYM 3 K-01 BepIIMHH y 3BOPOTHOMY mopsaky. Ha
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MepIIii iTepallii cepes; M BEpIIUH 00MPAEThCS My, KUTBKICTh BapiaHTIB I[bOTO BUOOPY

)

cknamae —-~——. Ha macTynHid irepamii cepel BEPIIMH, SKi 3aIUIIMIAC

(5]

i=1

oOUpaeThCs Mi.1, TOOTO KIJBKICTh BapiaHTIB JOPIBHIOE . AHaNOT14HO JJ1s1

yCiX HACTYNMHMX ITepalii, ak 1O MpueaHaHHs My. Ha Tomy erarmi, Koiau HEOOXiTHO
npuegHaTH M; BEPIIMH, MPOCTO MPHUENHYETHCA pemTa. TakuM YWHOM KUTBKICTb

crioco01B IpUETHAHHS BEPIIHH JI0 OPIEHTOBAHOTO JAHITIOTA IOPIBHIOE

2
m_, ![ .2:1: mij!

SIxio npu npueaHAHHI BEPIIUH JI0 JIAHIIOTA iX HyMmepallisi € HECYTTEBOIO, TO

k—

2
j=0
NOTPIOHO BPaxOBYBATH JIMIIE MOXIJIMBY KUIbKICTh BEpIIMH, SIKI 3 €IHYIOThCS 3
BI/IMOBITHUMHU BEPIIIMHAMU JAHIIIOTA.

st rpada, kUil Mae CTPYKTypy TyCeHHIll, CHOPMYITIOEMO YMOBH, MPU SIKUX
NepepyuBaHHs J03BOJIAIOTh 3MEHIIMTH 3HAYEHHS ULIIbOBOI (YHKIII Yy BUIIISAIL
HACTYITHOI TEOPEMU.

Teopema 2.1. J103Bin nepepuBaHb Mpy MOOYA0B1 ONTUMAIBHOTO YIIOPSAKYBaHHS
MO€ 3MEHIIUTH 3HAYCHHS 1IJIbOBOI (DYHKITIT SIKIIO:

1)  wmuoxuHa BepmmH V (|V|=n) po30uBaeThcs Ha JBI HENCPETHHHI

migmaokuEn Vi ta Vo (Vi =ng, [Vo|=ny, me ni+n;=n), we{c,p} — Barosi
koedinieHTH BepmmH (xe i =1,n Ta p >> C), IpHIOMy

W, =C, sKmo V, €V,
W, = p, sxmo V;, €V,

2)  BEpIIMHU MIMHOXHHH V1 yTBOPIOIOTH OPI€EHTOBAHUI JIAHIIIOT;

3 W, eV, v,y )eU, ne v, €V;;
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V.
4) |V2|>hTa%§£N.

[Ipu upomy | -1, > P, e (| — ocraua Bijx mineHHs [Vo| Ha h.

(h-q)
h

Jlogedenns. OMIHUMO 3HAYEHHS HUTBOBOI (DYHKINT B pasi, SIKIIO MEepEepUBAHHS

M p+c<l' < M
h h

3a00opoHeHl. HeBakko mepekoHaTucss B TOMY, IO p+Vyc.

JlificHo, He3aJeXXHO BiJl TOTO, 0 SKUX BEPIIUH OPIEHTOBAHOIO JIAHIIOTA MPSMYIOTh

OyTd 3 BEPIIWH, IO HaJIeXaTh MIAMHOXKHWHI Vp, 3aBXKIM 3HAKUACTBCS CHOCIO iX

Vi

PO3MIIIIEHHS B YIOPSAKYBaHHI, MPH SIKOMY TMOBHICTIO OyIyTh 3allOBHEHI Y p

MICIIb, @ YACTKOBO 3alIOBHEHUMHU — BIAMOBIJTHO 1€ P MICIIb (32 paxyHOK yMOBH 4). 3
IHIIOTO OOKY, SIKIO HAMPHUKJIIAJ BC1 BEPIIMHU MIAMHOXKUHUA V7 IPUEIHAHI 10 TEPIIOi
BEpPUIMHMU JIAHLIOra, TO BCSA MNIAMHOXKHMHA BepmMH Vi Moxke OyTH po3MmilieHa B

YIOPSIKYBaHHI JIMIIIE TIOCIIIOBHO MiC/Is HUX, 3aiimMarouu |V1|C Micis. Y pasi, sSKIIO /10
OCTAaHHBOI BEPIIMHU JIAHITIOTA MPUETHAHO HE MEHIIIEC ( BEPIIHH 1 (M‘ —1)0 <P, To Ha

P YaCTKOBO 3alIOBHEHUX MiCIlb MOXHA po3mictuty nepii (|Vi|-1) BepimHu naHIoTa,
a BIATNOBIZIHO OCTAHHIO — HAa MICLS 0€3MocepeHbO MICIS BHECEHHS PEIUTH BEPIIMH

rpada.

VY BUmaaky 103BOJICHUX MEPEPUBAHb OIlIHKA JOBXUHU Ma€ HACTYIMHUN BUTJIS

Vi

Sopes I < % p+V,J|c 3 MipkyBaHb, aHAJIOTriYHMX 10 BUINAAKY 3a00pPOHEHHX

nepepuBanb. €IMHOIO BIIMIHHICTIO € TE, III0 HUXKHS OLIHKA JIOCSKHA 32 YMOBH, KOJIH
JI0 OCTaHHBOT BEPIIMHHM JIaHIOra npueanano He menire (h+q) BepmmnH. 3HaimeMo
PI3HMIFO MK BIJMOBIIHUMH 3HAYEHHSMH JOBXHHH YIOPSAAKYBaHb. JIJIsi OIIHKH
3HU3Y:

- _( Ml
. h

A Val | _ Vel

pre—| SEp+c|= TZ‘ p—¥p= sl el I'

1" -1 2
h h

JUJ1st OLIHKH 3BEpXY:
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oty = el o (Ml p e |- el | Bl el e

To6To pi3amus Oyae onHakoBOIO B 000X Bumaakax. BpaxoByrouu ymoBy 4

npezacrasumo |Vo| y Burisiai (mh+q), ne me N . Toni

(et R

. . . q . .
OckiJIbKHU (| — OcTaya BiJ AUICHHS Ha N, TO OYeBUIAHO, IO h <1 i BigmoBigHO

[%1 =1. 3 1bOro BUILIMBAE, IO

R )

3pelToro NoKa3aHo, O B pa3l BUKOHAHHS HABEJIEHUX YMOB JI03BLJI IEpEpPUBaHb
MO>K€ 3MEHIIUTH 3HAYEHHS L[UIbOBOI (PYHKIII1, OUTbIIE TOrO, HA BEJIMYHHY, SIKY MOKHA

BHU3HA4YNUTH anpiopHO, aZI’KC BOHA 3aJIC’KUTDH TUIBKHU BiI[ IIOYaTKOBUX JaHUX.

2.5 BuCHOBKHM 10 po3aiiy

Taxum ynHOM OYII0 JOCTIAKEHO BILUIUB JJO3BOJY IIEpEepUBAaHb HA ONITUMANIBbHICTD
HITbOBOI  (PYHKIII B 3a7adl YHNOPSAKYBaHHS MpPH JO3BOJICHUX NE€PEpUBAHHSIX,
MIPOAHAJII30BaHO 3aJIEKHICTh 1[HOTO BIUIMBY BiJ] CTPYKTYpPH BIAMOBIAHOTO oprpada Ta
MOYATKOBUX JaHUX.

BBezneHo o11iHKy, 3a SIKO0 OOYMCIIIOBABCS BUTAIIl 3HAYCHHS IIJIbOBOT (QYHKIIIT,
SAKUW TIATBEPIKYE MOIIIBHICT TEpepuBaHb, MPUUOMY IS OIIHKA OTPUMYETHCS
arnpiopHO.

Jlnst BunaaKy, konu rpad CKIaIaeThes Jauiie 3 i301boBanux BepiuH (U =),
BUSIBJICHO, 1110 MPU PI3HUX BaroBUX KOeQill€HTax BEPIINH, 32CTOCYBAHHS EpEPUBaHb
JTa€ MEHIIMIA BUTpAIl MOPIBHAHO 3 aHAJIOTTYHUM rpadoM, B IKOMY BCl Bard BEpPILIUH

piBHi. Takox Oyio moKa3aHo, 0 BEPXHE TPAHUYHE 3HAUYCHHS MOXJIMBOTO BUTPAIITY



99

ckiagae 50% 3a yMOBM, KOJM 3a/laHa IIMPUHA YNOPSAKYBAaHHA € HA 1 MEHIIO 3a
KUTBKICTh BEPIIHH.

Jlig TmOBHUX ABOMONBHUX TpadiB Oylo MpOaHATI30BAaHO BUMAAKH PI3HUX
CHIBBIJIHOIIEHb TMOTY>KHOCTEH BEpIIMH BIAMOBIAHUX JAOJEH. Y BHUMNAAKY, KOJIU
MOTY>KHOCTI O/IHaKOB1, BUSIBJICHO, 1[0 IEPEPUBAHHS MOXYTb IaBATH BUTPAI OJU3bKHIA
10 50% 3a yMOBH, KOJHM KUIBKICTh BEPIIMH B KOXHIM joyi Ha 1 Ouibina 3amaHol
MIMPUHU YHOPSAAKYBaHHS. TakoXk MOKa3aHo, 10 B pe3ybTaTi BUIyYEHHS JIUIIE OHI€T
BUIIAJKOBOI TyTH 3 TAaKOTO Tpada BUTpaI BiJ MEpEpUBaHb 3HUKYETHCS. [ BUnaaky
PI3HUX MOTYKHOCTEH C(HOPMYIBOBAHO Ta JOBENECHO TBEP/UKECHHS, IO 3HAYCHHS
BUTpalty Oyne ogHakoBuM s BunaakiB Ky ta Ky, K Ta I — KiJIbKOCTI BepIIvH y
BIJIMOBIIHUX JloyisiX. [IpoaHanizoBaHO BIUIMB MMOYATKOBUX JAaHWUX Ha BHUTpall 1
3’SCOBaHO, 10 Ha €()EKTUBHICTh NMEPEPUBAHb MPHU PO3MOJILII BEPIIUH OFHIET O
BIUIMBAE He Oe3mocepeqHsl KUIbKICTh IIUX BEPIIWH, a YacTKa Ta ocTaya BiJ JUICHHS
HAIILJIO IbOTO YUCJIa HAa 3HAUYCHHS 33JaHO1 ITUPUHU YIIOPSIAKYBaHHS.

JlociipKeHHs BIUIMBY 3aCTOCYBAaHHSI IEpEpUBaHb y BUIAKaX, KOJIU rpad 3aaadl
€ MapajebHO-TIOCIIIOBHUM MOKAa3alo, L0 BUIpall OE3MOCEpEeIHbO 3aJEKHUTh Bij
CHIBBIJIHOIIEHHSI BAaroBUX KOE(DIIIEHTIB BEPIINH, 3’€IHAHMX IMOCIIJIOBHO, Ta
napajieibHo. Burpam B HalripmomMy BUNAAKYy BiJACYTHIM, TOMl K B HAUKpAILIOMy —
carae 50%.

Byno po3risayTo Bumnaaku, koiu rpad 3agadl Mae CeliaibHy CTPYKTYpPY, JJIs
SKOi JOBEJICHO, II0 BOHA JIOMYCKAa€ rpaiio3Hy po3MiTky. llepmmmu 3 Takux rpadis
JTOCITKYBIHCS AEpeBa CIECIAIBHOTO BUTIISTY — 31PKH.

JUist 31poK 3 OJMHMYHUMHU BaramMy BEpUIMH aHalli3 BIUIMBY BiJ J03BOJY
nepepuBaHb Ha 3HAYCHHS IUTHOBOT (DYHKIIIT MOKa3aB, M0 3aJI€KHO BiJl CIPSIMOBAHOCTI
JIyT BUTpall MOXE CSAraTH BEPXHbOrO TpaHWYHOro 3HadyeHHs 33,(3)% y Bumaakax
BX1JJHOT YM BUX1JHOI 31pKH, Ta 40% y KOMOIHOBAaHOMY BUIIAJIKY.

[HmMM  migkIacoM AepeB, IS SKHX JIOBEJICHAa MOMKIMBICTH Tpallio3HOi
pO3MITKH, € onuBKOBI. Ilpu anamizi rpadis, 1m0 HajnexaTh LBOMY MiAKIacy, OyB
3aCTOCOBAaHUM MEpeXiJl A0 BUMAJKY 31pOK 3 pI3HUMHU BaraMu HELUEHTPaJIbHUX BEPUIMH.

Jlnsi HUX TIOKa3aHO, IO amnpiopHE BHU3HAYEHHS TOYHOTO 3HAYEHHSI BUTPAILY Bij



100

nepepuBaHb 3HAYHO YCKJIAJIHEHE B TIOPIBHSHHI 3 BHUIAJAKOM pPIBHMX BaroBHX
KoeIII€HTIB, B pe3yibTaTi YOTO PO3TJSAABCS MIHIMAJIbHHUI TapaHTOBAHUN BHUTpAILl
BiJl JO3BOJTy MepepuBaHb. B 3araiibHOMY BUIMAKy BiH HE J]a€ CYTTEBOTO MOKPAIICHHS
3HAYCHHS IIJIOBOI (DYHKIIIT HE3aJIE)KHO BiJI TOTO, YM € BIJMOBiJAHA 31pKa BXIJIHOIO,
BUX1HOIO 200 KOMOiHOBaHOIO. [OpiBHSHHSA MiHIMAJIBHOTO TaPAHTOBAHOTO BHUTPAIITY
13 TUM, SKHM OyJ0 oJlep)kKaHO B pPE3yJbTaTi OOYUCIIOBAIILHOTO EKCIEPUMEHTY,
BUSIBUJIO JIOIIJTGHICTh YTOYHEHHS MOTO OIIHKA. 3arpoIOHOBAHO Ta CHOPMYITHOBAHO Y
BUTJISIAI BOX TBEPKEHB CIIOCIO, 32 SIKUM JIOBXKMHA IMMapajIeIbHOTO YIIOPSAKYBAHHS
0e3 epeprBaHb (2 OTIKE U OI[IHKA BUTPAIILy) MOKE OyTH anpiopHO YTOYHEHOIO.

AHaJi3 BIUIUBY NepeprUBaHb OyB MPOBEACHUMN JJIsl BUMAIKIB, KOJIM BIMOBIAHUI
rpad 3amgadi Mae CTPYKTYpPY OJHOJMCTAHTHOTO jaepeBa (rycenwiri). JlocmimkeHo
JOIUTBHICTh 3aCTOCYBaHHS MEPEPUBAHD B 3aJICKHOCTI BiJl HACTYITHUX XapaKTEPUCTUK
Takoro rpady: OyJ10BU; CIIPSMOBAHOCTI JIyT; 3HAYEHHS BaroBUX KOE(IIIEHTIB BEPIIUH;
Croco0y po3Io/Illy BEPIIHH, 10 MPUETHAH] /10 JIAHIIOTA, SKUH YTBOPIOE T'YCEHHUIIIO.

3 BHUKOPHUCTAHHSIM KOMOIHAaTOPHMX KOH(QIrypauiii BH3HAYEHO KUIbKICTh
MOXJIMBUX CITOCOOIB MPUETHAHHS BUCSYUX BEPIIUH J10 jJaHIora. ChopMynboBaHO Ta
JIOBEJICHO TEOpeMy, sIka BHM3HAYa€ YMOBH, 3a SKHUX JO3BIJI TMEpEpUBAHb MOXKE
3MEHIIUTA 3HA4Y€HHSA WIboBOI (QyHKWII 11 rpadiB, L0 MaKoTh CTPYKTYpY
OpIEHTOBAHOI T'YCEHHII].

OCHOBHI pe3yJIbTaTH PO3/iTy OIy0JIiKoBaHO B podoTax [2-5,9,10,12,13].
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Pozain 3. IESKI Y3AT'AJIBHEHHS ITIAXOAIB 10 AHAJII3Y 3AJIAY
3 IIEPEPUBAHHAMU

3.1 BniiuB nepepuBaHb Ha ONTHUMAJIBHICTH B OIHIN y3arajbHeHiil 3apaui

YHOPSAKYBAHHSA

OgHuM 3 BaXJIMBUX TMWUTaHb MPU JOCIIDKEHHI 3aJad MHapajieJbHOTOo
VIOPSAIKYBAHHS € aHaJi3 BUIAJKIB BUHUKHCHHS aHOMAJIA — CHUTYyaIlil, 3a SIKUX
nocyia0JaeHHs] TMOYaTKOBUX YMOB TIPU3BOAUTH JO HEOYIKYBAaHOIO MOTIPIICHHS
3HaYeHHS 1LIhoBOI QyHkmii [109]. fx mpaBuiao, aHOMamii MOXYyTh BHHUKATH Y
BUIAJIKaX, KOJU OKPIM OOMEXEHb Ha MOPSJIOK BUKOHAHHS POOIT 3ajaya Mae JesiKi
J0/IaTKOB1 OOMEkeHHsA. Taki OOMEKEHHs 30KpemMa HaKJIaJaroThCi 3a JOMOMOTOIO
CIUCKY IIPIOPUTETIB.

Osnauenns 3.1. CnuckoM npiopuTeTiB L Ha3uBa€eThCs MOCTIIOBHICTD (V1, ..., Vi)
BepumH rpada G = (V,U), |V| = n, 3rizHo 3 K010, SKII0 BepIIHHA Vj CTOITh B L mpasime

3a Vi, TO B YIOPSAKYBaHHI Vj PO3MIILYE€THCSA HAa MICIISIX, IO HE IEPENYIOTh PO3MIIICHHIO
BEPILUHU Iy (j,k :l_n) .

Opne 3 y3aranbHEHb IPU MOCTAHOBII 337a4 YHOPSJIKYBaHHS, 32 SIKOTO TaKOX

MOXYTh BHHUKATH aHOMaJbHI BHUIAJKH, Iepeadayae, M0 3aMICTh IITUPUHHU

YHOPSAKYBaHHs h B MOYaTKOBUX yMOBaX 3ajaHa MHOKMHA 3HaueHb N, € N Takux, mo
2<h <n,|S[i]|<h, 1<i<n.

OnumemMo yMOBH, 3a SKHX B 33Jadl YHOPSAOKYBAaHHS MOXKHA YHHUKHYTH
BUHHUKHEHHS aHOMaJIi}, OB’ 13aHUX 3 HASIBHICTIO HABEJEHUX ceu(pIuHUX 0OMEXKEHbD,
3a paXyHOK JI03BOJIY I€PEPUBAHbD’

- CIIMCOK IPIOPUTETIB Ma€e OyTH MOOYAOBaHUH 3T1THO 3 AITOPUTMOM MOOYI0BU
onTUManbHOro crnucky mpiopuretie [110,111]; poOoTH 3 BHCOKHM MPIOPHUTETOM
MOXXYTh TIEpEpUBATH BUKOHAHHS POOIT 3 HIKYUM MPIOPUTETOM, IO TaAPAHTYE

BUKOHAHHSI OUJIBIII BOXKJIMBUX 13 HUX MEPIIOYEPrOBO;
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- BUKOHAHHSI [TepepBaHOi poOOTH IPOAOBKY€ETHCS MI3HILIE, aJl€ Y3TOIKY€EThCS 31
CIHCKOM TPIOPUTETIB, L0 JIO3BOJISIE PO3MIIIYBATU OLIBII MPIOPUTETHI POOOTH Ha
KpaifHiX JIIBUX JOITyCTUMUX MICISX yropsakyBanas [112];

- y Oynb-sIKMMi MOMEHT BHMKOHAaHHS POOOTH MOXJIMBE ii TEpepUBaHHA Ta
MIEPEPO3MO/IiI, IO JO3BOJISIE BpPAaXOBYBATH 3MIHH KUIBKOCTI IOCTYITHUX BUKOHABIIIB Ta
MIporpec BUKOHAHHS POOIT B peaIbHOMY Yacl.

Y pa3i BUKOHaHHSA LHUX YMOB BHUKOPHUCTaHHS QJITOPUTMY MPIOPUTETHOTO
JUHAMIYHOTO TMEpPEepO3NOoALTy M03BOJIsiE €(EeKTUBHO MPU3HAYATH BUKOHAHHS POOIT
BUKOHABLISIM, BPaxOBYIOUM IMPIOPUTETH Ta MOKJIUBICTH NepepuBaHHs poOiT. Lle
MIHIMI3Y€ 3arajlbHUi Yac BUKOHAHHS 1 3a11001ra€ BAHUKHEHHIO aHOMAJI1H, SIKI MOXKYTh
3’SBIIATUCS BHACIIZAOK 3MIMIEHHS BUKOHAHHS OUIBII MPIOPUTETHUX POOIT MEHII
MPIOPUTETHUMHU.

Jist 3amay 0e3 HasgBHOrO CHHUCKY NPIOPUTETIB MPOAHAIIZYEMO, KWW BIUIMB
MaTUME JO3BUI TepepuBaHb Ha 3HAYEHHS LIJIbOBOI (PYHKLII MpPH OMNHCAHOMY
y3arajJbHEHHI, SKIIO TEXHOJIOTTYHI OOMEKEHHS 3a7aHl oprpadoM OAHIET 31 CTPYKTYD,

PO3IIIAHYTOI B IONIEPEAHBOMY PO3ILII.

3.1.1 ¥3araibHeHHs B 3a/1a4i 0€3 HASABHOCTi YaCTKOBOI'0 MOPSIAKY

Hexaii rpad 3agaui 3a1aH0 MHOKHHOTO 130J1b0BaHUX BepiuH, To0To G = (V,U),
ne |[V|=n, U =Y. Cnepiiry po3rjissHEMO BHUIMAI0K, B SKOMY BaroBi koe(illieHTH BCiX
BEPUINH OJUHUYHI.

Sxmo mnepepuBaHHA 3a00pOHEHI, TO BepUIMHU Trpada pPO3MINIYIOTHCS B
YHOPSAKYBaHHI 32 HACTYITHUM aJTOPUTMOM.

Aneopumm 3.1.

Kpok 1. Bei Micuid B ynopsiIKyBaHHI S BBaXarOThCS ITyCTUMU.

Kpox 2. Tlpuiimaetsest K = 1. Ha mepie miciie ynopsiAKyBaHHS pO3MIIIYFOThCS
hk Bepimn. Skmo hy = n, To kineus anropurmy, I = 1.

Kpox 3. Tlpuiimaetsest K =K + 1,



103

k-1
Kpox 4. Sxmio n—ZI S[i]|=h,, To B MuHOKUHY S[K] 3aHOCATBHCS HOBiMBHI h
i=1
k-1

BepIIuH, iHakie 3aHocaThest pemra N— ) | S[i]| sepmmn.
P p Y
i=1

k
Kpox 5. Slkmo ZI S[i]|=n, To kximeup anropurmy, |” = K. Inakmre nepexin Ha
i=1

KpOK 3.

VY BumMajaKy, KOJW TEPEPUBAHHS IO3BOJICHI, CIIJ] PO3TJISIHYTH JBAa BUMAIKU.

’ d ' n .
Sxmo FK'eN:Y h=n, 1<k S{E—‘, TO TIEpEpUBAHHS OYAyTh HEIOUIIBHUMH, IJIS

i=1
noOy/l0BU YIOPSJKYBaHHS IPONOHYETbCS 3acTocOoByBaTH anroput™m 3.1. IHakmie
3aCTOCOBYEMO HACTYITHUH aIrOPUTM MMOOYIOBU YIOPSAKYBaHHS.
Aneopumm 3.2.
Kpok 1. Bei Miclig B yopsiIKyBaHHI S BBaXKAIOTHCS ITyCTUMH.
Kpox 2. Tlpuitmaetncs k = 1.
k
k+1 (n - Z hi j

Kpox 3. Slkiio Zhi >n,To |, =k+ =

Ta TepexiJl Ha KPOK 5.
i=1 hk+1

Kpox 4. k =k + 1 Ta nepexinx Ha Kpok 3.

Kpok 5. Ilpuitmaetses j =1, ¢j=0.

Kpox 6. Busnauaetbess miaMHOkMHa H ;) < {hl, h,,..., hk+1} TaKUM YUHOM, IIIO
h>j=heH,.
Kpox 7. Vh e H ;) Ha mics | B yropsiAKyBaHHSI 3aHOCATHCSI BEPIIHHH B TAKOMY

MOPSIZIKY, 32 HEOOX1THOCTI 3aCTOCOBYIOYH PO3OUTTSI:

1) ta BepimHa, s sikoi C; > 0, sxmo H ;) # {hk+1} ;

2) ‘H(j)‘BepHH/IH SKILO C;| +‘H(j)‘ <l,, inakme ‘H(j)‘—l BEPIIUHY;
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3) AKIIO C; +‘H ( j)‘ > 17, To r-a BepiumHa po3busaeTses Ha (1,t) Ta (r, 1-t) Tax,
o c; +‘H( j)‘—(r,l—t) =1, ipu 1pomy 10 (r,t) Tex Moxe OyTH 3aCTOCOBaHE
PO30OUTTH.

Kpok 8. SIxmo ¢j >0 Ta H;, ={h..}, T0 3amicTb BHECEHHS YacTMHU PO3OUTTS

BepiuHY (V,Cj) Ha no3unito (k+1) obupaeTsest oHa BepIuHa V' cepell BHECEHUX JI0
YIOPSAKYBAHHSI, TSI SIKO1 BHKOHYIOTHCSI YMOBH:

1) V' eS[k+1];

2) (V\t)eS[i], nei<k+1,c, <t'<I.

B ymopsakyBanHi (V',t) 3aMIHIOETBCS Ha {(v,cj ),(v',t’—c j )}, a Ha ro3uirito (k+1)
craButhes (V/,C:).

Kpox 9. SIxkmo j<maxh To j =]+ 1, ¢ = 1-t Ta mepexia Ha Kpok 6, iHaKIIE

KIHEI[b AJITOPUTMY .
3acTOCYEMO AJITOPUTM Ha TIPUKJIIA/I].
Ilpuxnao 3.1. Ons rpada Gg (puc. 3.1), n =12, ta 3amaHoi mocmigoBHOCTI h;

(3,5, 3, 4, 3) 3HaliTH yHOPAAKYBaHHSI MiHIMAJILHOT JIOBXKHHH.

1 2 3 4 5 6
] ] (] ] ] ]
7 8 9 10 11 12
® ] ] ] ]

Puc. 3.1. I'pad Gg

[ToOynyeMo croyaTKy YIOPSIAKYBaHHS IS BHITAJKy, KOJIM TEPEPUBAHHS
3a00pOHEH1, OTPUMAEMO YTIOPSIAKYBAHHS

4

1509

261012,

3711
8
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JloBsKHHA 1160T0 yropsiakyBauus | =4

Tenep noOyyeMo ynopsIKyBaHHs 32 YMOBH, 1110 TIEPEPUBAHHS I03BOJICHI.

[Tpu K piBaEx 1 Ta 2 ymoBa Kpoky 3 anroputmy 3.2 HE BUKOHYETHCS, alie

k+1

NOYMHAE BUKOHYBATHCS TIpU K = 3: Z h =3+5+3+4=15>12  oTpuMmyeMO 3HaYEHHS
i=1

g izl g1
4 4

[Mpuiimaemo j =1, ¢1 = 0. Buznagaemo Hpyy = {hy, hy, hs, ha} = {3, 5, 3,4} 1a

BHOCHMO 4 BEpIIMHU B YIOPSAAKYBaHHS:
[(1;1) (21) (31) (4%))

Tyt BuKOHaHHS poOOTH, IO BIAINOBIJAE BepiIuHI 4 pPO30MBAETHCSA Ha JIB1

CKJIaJI0BI (4; %) Ta (4; gj, K1 B yIOPSIKYBaHHI CTOSATh HA PI3HUX MICIISIX.
i 3
[Tepexomumo 10 | = 2. 3HAYCHHS C, = 7 He = {h1, hy, hs, ha} = {3,5, 3,4}, B

YHOPAAKYBAHHSA BHOCHUTBCS (4; %) Ta II€ TPU BCPIIMHHU!

(31) (2;1) (3:2) (4;%J
Bapdien )
Ham j=3, 03=%, Hs = {hi, hy, hs, hg = {3,5, 3,4}, BHocuMO B

YHOPSAIKYBAaHHS 3aJUIIOK PO30UTTS (7;%) 1111€ 3 BEpIIMHH:
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ITpu j =4 maemo c4=% ta Hw = {hy, ha} = {5, 4}. do ynopsnkyBaHHs

1
BHOCSATHCS (10;Zj Ta I11e OJIHA BEpIINHA!

7~ N -~
=

N, NP

N— S

VR

-

; <o
e N N

(IR
P
NG|

Tenep komum j=5 3nauenns c¢,=0, Hg = {h} = {5}, ynopsankyBanus

100yI0BY€ETHCS MUISIXOM BHECEHHS OCTaHHBO1 BEPIITMHHU HA MiCIle 2.

(21) ,
) (4

f—/;_‘\
7~ N\ 7\
ol
N[, NP
;\/__J
f_J;\
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7~ N\
\l
Al MNP
N— 7

7~ N\
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=
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Otxe, Mg BUMAIKIB 3a00POHEHHMX Ta JO3BOJICHHX IEpepUBaHb MOOYyI0BaHI

ONTUMAJIbHI TapaJieNbH1 YIOpsIKyBaHHs BepiinH rpada Gg 13 10BKMHAMHU BiITOBITHO
. . 1

' =4 tal, =3-

I '

4

PosrnssHeMo 3acTocyBaHHS anTOpPUTMY AJIsL MOOYAOBH YIOPSIKYBAaHHS BEPIIUH

Toro *x rpada, ane npu iHmmMX 3aganux hi (3,4, 3,5, 3). JloBkuHa ONTHMAaIBHOTO

YHOPSAIKYBaHHs 0e3 nepepuBaHb OyJle TaKow K, sIK 1 B MOMEPEeIHbOMY MPUKIA/l, a

. 2
AOBXXHHA OIITUMAJIBHOTO YIIOPAAKYBAHHA 3 ICPCPUBAHHAMU CTAHOBHUTHUMC I = 35 .

JletanpHilie 3ymUHUMOCS HA TOMY €Talli aJIrOpuTMy, Ji¢ MpHU j =4 3aHeceHi
BepumHU Yy Hay = {ha, ha} = {4, 5}. HacTkoBO 3amoBHEHE yMOPSIKYyBaHHS MaTUME

HACTYITHUW BUTJIS:
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. . 2
[Tpu mepexonmi 10 j =5 mMaeMo ¢, =z He) = {ha} = {5}, onnak npu npomy
BHKOHYIOTbCS YMOBH 8 KpOKy. Yepe3 1€ MOYMHAECMO MEPEINIANATH €IEMEHTH
YHOPSAIKYBAHHS MOYUHAKOYHM 3 EPLIOTO MICIIs, IYKAIOUU TAKUM, SKU MATUME BUTJIS]
(V',t') Takmii, wio V' & S[4] i t' > ¢;. Takum enementom € (1;1). [IpoBoasun BianosinHe

PO30UTTS Ta BHECEHHS 0 YHOPSAAKYBAaHHS MOTO €IEMEHTH, OTPUMYEMO:

- 5

(1;3'(12@ 5262 (3 iy
{{(«:M@}} i () {(wém}ra}

1 4 {( ° 5]} {(9EJ(1OEJ} 2

{(7;3)(8;3} {(11;3 , 12;3} M0 ((1225)}

Osnauenns 3.2. Micue ynopsakyBauHs S[i] € IIIJIbHO 3aNOBHEHHM, SKIIIO

Z C;=h meike{l2..n}, 0<c,; <1.

(Vi ;)51
Os3nauenns 3.3. YnopsiakyBaHHs S OyJeMO Ha3MBaTH 3allOBHEHUM IIUIBHO,
SIKITIO BC1 OT'O HETMOPOXKH1 MICIIS IIUTHHO 3aII0BHEHI.
O3nauenna 3.4. YnopsakyBaHHs S OyneMO Ha3MBaTH 3allOBHEHUM Maiike
HIIJIBHO, SIKIIIO Cepej] HOro HEMOPOKHIX MICIh HEIIILHO 3alIOBHEHE JIUIIE OCTAHHE.
Teepoorcenns 3.1. Anropurm 3.2 ms 3anadi S(G,h;,l) ne rpad G = (V,U) Takwuii,

o [V| =n, U =0, € TouHuM I BUIIAAKIB, KOJIM [TEPEPUBAHHS JO3BOJIEHI.
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Hogeoenns. 11100 moBecTH TBEPIKEHHS JOCTATHBO MOKA3aTH, IO HETMOPOKHI
MicIie 3 mepmioro mo K-te B ynopsiikyBaHHI 3allOBHEHI IIUTBHO, a Ha (K+1)-omy wmicti
pO3TaIIOBaHO PEIITY BEPIIHMH, KIIbKICTh SKMX MEHIIa 3a Ny. 3a amropurMom 3.2
JIOBXHHA ONTHMAJIBHOTO MapajelbHOTO  YHOPSIKYBaHHS TP  JO3BOJICHHX

)

[IEpEpUBAHHAX CTAHOBUTH | ~——— . TyT nepmmi OOAAHOK O3HAYae€, IO
K+1

k
miciis 3 1 no K 3aroBHeHi mIiJIbHO, TOGTO TaM MOKYTh OyTH pO3MillleHi Y N BeprumH.
i=1

k k+1 k
3a yMOBOIO Zhi <n< Zhi , TOOTO 3aJIMIIAETHCA IIe N— Zhi BEPIIHH, KIJIbKICTh SKHX
i=1 i=1 i=1
MeHIIa 3a hys ki # OyayTh ocraBieHi Ha (K+1) miciie. Takum YMHOM TOKa3aHO, IO
MoOy/I0BaHE 3a AITOPUTMOM 3.2 YIOPSAKYBAHHS € ONTHMAJIBHUM, a caM aJIfTOPUTM €
TOYHHUM.

Teepoocenns 3.2. YmoBa h, <n, ne 1<i<n e mocraTHbO Ijis TOro, oo

TBep/HKeHHS 3.1 OyJI0 ICTUHHUM.

Jlosedenns. llpumycTMo, MmO JaHa yMOBa BUKOHYEThCH. [lokakemo, IO
noOy7oBaHe 3a aJIropuTMoM 3.2 YNOPSAKYBAaHHS € ONTUMAJIbHUM, TOOTO BCi
HernopoxkHi Mmicisg 1<i<K B mHpomy miineHO 3anoBHeHi, a Micue (k+1) 3amoBHeHe
YaCTKOBO, 1 HOT'O 3aIITOBHEHICTh BU3HAYAETHCI KOHCTAHTOIO C, JI€

=)

C=—"T"—"7—".,

hk+1

OueBHaHO, 10 TMepiIe Micle 3aBXaAu Oylne UIUIBHO 3alOBHEHUM, IO

Oe3nocepeIHbO BUILIMBAE 3 (PaKTy BUKOHAHHS YMOBHU TBEpPUKEHHs. Miclst 3 Ipyroro

k
10 K-Te TakoK 3aroBHEHI MIiJIbHO, 00 32 YMOBOIO aJrOPUTMY Zhi <N. 3anummnaocs
i=1

nokasary, 1o Micue (k+1) 3anoBuene na koucranry c. g 2 < h ,; <n zagxam Mmoxna
MIPOBECTH PO3OUTTS JACSKOI MIMHOKHHH BEPIIIMH TakK, 00 11€ Miciie OyJio 3aloBHEHE

Ha BKas3aHy BEJIMYMHY, Ipu4oMy rpu N, =N Ha npoMy Micii OyAyTh po3TalIoBaHi
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. 1 1 1 ..
HYaCTHHHU p036I/ITT}I yC1X BepmuH |1,— |,| 2,— |...| n,— |. ;IKH.IO BHUKOHYETbLCS HCPIBHICTDH
n n n

hk+1 >N, siKa HC BXOAUTH B YMOBY TBEPJKCHH:, LI MiCHC HCMOJKJIMBO 3aIIOBHHUTH HaA

BCIIMYMHY C, aIPKC HC 3aJIMIIUTLCA BCPIIMNH, YaCTHHU pO36I/ITT$I SAKHUX MOXKHa 6}’.]'[0 0

BUKOPHUCTATH. Takum YUHOM, TBCPAKCHHA JOBCACHO.

3.1.2 Anani3 BIUIMBY NepepuBaHb isl ABOA0JIbHUX Irpadin

PosrnsHeMo BUNAAKW, KOMHM JJIs PO3TISHYTOTO y3arajdbHEHHsS 3amadi rpad €
PETYIISIPHUM 1 Ma€ CTPYKTYpPY MOBHOTO JIBOJIOIBHOTO, TOOTO G = Ky e m + 1 = n. Ak
OyJ0 3a3Ha4yeHo B 2.2 B I[bOMY BHUIIQJKy BEPIIMHU NEPILIOI 1011 rpada MOXKYTb OyTH
3aHECEH1 J0 YIOPSAKYBaHHS TakK, K 1 1301p0BaHi. [1iciis bOro aHAJIOTTYHUM YUHOM
JI0 YIOPSIIKYBaHHS 3aHOCSATHCS BEPIIUHU APYTOi JOJIL.

AnTopuTM, 3a SIKUM OYIyTh 3aHOCHTHCS 0 YIOPSAIKYBAHHS BEPIIMHH IEPIIOi

I[OJ'Ii rpa(ba, 3aJICKUTD BiII BHUKOHAaHHA HaCTYHHO'l' YMOBHU

K
Jk: > h=m, (3.1)

i=1
SIkmio (3.1) BUKOHY€ETHCS IJIs MM IMHOXHHU BEPIIMH MEPIIOl JI0JIi, TO yCi BOHU
MOXYTh OYTHM 3aHECEHI B JOBIILHOMY TOPSAKY J0 YHOPSAAKYBAaHHS, UIIJIBHO
3alOBHIOKOYM TiepIn K #oro micip 0e3 moTpedu B 3aCTOCYBaHHI mepepuBaHb. s
I[bOT'O JIOCTaTHHO CKOPHUCTATUCS aIropuTMOM 3.1, BBaXKarouu, 10 3aMiCTh N MaeMo M
BepiurH. [licas 1bOoro 3alUIIUTHCS BHECTU JI0 YIOPSAKYBAHHS PEIUTY I BEPILIUH, 5K
Hajexarb Apyrik aomai rpada. Ilepin HiXXK OpUCTYNUTH 10 BHECEHHS, MEPEBIPSIETHCS

BUKOHAHHS aHAJIOTIYHOT YMOBH, OJTHAK BPaXOBYETHCS, IO Mepii K MiCIb yKe HIIbHO

3anoBHeHi. Lls1 yMoBa Mae HaCTymHUI BUTIIAL:
k+p
dp: Y h=r. (3.2)
i=k+1
Skmo (3.2) BUKOHYETBCS, TO YCI BEPIIMHH JAPYrOi JOJI 3aiiMaTUMyTh B
ynopsiakyBanHi micts 3 (K+1)-ro mo p, ski Takok OyayTh 3allOBHEHI IMIJIBHO, HE
noTpeOyrouu NpHu 1bOMY TepepuBanb. B pasi, skio (3.2) He BUKOHYEThCS, T03BIJT HA

NepepruBaHHA MOKE SMCHIIWTU AOBXHHY YIIOPAAKYBAaHHS. 21.]'[5[ 3aHCCCHHA BCPIINH
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JPYroi A0l MOYKHa 3aCTOCYBaTH aJIFOPUTM 3.2, SKILO BBAXaTH MICIIE 1]l HOMEPOM
(k+1) mepmim, a KUTBKICTh BEPITUH PiBHOIO I

V pas3i, K10 a1 BEpIIUH Nepiroi 1o ymoBa (3.1) He BUKOHYETHCS, TO JaHY
HiAMHOXHUHY MOKHA 3aHECTH /10 YHOPSAIKYBaHHS 3a alrOpUTMOM 3.2, mpHuiiMarouu N
piBHEM M. Toxi MicIst yHOpsIIKyBaHHS 3 epiIoro mo K-te OyayTh 3all0BHEHI IIITHHO,

a micue (k+1) — 9acTKoBO, Ha BEJIUYHHY:

c=—L (3.3)

k+1

ne 0<c<l. Ilpu mpoMy OYEBHIHO TPU BHKOHAHHI POOIT, MO BiAMOBIIAIOTH
BEpIIMHAM Ili€l J0Ji, epepruBaHHs OyAayTh JIOpeYHUMH (HE OOOB’SA3KOBO IS BCIX
BepuvH). /{11 po3noainy pemty BepuInH nepesipka ymoBH (3.2) He NOTpiOHa.

VY Bumagkax, Koiau mas 3amaHoro rpada Kpy He BukonyeThes (3.1) moOymoa
ONTUMAJIBHOTO  YIOPSJAKYBAaHHS 3IIMCHIOETHCA 32 HACTYMHOI MOJU(IKAIIEIO
anroputrma 3.2.

Aneopumm 3.3.

Kpox (. BpaxkaeTbcs, 10 BEpIIMHM Tepmioi 1oai rpada 3aHeceHl B
yropsiakyBanHs S’ 3a anroputmom 3.2 1 3HaYeHHs ¢ obuncene 3a (3.3).

Kpox 1. Yci Miclist B S BBaKAIOTHCS MOPOKHIMU, IPUUOMY TEPIIE MICIIE MOXKE

OyTH 3amoBHeHe Jmule Ha Benmmuuny (1-¢), ne 0<c<1; h=Nh, ne h;  BusHAUeHO

Ha HYJILOBOMY KPOIIi 3 yIIOPSAKYBaHHs S’ .
Kpok 2. p=1.

SIK1110 BUKOHYETBCA YMOBA

(min(h,r))(1-c)+> h=r (3.4)

X r—(min(hl,r))(l—c)

to |, =max|1-c+ h

JJ Ta TIEPeXiJl Ha KPOK 5, 1HAKIIIE Mmepexi
p+1

Ha KpOK 4.

Kpok 3. SIkiio Bukonyethcst ymoBa (3.4), To
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h

l,=p—-Cc+
p+1

1 mepexia Ha KpokK 5.

Kpox 4. p =p + 1 Ta nepexia Ha KpoK 3.

Kpok 5. j=1,¢;=0.

Kpox 6. Busnauaerbess miamMHoxuHa H ;) < {hl, h,,..., hp+1} TaKUM YHHOM, IO

Kpox 7. VheH Ha micus i B yHOpsjKyBaHHsS 3aHOCATHCS BEpIIMHH B
HACTYITHOMY TOPSIAKY, 32 HEOOX1JHOCTI 3aCTOCOBYIOUM PO3OUTTS:

4) sxwo j>1 iBukoHyerbest ymoBa H ;) # {hp+1} NH # {h},ToTa
BEpILUHA, IS siKoi Cj > 0;

BEpIINH;

6) saxmo c, +‘H( j)‘ >[,, To oOpaHa JI0 3aHECEHHS B YNOPAAKYBAHHS
BepiIMHAa (| po30MBaeTbcss Ha yacoBi iHTepBamu t ta (1-t) Tak, mio
¢, +<‘H(j)‘—1)—(1—t):l;, npu 1poMy 110 ((,t) Tex Moxke OyTH 3aCTOCOBaHE
pPO30OUTTS.

Kpok 8. Slkmo ¢;>0 ta Bukonyerscs ymoBa H ., ={h}UH ,={h}, 10
3aMiCTb BHECCHHSI YaCTUHH pO30UTTs BepmnHH (V,Cj) Ha TIO3UIIIO i 0OMPAETHCS OHA
BepiIMHA V' cepell BHECEHHX [0 YIOPSIAKYBAHHS, IS IKOT BUKOHYIOTHCSI YMOBH:

3) V' e S[il;
! ¢! !
4) (V,t)eS,zLeCj <t'<1,
B ynopsinkyBanni (v',t") 3aMIHIOETHCS Ha {(v,cj),(v',t’—cj )} abo {(v,cj)} SIKIIIO

t'=c;, a Ha mosuuito i craButkes (V',C;).
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Kpox 9. Sxmo j<maxh Tto j=j+1, ¢;=t Ta mepexia Ha Kpok 6, iHaKIue

dopmyemo ynopsiakysanus S, e
S'[i], sxmo i <k
S*[i]: S’[i]uS[i], akmo i =K +1,
S'[i —k], skio 1> K +1
Kinemns anroputmy.
HaBenemo mpukian po3B’s3aHHsS 3adadl 13 3aCTOCYBaHHSIM 1€l Moaudikarii
anroputrmy 3.2.
Ilpuxnao 3.2. J1nst noBHOTO ABOA0JILHOTO rpada Kge, Ta 3a1aHOT MOCI1TOBHOCTI
hi (4, 6, 5, 3, 3) 3HaliTK ynopsAKyBaHHs BEPILUH, SKe Ma€ MiHIMalbHY TOBXUHY [1].
JIJist BU3HAYEHOCT1 BBAXKaTUMEMO, 1110 BEPIIMHAM MPUCBOEHI HOMEpH BiJl 1 110
14 mounHarOuUU 3 TUX, 1110 HAJIEXaTh NepIii 0. AKino nepepruBaHHs 3a00pOHEHI, TO
o0y T0BaHe ONTUMAIBHE YIIOPSAKYBAHHS BEPITUH MA€ BUTIIAL

9
10
11 14
12
13

A~ LoD -
0o N o O

Noro nosxkuna nopisHioe 4. Konu nepepuBanHs 103BOJIEHI, CIOYATKY OyIyeMO
YHOOPSAKYBaHHS S', 10 BKIHOYA€E BEPLIMHH IEPINOI JOJ, K OmMcaHo y kpoii 0

MOAU(IKOBAHOTO aNTOpUTMY 3.3:
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[ToOyayBaBim S Ta S’, 32 NPUHIMIIOM, L0 ONKMCaHUi Ha 9 Kpoui anroput™a 3.3

dbopMy€eMO HACTYITHE YIOPSIKYBaHHS:
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Teepoocenns 3.3. MonudikoBanuit aaroput™ 3.2 mis 3agadi S(Kmphil) y

BUIIAJIKY, KOJIM HE BUKOHY€ETbCSI yMOBa (3.1) Ta 103BOJIEH1 IEpepUBaHHSs, € TOUHUM.

Joseoennsa. OueBUIHO, IO MPHU 3aCTOCYBAHHI aNropuTMy 3.2 B MOOyIOBaHii

YaCTUHI YHOPSAIKYBAaHHS, € PO3MIIIYIOTHCS BEPIIMHU MEPLIOi A0, JIMIIE OCTAaHHE

Miciie Oy/e 3alOBHEHO HelIuIbHO. OTXKe, SIKIIO MPH 3aCTOCYBaHHI MOJU(DIKOBAHOTO

JITOPUTMY IIIITBHO a00 Maiike HIUIBHO OYIyTh pO3MIIIEH] BEPIIUHU IPYTroi A0, TO

noOyZ0oBaHe YIOPSAKYBaHHS OyJie ONTUMAIbHUM.
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JloBeeMO TBEPKEHHS OKpeMO JIsi BUMAAKIB, Koau ymoBa (3.4) TpeThoro

KPOKY aJIrOpUTMY:

p+1l
(min(h,r))(1-c)+> h=r
i=2
BUKOHYEThCA Ipu P = 1 taipu P = 2.
[Tpu p = 1 sxmio r < hy, To MokHA BBaXkatH, mo Ny = I, ajike Ha 11e MicIie MOYKHA
PO3MICTUTH JIMIIIE I pO30UTTIB BepIIUH. Toi 1151 yMOBa (DAKTUYHO MEPETBOPIOETHCS Ha
h(1-c)+h ,>r. Ilpu OLiHI[ HOBXMHH, SKY 3aiiMyTh BEpIIMHH B L[bOMY BHIIQJKY,

r—hl(l—c)’1

p+1l

pO3IIIANacThCd  Makcumym |, =max|1-c+ , TOOTO HaBITh SKIIO

L Gl

p+1

<1, YHOPAAKYBAHHSA MOZKHA JO3AalIOBHUTH HC MCHIIC, HDK Ha

BEJIMYMHY OJIHI€T BepiinHHU, To0TO 1. B iHImOMY pasi go3anoBHioeThes (K+1)-e micie

yIopsaKyBaHHs (a0o mepire micie 3a MoJIU(iIKOBAaHHM aJTOPUTMOM) Ha BEIHYHUHY

(1-c). Takum ymHOM 1Ee Micue Oyjae 3amoBHeHe wmIbHO. Ha napyre wicie
YIOpsAAKyBaHHS posnopinsiorees —h (1-c) Bepumn. IloBepTarounch 10 yMOBH

(3.3), nterko Gauntu, wo h,, >r—h (1-c), omke Ui BepuMHA MOXKYTb OyTH PO3MiLIEeHi

r—hl(l—c).

Ha JJaHOMY MICIIi TaK, 10 MOro 3alIOBHEHICTh CKJIaIaTUME .

p+1
V Bunaaxy, ko ymoBa (3.4) BUKOHY€EThCs K P = 2, Tak camo J0 IMiILHOCTI
JIO3aMOBHIOETHCSL  TepIie  Miclie 3a MOAU(DIKOBAHMM  aJIrOPUTMOM, TOOTO

PO3MOAUIIOTECS PO3OUTTS BEPIIHH i3 CymMapHOt0 BearmanHO0 h (1—C) . Takox mijgsHO

p
3aMOBHIOIOTBCS MICIIS 3 APYTOTO 0 p-Te 3arajoM Ha »_h . Takum 9uHOM, PO3MIIIEHO
i=2

p
r—(hl(l—c)+2hij BEPIIMH Ha MICIAX 3 MEPIIOro mo p-te. 3a ymMoBow (3.4) maemo
i=2
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p
., > r—(hl(l—c)+2hi], TOOTO peliTa BEpIIMH, SIKI PO30MBAIOTHCS, MOXKYTh OyTH
i=2

r—[hl(l—c)fzp:hi]

h

po3milieHi Ha (p+1)-oMy MicIli, 3aITOBHIOIOYH HOTO Ha YaCTKY
p+1

Takum 4MHOM, PO3MOILT BEPIIMH APYroi A0J1 32 MOJAU(PIKOBAHUM aJITOPUTMOM

3.3 € onTUMAaJIbLHUM.
Teepoocenns 3.4. Ymoeu h <m mpu 1<i<k+1l ta h<r npu
K+2<i<k+p+1 e gocraraimu aus toro, mod MoaudikoBanuii anroputM 3.2 Oys

TOYHHM JUIs K Ta P B3SITHX 3 HEPIBHOCTEH:

Jlosedenns. Po3risiHEMO OKpPEMO YMOBM TBEp/iKeHHS. JlocTaTHICTH mepiioi 3
aux (h <m npu 1<i <k +1) noBoauThes 3a aHATIOTIEIO 10 TOTO, SIK I1€ OYI10 3p00IIEHO
JUJIs1 TBEpIKEHHS 3.2.

JloBenemMo JTOCTaTHICTh APYroi yMOBH. 3a MOAM(DIKOBAHUM anroputMom 3.3
(k+1)-e miciie yHopsAKyBaHHS JTO3QIIOBHIOETHCS PO3OUTTSIMHU BEPIIMH JAPYTOi JIOJI,
OpudoMy SIKIO M<TF, TO A0 UIIJIBHOTO 3alOBHEHHsS. B iHIIOMY pa3i UIUIbHE
3aIIOBHEHHS Oy/ie HEMOXKJIMBUM Yepe3 Te, M0 3TiJHO 3 aJTOPUTMOM BEPIIWHU, SKi
3QIMIIAINCS, HE MOXKHA OyJie po30UTH BIAMOBIAHUM YrHOM. Akino p > 1, To Micis 3
(k+2)-ro no (k+p)-e OyayTh mmiisHO 3amoBHeHi. Micie (k+p+1) Oyme 3amoBHeHE Ha

CTaJly 4acTKY TUIbKH SIKIIIO hk+p+1 <r. IHakie 103amOBHUTH 1€ MICII€ Ha BiJMOBIIHY

BCIIMYMHY HEMOIKIINBO.

3.2 HabGau:keHi anropuT™Mu AJs1 y3arajibHeHUX 32/1a4 3 epepUBAHHIAMHU

3acTOCyBaHHS TOYHMX QITOPUTMIB  TOJIHOMIANBHOI  CKJIAQJHOCTI MpHU

pO3B’si3aHHI 3a/1ay yHOPSAKYBaHHS Il JOBUIAHUX TpadiB 3 PIBHUMHU BaroBUMHU
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Koe(dillieHTaMl BEpIIMH B 3araJibHOMY BHMAAKy HPU3BOAUTH A0 HAOIMKEHUX
PO3B’S3KiB, MIPU SKUX MOACKYAH MOXIIMBE 301IBIICHHS] 3HAUYCHHS IUTHOBOI (PYHKITIT
Maike B JIBa pas3H, MOPIBHSIHO 3 ONTHUMAILHUM. BUHUKae MUTaHHS, a Y4 HE MOKHA
MOKPAIIUTH SKICTh HAOJMKEHUX PO3B’S3KIB IS [HMX 3aJad, SKIIO J03BOJIUTU
nepepuBaHHs MpU BUKOHAHHI pOOiT?

PosrisineMo Taky MOXJIMBICTH IIPU 3aCTOCYBaHHI allTOPUTMY, 110 3aCHOBAHUMN
Ha piBHeBoMY npuHIMIi [53]. BiH gae TouHWi po3B’s30K 3a/1a4i YIOPSJIKYBaHHS 32
YMOB, 1110 Tpad 3a71adi Mae CTPYKTYpy KOPEHEBOTO JepeBa ado JIiCy, SKUH CKIaTaeThCs
3 TaKUX JIEPEB.

[Ipn 3actocyBaHHI LILOTO AJITOPUTMY y BHIMAJKY rpada IOBUIbHOI OyI0BU
B1JIOMa TaKa OI[IHKA TOYHOCTI PO3B’SA3KY:

:—’isz—h (3.5)

+1’
ne la — moBxkuHa ynopsakysaHHS, MOOYZOBAHOTO 3a anropuT™oM, |” — nosxuna
ONITUMAJIBHOTO YTIOPSIKYBaHHSI.
Bigomumu € ymoBu, 3a skux omiHka (3.5) [gocsKHA, 1 BIANOBIIHO

HenokpainyBaHna. Posrisiaemo rpad Gg HacTymHoro Burisay [1].

e 9

e

6 /

® > ¢ 10
/7 /

3® ® ]l

[

Puc. 3.2. I'pad Gg

3acToCyBaBIM AJITOPUTM, 3aCHOBAHMU Ha PIBHEBOMY NpHHIUII, mpu h = 3
OJIEP)KYEMO YIIOPSIAKYBaHHS:

1 5 9
24681012
3 7 11
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[Ipu 1poMy ONTUMATBHUM YNOPSAKYBAHHSAM Oy/i€ HACTYITHE!

436 9
18 7 10|.
2512 11

Jlerko 6a4uTH, 1110 B TAHOMY BUMAJAKy BUKOHYEThCS PIBHICTH OIIIHKH (3.5):

l,_2h 6

AT
I

h+l 4
[IpoananizyeMo MOXIHMBICTh 3MEHIICHHS JOBKHWHU HAOIMKEHOTO PO3B’S3KY,
noOyZ0BaHOTO 3a JaHUM QJITOPUTMOM 33 PAXYHOK JI03BOJY mepepuBaHb. OCKUIbKH
IpU LbOMY MHUTAHHS MIJIBHOCTI € KIIOYOBUM, TO NEPIIOYEPrOBO JO3BOJSITUMEMO
nepepuBaHHs poOIT, 110 BIAMOBIAAIOTH BEPIIMHAM, PO3TAIIOBAHUM Ha HEUIIJILHO
3aroBHEHUX MicUsX. /sl BU3HAUEHOCTI, HEeXall JO3BOJIAETHCS IepepuBaHHS poOOTH,
mo BianoBigae BepunHi 4. IloOynoBaHe ymopsSAKyBaHHS 3 YpaxyBaHHSIM I[bOTO
J03BOJY:
1(4,0,5),(10,5)f (1,0,5) (5:1) (8:1) (1) (12:2)
(2;1) (4;0,5) (6;1) (10;1)
(3:1) (7;1) (11;1)
Woro momxuna |y =5,5. SIKmo DO3BOIUTH TaKOX IEPEPHBAHHSA POOIT, IO

BIJINOBIJIAI0TH BepiiiHaM § Ta 12, To oTpuMaHe yrnopsiKyBaHHS

{(4,0,5),(10,5)} (1,0,5) {(8:0,5),(5:0,5)} (5;0,5) {(12:0,5),(%:0,5)} (9;0,5)
(2:1) (4;0,5) (6:1) (8;0,5) (10,1) (12,0,5)
(3:1) (7;1) (11;1)
MaTuMe T0BxuHY | = 4,5,

[HIMIA BIJOMMI adrOpPUTM MOJIIHOMIAJIBHOI CKJIQJHOCTI 3aCHOBAHMM Ha
3acTOCyBaHHI1 JeKcukorpadiuHoi po3mitku rpada. st rpadis 6e3 TpaH3UTHBHUX JIyT
NpY IIMPHHI YIIOPSIKYBaHHS PIBHIA 2 [IEH aJTOPUTM € TOYHHM, OJHAK mpu h > 2 B
3arajlbHOMYy BHIIaJKy Ja€ HaOJKkeHWid po3B’si3ok. B [56] HaBoauThcs HacTymHa
OIliHKAa TOYHOCTI aJlrOPUTMY IS BUIaaAKiB h>3:

I
A<2—
|

(3.6)

=l )
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ABTOpamMu OyJi0 HaBEJIEHO PO3B’sI3aHHS 3aJa4l ynopsaKyBaHHs BepiiuH rpada Gip,

300paxkeHoro Ha puc. 3.3 mpu h = 3.

Puc. 3.3. I'pad Gio

[Ipu 3acTocyBaHHI aJITOPUTMY OJIepKaHE YIOPSAKYBaHHS

317 610
42811
5 9

Mae oBKUHY |a = 5. B To# e yac 1oBKHHA ONTUMAILHOTO YIIOPSIKYBAHHS, 110 MA€

BUTJISI:

14710
25811
369

cknanae | = 4. Jlificno, noseprarouuck 10 (3.6), MaeMo:

I—§£2—2:>§<ﬂ.
I 3 4 3

[V 4
Hexait rpad G, orpumano 3 rpada Gio NUIAXOM BHITy4€HHS 3 HHOTO BEPLIUH
101 11 Ta iHUMAEHTHUX A0 HUX AYT. JIerko OayuTH, 110 TP PO3IJISAl AHATIOTTYHOI

3amaui m1s rpada G ominka (3.6) € ZOCSHKHOIO.
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e 06
1 3 & 7
2 ® 3
3 e ®9

Puc. 3.4. I'pap Gy,

[ToOynoBaHe 3a arOPUTMOM YIOPSIKYBaHHS

3 7
1

4 86
2

5 9

Mae JOBXKUHY la = 4, ToAl K TOBXKHWHA ONTHMAJIBHOTO YIOPSAKYBaHHS

147
258
369

cknagac |° = 3. Takum umHOM AilicHO B maHomy Bunanxy (3.6) mepeTBoproeThes Ha
PIBHICTb:

g
|

>IN
w| s~

BusHaunMo, SIK 3MIHUTBCS JOBXKMHA YIMOPSIAKYBAHHS, SIKIIO JI03BOJMTU
nepepuBaHHs OAHIET 3 pOOIT. AHAJIOTIYHO JJO BUIAIKY 3aCTOCYBAHHS aJTOPUTMY, SIKAN
0a3yeTbcsi Ha PIBHEBOMY IPUHIIUII, IEPIIOYEPTOBO 3BEPTATUMEMO YBary Ha HEUIIbHO
3allOBHEHI MiCIlsl B ymopsiakyBaHHi. Hexail mo3BosieHe mepepuBaHHS POOOTH, IO

BI/IMOBIIa€ BepIIuHi 6. BinoBigHe ynopsaKyBaHHS
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o Mae noBxuny |, =3,5. SIkmo Takox mepepuBaHHs 103BOJEHE I PobOTH 1, TO
YIOPSAKYBaHHS

(£05).(305)} {(3:0.5).(7:05)} {(7:05).(6:0.5)}
(41) (2;1) (8:1)
(51 {®05),(605)  (91)
Mae JI0BXKHUHY piBHY ontuManbHii |, =1"=3. OueBnaHO, 110 JOJATKOBUIA J103BiJ HA

nepepuBaHHs poOOTH MiJ HOMEPOM 2 HE MaTUME BIUIMBY Ha 3HAYEHHS IIJILOBOI

(GyHKLIT, OHAK SKIIO TPU LOMY 3a00pOHHUTH JO3BUI HA NepepuBaHHs podotu 1, TO
OTpYMaHe YNOPSAAKYBaHHS TaKok MaTtume aoBkuHy |, =1"=3. Takum umHOM,

JI03BOJIM Ha MepepuBaHHs poOIT 1 Ta 2 0IHOYACHO HE BIUIMBAIOTh HA ONTUMAJIbHICTh
PO3B’A3KY, TOPIBHSHO 3 BUMAJKOM, KOJIHM NIEPEPUBAHHS JO3BOJICHI JIMINE JIJISt OAHIET 3

HUX.
(v 14 . . . !/ . .
Hexaii rpadp Gj, Bimpismsersca Binm G|, nmme cmpsmoBaHicTio Beix myr.

AHaNOTIYHO 0 TMONEPEeIHbOr0 TPHKIAAY, VYHOPSAKYBaHHS MOOyIOBaHE 3a

QJITOPUTMOM
6125
793
8 4
mae jomxkuny |p =4, a onTumanbHe ymopsakyBaHHS — poBxuny | =3, Skimo

JIO3BOJIUTU TIEpEPUBaHHS poOOTHU 1, sika BIAMOBIA€ BEPIIMHI PO3MIIIEHIN HA 4aCTKOBO
3aIlIOBHEHOMY MICIIi, TO 1€ HE BIUTMHE Ha ONTUMAJIBHICTh PO3B’sA3Ky. HaTomiCcTh 103BLI

Ha MepepuBaHHA POOIT 5 Ta 9 mpu3Bene 10 TOro, MO0 MOOYI0BAaHE YIOPSAKYBaHHS

matuMe noBxuny |, =3, piBHy onTuManbHil:

1y {@os).@0s)  (2)
(8,1) (11) (4,1)
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Takum uYnHOM OynO PO3IJSHYTO MOXIIMBICTh TMOKpAIIEHHS 3a PaxyHOK
nepepuBaHb HAOMKEHUX PO3B’A3KIB, OTPUMAHUX IMPH 3aCTOCYBAaHHI JBOX BIIOMHX
alropuTMiB. BusBI€HO, IO M03BUT HAa TEepepUBaHHS JOBUIbHOI BEpIIMHHU, SKa
po3MillleHa Ha YaCcTKOBO 3allOBHEHOMY MiClli, HE TapaHTye MOKPAIICHHS 3HAuYCHHS

1T6OBO1 (QYHKITII.

3.3 3B’130K 33/1a4 NaKYBAHHA Ta YNOPAIAKYBAHHS 3 IepepHUBAHHAMM

3amaul maKkyBaHHs, TaK caMO SIK 1 3a/ayl yHOPSJIKYBaHHS, MAalOTh ILIUPOKE
OpakTHYHE 3acTOCyBaHHSA. BcTaHOBIGHHS 3B’S3KIB MDK HHMH  JIO3BOJIHTH
IIPOAHAII3yBATH MOKJIMBOCTI BUKOPUCTAHHS METO/IIB PO3B’sI3aHHS OJHIET 13 3a/1a4 10
IHIIOI Ta HaAJaTH NPaKTH4YHI pekoMeHaamii. OKpiM TOro ue po3MHMPUTH KOJIO
NPUKIATHUX 33714, K1 MOXHa (OPMYITIOBATH y BUTJISIAL 3a/1a4 YIOPSIKYBaHHS.

CriouaTKy pO3IJITHEMO MOXJIMBICTH 3BefcHHs 3amaui S(G,h,l) 6e3 nasBHOCTI
YaCTKOBOTO MOPAJIKY, KOJIH rpad sBIIL€ cOO0I0 N 130JbOBAHUX BEPIIMH, 1 IPHU 33IaH1N
HIMPHUHI HEOOXITHO MOOYAyBaTH YHOPSAJIKYBAHHS MIHIMAaNIbHOI JOBXKHMHH. Bary Bcix
BEpILKH oprpada BBaXXaTUMEMO OJJHAKOBOIO 1 IO3HAUUMO SIK . Po3MillleHHs BepUIMH
rpada B YHNOpsSAKYBaHHI OyJeMO 3BOAWTH 10 3ajayi MNpPO ONTUMAaJbHE JIiHIIHE
NaKyBaHHs, sIKa Ma€ HacTymHe popmysroBanHs [113].

3aoaua 3.1. Hexait 3ajjana MHOKWHA OJTHOBUMIPHUX KOMIPOK JTOBXHWHU L 1 N

00’€KTIB 13 3aJJaHUMH JTOBXKUHAMH d, d,, ds, ..., d,. HEOOXIHO 3HAWUTH MiHIMAJIbHE

11iJIe YHCII0 KOMIpOK B Ta po36uTTs MHOkuHH 00’ ekTiB N ={L,...,n} Ha B miIMHOXKUH

B _
N;, N,, N, ..., N; Takum criocobom, o6 iLleNi =N, N.N N, =9, Zaj <L,i=18B.

jeN;
g hopmanizanii 3a1a4i BBEAEMO BEIMUMHU Xijj Ta Yj HACTYITHUM YHHOM:

1, K110 j-Hi 00'€KT MICTUTBCS B 1-Tili KOMIpIIi

ij

0, B IHIIIOMY BHITQJIKy

1, K110 i-Ta KOMIpKa HETIOPOXKHS

Yi =

0, B iHIIIOMY BUIIAJIKY

[inpoBa (hyHKIIIS 337291 MTAKYBAHHS MA€ BUTJISI:
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B:;yi — min , (3.7)
OOMmexeHHS:
Zn;ajxij <Ly,i=1B: (3.8)
=
ixu =1 j=1n; (3.9)
y, {0;1},i=1B; (3.10)
X; e{0;1},i=1B, j=1n. (3.11)

JUIsi BCTAHOBJIEHHA 3B’A3KYy MDK 3aJadyaMHd HOPUIYCTUMO, IO KOMIpKam

BIJIIOBIJIAIOTHh MICIS B YIOPAJIKYBaHHI, @ 00’ €KTaM JOBXHHHU &, =a, =dy =...=d,=d
: : : . na

BIJIIOBIJIAIOTh BEPIIMHUA. TOMA1 JIOBXMHA KOMIPOK L= T Ae h — mmpuna

YHOPSAIKYBAHHS.

VY Bumangky 3a00pOHEHUX TEpepUBaHb B 3ajladyl YMNOPSAKYBAaHHA B KOXHY

. . . . n . .
KOMIPKY PO3MICTUTLCA HC Ol1bIIIe HIK [HJ O6’€KT1B, IIpxu ObOMY KOMIPKH MOJXYTb

OyTH 3aloBHEHI Ha BEIMYMHY MeHIny 3a L. SIKmo B moyaTkoBUX yMOBax 3ajaul

KUIBKICTh OO’€KTIB KpaTHa IIMPHUHI YHOPAIKYBAHHS, TO B KOXHIM KOMIpII

PO3MICTUTHCA 7~ 00’€EKTIB.

h

CmiBcTaBUMO  oJepKaHl pPO3B’SI3KM  3a7a4  JIHIMHOTO MaKyBaHHSA Ta
napajiebHOTO YNOpsAKyBaHHsA. Jlerko ©auuTH, 10 BEPIIMHU, SKI BiJIMOBIIAIOTH
o0’ekTaM B Tmepmux N KOMIpKax pO3MOAUISIOTBCS TpylmaMyd IO  IIUPUHI
YIOPSIKYBaHHS, TIPU IbOMY BEPIIMHU 3 MiAMHOXHUH N;, e i > h, po3mimyroTbcs Ha
HACTYITHUX MO3ULISAX YIOPSIKYBaHHS.

PosrnsHemMo TakoX BHUIIQJIOK, KOJU MpU MOOYIOBI YNOPSIKYBaHb J103BOJICHI
nepepuBanHs. Oomexenss (3.11) B oMy BUMNAAKy MOTpeOye 3aMiHU HA 1HIIIE:

0<x. <lije{l2,..n}. (3.12)

1 —
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[Tpu 3amini oomexenns (3.11) Ha (3.12) omepKyeMO YABICHHS PO TE, SAKUN
BUTJISLA OyIyTh MaTH PO3OUTTS BEPIIWH Ta ONTUMAJbHE 3HAYCHHS IUTHOBOT (QYHKITIT
IpU J03BOJICHUX TEPEPUBAHHAX BIAMOBIAHOI 3adaul ymopsakyBaHHs. Lls 3amina
JI03BOJISIE Y THUX BWIIQJKaX, KOJIM 32 YMOBOIO 3ajadi N He KpaTtHe N, BpaxoByBaTH
MOJKJIUBICTB 3aCTOCYBATH PO30OUTTSI 1O BEPIIIHH.

PosrissHeMo po3B’si3aHHA 3ajadi YHOPSAKYBaHHS MUISIXOM 3BEICHHS il 10
BIJIMTOBITHOT 3371a4i TAaKyBaHHS HA IPUKJIAII.

Ilpuxnao 3.3. 3HalTH yHOpSAKYBaHHS MIHIMANbHOI JOBXUHHM Uid Tpada

G(V,U), |[V|[=n, U=, ne Barm Bepmmn W =3 g 1=1n, h=6, n=15
3aCTOCYBABIIM 3BEIEHHS JO 3a4adi MaKyBaHHS. PO3IJSHYTH BHUMAIKH, KOJH
nepepuBaHHs MPHU BUKOHAHHI BIIMOBIIHUX pOOIT 3a00POHEHI Ta TO3BOJIEHI.

HpI/I BBGIICHHi a0 3az[aqi IMTaKyBaHH: CIIOYAaTKY BU3HAYMMO JOBKHHH KOMipOKI

=271
6 2

KoH1ii BepuInHi Vi CTAaBUMO Y BIJIIIOBIJIHICTb 00’ €KT BUAY (i,3) .

Jlyist BUumanKy 3a00pOHEHUX MepepruBaHb MAEMO TaKe PO3MIIIEHHS 00’ €KTIB 1O

KOMIpKaXx:

3).(2:3)}:{(33).(43)}
:3).(6:3)}; {(7:3).(8:3)}:
9 00 3>} {(11 3),(12:3)}

Opepxanu 8 HEMOPOXKHIX KOMIPOK. Y BIANOBIIHOMY YNOPSAKYBaHHI MICIS 3
MIEPIIIOTO IO IIOCTe OyIyTh 3allOBHEHI BepmmHaMu 1, 2, ..., 12, sSKi 3HAXOAAThCS B
MepIIuX IMecTu Komipkax. Micis 7, 8 Ta 9 BianoBiaHO 3aiimMaroTh Bepuinau 13, 14 Ta
15. TakuM YMHOM JOBXKHMHA ONTUMAIBLHOIO yropsaakysanss | =9,

VY BuUManKy, KOJU MepepruBaHHS J03BOJICHI, y BIAMOBIAHIN 3a/1adl MakyBaHHS

KOMlpKI/I 3aIIOBHIOIOTHECA HACTYITHUM YHMHOM!



{(1;3),(2;3),(3;1%)};

[+

1

Jias) 50|

{(6;3),(7;3),(8;1%)}; {(8;1%),(9;3),(10;3)};

1

{(11;3),(12;3),(13;1_

il

13;1l

2),(14;3),(15;3)}.
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TOI[i OIITUMAJIBHC YIIOPAAKYBAHHA MATUMC BUTJLA]

@) 2 (3%

o 1)) e (o)es) e
(6:1) ) ' . (6:1) (7;1) . ’ . (7:1) (81) (’E
o (2ba) 6 (o)) i o
(13.1) 1(“’1) . (1) @) im) .y (51 @5 (1,1
() )

2

. 1 . . .
Ta JOBXHWHY |H = 75 .3a AOIMOMOTI' OO OIMMCAHOI0 IMAXO0AY MOKIINBO 3A1IMCHUTHU IICPCX11

BiJl (hopMyIIrOBaHHS 3a/1a4l YIOPSAIKYBAaHHS, 32 YMOB, 1110 TIEpEpUBaHHS JO3BOJICHI YU
3a00pOHEHI, J0 3a/1a4i TaKyBaHHA 1 HaBMaku. Lle 103BOIUTh aHai3yBaTH MOKJIUBICTD
B3a€EMHOI0 3aCTOCYBaHHS BIJOMHMX METOJIB Ta aJITOPUTMIB PO3B’SA3aHHS OJHUX 3a]ay

JI0 1HIIINX.

3.4 BuUCHOBKH 10 po3airy

B nmanomy po3auti Oyau mpoaHali30BaHI JI€AKl y3arajdbHEHHs 3ajaul
napajebHOrO YHOPSAAKYBAaHHS Ta JOCHIDKEHO BIUIMB JO3BOJy I€pepUBaHb Ha
ONTUMAJIbHICTH 1X PO3B’SI3KIB.

Posrnsnanacst MOXIMBICTh 3aCTOCYBAaHHS MEPEpUBaHb 3 METOI0 YHUKaHHS
BUHHUKHEHHSI aHOMAJIIM B 3a7ja4ax YHNOpsIAKYBaHHS 13 3aJJaHUM CIIMCKOM MPIOPUTETIB.
YMOBH, 3a SKMX BIUIMB aHOMaJii Ha 3HAYEHHS WIIbOBOI (PYHKIII MOxe OyTu

CKOMITEHCOBAaHUM, C(HOPMYITHOBAHO Y BUTJISII TBEP/KCHHS.
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JInist y3araabHEHHS 3a/1a4l YIOPSJIKYBaHHS, PU SIKOMY 3aMICTh CTaj0i IUPUHU
yIOPSAKYBaHHS N 33a€ThCsI MOCTIIOBHICTE i po3po0iieHO 1Ba aJITOPUTMH ITOOYIOBH
ONTUMAJIBHOTO YMOPSAKYBaHHA Juis rpadiB Oe3 3a1aHOTO YacCTKOBOTO MOPSJIKY.
Anroput™m 3.1 3aCTOCOBYETBHCS y BHMaJKaX, KOJU MEepepuBaHHs 3a00poHEH1 a0o, 3
ypaxyBaHHSAM IMOYaTKOBUX JaHWX KOHKPETHOI 3amadyi, HeAOIabHI. Anroputm 3.2
N03BOJIsIE  TOOYAyBaTH ONTHUMAaJbHE YIOPSAKYBAaHHS 3 YypaxyBaHHSM JI03BOJIY
nepepUBaHb.

Pospobrmeno wmomudikarito anroputMy 3.2y BUDNISAAL  anroputMmy 3.3,
3aCTOCYBaHHS SKOTO J103BOJIsie OyAyBaTH YHOPSAJKYBaHHS B y3arajlbHEHIN 3a/adyl, /e
rpad Mae CTPyKTypy NOBHOTO [BOAONBHOTO. JloBeneHo, MO YHOPSAKYyBaHHS,
noOyoBaHe 3a UM MOJAU(PIKOBAHUM AJITOPUTMOM, € ONITUMAIILHUM.

PosrnsHyTo 1Ba BiJOMi aarOpUTMH MMOJIHOMIAIIBHOI CKJIQIHOCTI, OJMH 3 SKUX
0a3yeTbcsl Ha PIBHEBOMY NPHHIMIMI, a JPYrUd — Ha JEKCUKOrpa(iuHiil po3MITLI
rpada. Jyis BUMakiB, KOJIM 3aCTOCYBaHHS IIMX aITOPUTMIB J1a€ HAOJIMKEH1 PO3B’A3KH,
JIOCJTII)KEHO BILIUB JI03BOJTY IEpEpUBaHb Ha ONTUMAJILHICTh pO3B’si3KiB. [loka3zaHo, 110
TaKWil 03B HE TapaHTY€E 3MEHIIEHHS 3HAYE€HHS LIJIbOBO1 (DYHKIIII.

[IpoanainizoBaHO MOXJIMBICTH 3BEJEHHS 3a7a4 YHOPSAKYBaHHSA JI0 3a/1a4
nakyBaHHs mig rpagiB 0e3 4acTkoBOro mnopsaky. CdhopmyiaboBaHO OOMEKEHHS
BIJIMOBIAHOT 3a/1a41 MaKyBaHHS B 3JICKHOCTI BiJI TOTO, UM JO3BOJICH] IIEpEpUBAHHS TIPH
BUKOHAHHI pOOIT y OYATKOBIH 3aa4i.

OCHOBHI pe3yJIbTaTH po3/iiy omyoiikoBani y [1,7,8,11].
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Po3nin 4. IPOI'PAMHA PEAJII3ALIIA

4.1 Onuc OCHOBHUX MPOrPaAMHUX MOAYJIiB

Po3pobnenuii  mporpamMHUil  TPOJAYKT  BUKOPUCTOBYE  3acO0M  MOBH
nporpamyBaHHs CH.

PeanizoBaHo BigoMi  anrOpuTMH  PO3B’SA3aHHS  3a/4ad  [apajeabHOTO
YOOPSIIKYBAHHS JIJIs BUIIAIKIB, KOJIM BIJIMOBIAHUN oprpad 3amadi BITHOCHUTHCS 0
T KIIacy:

- rpadis, M0 CKIIAJAIOTHCS 3 MHOKHHH 130JIbOBAHUX BEPIINH:
* 13 OJIHAKOBMMH BaroBUMH Koe(Dil[i€HTaMu;
* 13 pI3HUMU BaroBUMu Koe(dilieHTamu;

- PETyJISApHHX, SKI MAIOTh CTPYKTYPY JBOJOJIEHOTO;

- MapajiesbHO-TIOCIIIOBHUX;

- JIepeB-31poK;

- OJIMBKOBHX JICPCB.

Jis 1Mx 3amad BpPaxOBYIOThCA MOCTAaHOBKH, IO JIOMYCKAalOTh JO3BLI YU
3a00pOHY Ha TMepepuBaHHS POOIT, 3HAXOJIUTHCS ONTUMAaJbHE 3HAYECHHS I[IJILOBOT
¢byHKIIIT Ta B pa3i HASIBHOCTI OIIHIOETHCS] BUTPAII BiJl IEPEPUBAHbD.

Takox peamizoBaHo po3poOieHi angroputmu 3.1 —3.3  po3B’s3aHHs
y3araJbHCHOI 3a/1adi YIOpSAKYBaHHS, J€ OOMEXKECHHS Ha PECYypCH 3aTaloThCs
BekTopowm. [lepiri 1Ba 3 HUX JAIOTh TOYHUMA PO3B’ 30K JJisi TpadiB, 10 CKIAAAIOTHCS 3
MHOXHHH 130TbOBAaHUX BEPITUH OJMHUYHOI Baru, TPETid — JJIS MTOBHUX JABOIOTHHUX
rpadis.

OcHoBHUMHM 00’ ekTaMu Iiporpamu € kiacu Vertex, Edge ta Graph, 3 skux nepii
JIBA € JOIOMI>KHUMH.

Kiac Vertex mictuth J1Ba Mmojis, 10 30epiraroTh MiJOYHCENIbHI 3HAYCHHS, SKi
BIJINIOBIJIAI0Th HOMEPY BEPIIMHU oprpada Ta Horo BaroBoMy Koe(ilieHTy, a TAKOXK J1Ba
METOAM, $SKI € KOHCTpykTopamu. llepmmii sBise co000 KOHCTPYKTOp 3a

3aMOBUYBaHHSIM, SIKMIl CTBOPIOE TOPOXKHIN 00’€KT Kiacy, APYyruil mpuiiMae aBa
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[IJIOYMCETbHI apTYMEHTH, 3HA4Y€HHS SKUX BUKOPHCTOBYE IPU CTBOPEHHI HOBOIO
EK3EMIUIIPY KJIacy 3 BiAMOBITHUM MOPSIKOBUM HOMEPOM Ta Baro0 BEPIIHHHU.

Knac Edge cxiagaerscst 3 ABOX IMOJIIB Ta YOTUPHOX METOJIB. 3HAYEHHS TIOJIB
BI/IMOBIAIOTH BIJINMOBIAIOTh HOMEPAM BEPIIMH, 1HIUMASHTHUX 1y31 oprpada. Yci
METO/IH KJIaCy € KOHCTPYKTOPaMHU:

1) KOHCTPYKTOp 3a 3aMOBYYBaHHSM, 110 CTBOPIOE MyCTUH CK3EMILIP KJIACY;

2) mpuiimMae JBa MIJOYHCENTbHI apryMEHTH, 3HAYCHHS TIEpPIIOT0 3 HHUX
BIJINTOBI/Ia€ HOMEPY BEPIINHH, 3 KO JaHA JyTa BUXOIUTh, IPYTOTO — B SIKY
BXOJIUTb;

3) aprymeHTamu € jBa 00’ekTH Kiacy Vertex, 3 skux OTPUMYIOTHCS 3HAYCHHSI
HOMEPIB BEPIIIUH;

4) mpuMaEThCS OJMH apryMEHT, IO € IHIIUM 00’€KTOM JAHOro Kiacy, i
KOIIIOKOTHCS 3HAYEHHS MOT0 MOJIIB.

VY kinaci Graph wmictarbes 1Ba mojs Ta aBa MeToAd. [1ojsiMH € JBa MacHUBU
00’ekTiB KiaciB BignoigHo Vertex ta Edge, siki 3a1al0Th MHOKWHU BEPIIUH Ta JIyT
rpada. O0uaBa METOIM TAHOTO KJIaCy — 11€ KOHCTPYKTOPU:

1) KOHCTPYKTOp 3a 3aMOBUYYBAHHSIM, B SKOMY CTBOPIOETHCS MOPOXKHIH 00’ €KT
KJI1acy;

2) ABa apryMeHTH, SKi TepearoThCs Yy OaHMH METOJ, BIAMOBIIAIOTH
OHOBUMIpDHMM MacuBaM o00’ekTiB kiaciB Vertex Ta Edge, 3 skux
YTBOPIOETHCS HOBUH EK3EMIUIAP KIIacy.

B cuny cnocoOy 3amaHHS MOYaTKOBHUX JaHUX 3a/adl YHOPSIKYBAHHS Kilac
Graph He MicTUTh METOJIB, IO BiANOBINAIOTH 33 MEPEBIPKY YMOB alUKIIYHOCTI,
BIJICYTHOCTI TIeTeldh Ta KpaTHuUX Ayr. Jlms kokHoro miakmacy rpadiB, 10
pO3rIIAaucs, Taka IepeBipKa 31HCHIOBANIACS OKPEMO IPHU TOYaTKOBiN 00poOii
JAaHUX, YBEJCHUX KOPUCTYBAaUuEM.

OxpiM TepeTiueHnX CTPYKTYPHHUX KOMIIOHEHTIB MpoTrpaMa MICTUTh METOJ
DrawCBGraph, B skoMy peani30BaHO MOMKJIHMBICTh BI3yaJIbHOTO BiIOOpayKCHHS

MMOBHOTI'O JIBOJIOJILHOTO T'pada.
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Pemra MeToaiB, HAsIBHUX y MPOTPAMHOMY TIPOAYKTI, PEaTi30BYIOTh aJTOPUTMHU
PO3B’sI3aHHS 33a4 YIOPSIKYBaHHS y PI3HUX MOCTAHOBKAX Ta JJISl PI3HUX MOYATKOBUX
YMOB.

Merton Indep_Alg peanizoBye anropuT™Mu po3B’si3aHHs 3a/1a4i YIOPSAIKYBaHHS 3
HE3aJIeKHUMU poOOTaMHu, BIAMOBIIHUN rpad SAKOi HE MICTUTh JYT, a JUIIE MHOXKUHY
130JIbOBaHUX BepIIMH. MHOXXHMHA apryMEHTIB JaHOTO METONy BKJIIOYA€E 3aJlaHi
IOYMCENbHY WIMPUHY YHOpsiaKyBaHHS h, 3BaxeHwii rpad G, mpencTaBiieHH
00’€KTOM BI/IMTOBITHOTO Ki1acy Ta 00’€KT cranaapTHoro kinacy DataGridView, B skwuii
Oyae 3amucaHo TMoOOyJoBaHE B XOAl BHUKOHaHHS aJrOpPUTMYy [apajielbHe
YIOPSAKYBaHHS 3 IEpepUBaHHAMU. METO/T MOBEPTAa€ TEKCTOBUM PAOK 31 CKOPOUCHUM
3aMKiCOM OJIEPKAHOTO YIIOPSIIKYBAHHSA 3 IEPEPUBAHHAMU, YUCIIO, IO BIANOBIAA€E HOTO
JOBJKMHI, 1 3HaUEHHS BUTPAILy BiJl 3aCTOCYBAHHS [IEPEPUBAHD Y B1ICOTKAX.

Metomqu CB_Alg, SP_Alg, Star_Alg ta Olive_Alg anamoriuno peai3yroTh
AITOPUTMHU  PO3B’SI3aHHS  3a/ad  YNOPSAKYBaHHS — BIANOBIAHO JUIsl  MOBHOTO
JBOAOJBHOTO, MapajesbHO-NOCIIJOBHOIO MiJKIACIB rpadiB, 31pOK Ta OJUBKOBHUX
nepeB. Ananoriuno 1o Indep_Alg B SKOCTi apryMeHTIB IpuiiMaeThes 1ije yuciio h ta
00’ext kimacy DataGridView. Ockinbku CTpykTypa rpadiB y 3a3Ha4eHHX METOJax
BiJIOMa, TO JUTsI CITPOIICHHS 3aMicTh 00’ ekTa Kitacy Graph mepenarorbes:

e JBa NUIOYHCEIBLHUX TapamMerpa N1 Ta N2, mo BiANOBIIAIOTH KUIBKOCTI

BepiuH y goisix st CB_Alg;

® BEKTOp N_COMP, SIKUM 3aJal0ThCs TMOTY>KHOCTI BEPIIUH MapalieilbHO-
MOCJTIIOBHUX TiArpadiB, MOEIHAHUX MOCITOBHOIO Kommosuiieto st SP_Alg;
e mapaMmeTp N, 110 BU3HAYAE KITBKICTh HELIEHTPATBHUX BEPIINH 31PKHU JIJIs

Star_Alg ta Olive_Alg.

Jlnis po3B’si3aHHA 3a/1a4 B y3arajbHEHIH MOCTAHOBII 3aCTOCOBYIOTHCS METOAU
Alg 1 ta Alg_2. B Hux peanizoBaHo BiamoBigHo aaroptumu 3.1 ta 3.2 omucadi y
TPEThOMY pO37iti. MHOXHHY apryMEHTIB CKJIaJal0Th. OJJHOBUMIpHHI MacuB h_arr,
110 BU3HAYA€E BEKTOP, SKUM 3aJ1aHO OOMEXEHHs Ha peCypcH; HaTypajbHE YUCIIO N, 10
BIIMOBiAa€ KUIBKOCTI BepmH rpad®a G 3 OJMHMYHMMH BaroBUMH KoedillieHTamu;

00’ekT cTanmapTHoro kiacy DataGridView HeoOXigHui I 3amucy MoOyI0BaHOTO
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ynopsakyBaHHs. OCKITbKM 3TajiaHi alrOPUTMH € TOYHUMH JUIS BUIAJKIB, KOJIU
BIJMOBIIHI Tpady CKIAAAI0THCS 3 MHOKHHH 130JIbOBAaHUX BEPIIUH 3 BaraMu piBHUMU
1, TO IS parioHAIEHOTO 3aCTOCYBAaHHS MPOIIECOPHUX PECYPCIB Y JaHOMY pa3i 00’ €KT
kiaacy Graph He BUKOPHCTOBYETHCS, HATOMICTh B SIKOCTI MOYATKOBHMX JaHUX METOJ
npuiiMae JIUIIE MOTY>KHICTh MHOXKHUHU BEPIIUH rpada.

Anroput™ 3.3 peainizyeThces 3a gonomororo meroay Alg_3. IToxiouo no CB_Alg
B SIKOCTI apTyMEHTIB MepeJaloThCs [Ba LUIOUMCENbHHUX Mapamerpa N1 Ta n2, mpo
BIJIIIOBITAfOTh KIJBKOCTI BepmnH y aoisax Ta o0’ekr DataGridView, kymu Oyzae
3anucaHe MoOynoBaHE YMOPSIKyBaHHS. B sKoCTi BekTopa, IO BHU3HAYa€ 3MiHHY
HNIUPUHY YHOPSAKYBaHHS MEPENAEThCS OJHOBHMIPHHIA MAaCHB HATypaJIbHUX YHCEN

h_arr.

4.2. Onuc inTepgeiicy Ta iHCTPYKILisi KOPUCTYBa4Ya

[Ipu 3amycky nporpaMu mepel KOpHUCTyBaue€M BIJIKpUBA€ThCS 1HTEp(eric
HACTYITHOTO BHIJISITY, IO YMOBHO MOXHA PO3AUTUTH Ha 6 CTPYKTYpHUX (hparMeHTiB

(puc. 4.1).

¥ Dissertation 1 - o X

Isolated vertices Complete bipartite Series-parallel Star  Olive tree Alg 12 Mod alg| 5

h: |6
» B - le) le) )

[nen 01 D) D) 1) Retallutianetoe a2
51 1) 51 51 ) W= 2,5%

(1) 1 (1) (1) 1 () Optimal S with interruptions in format (Number;Length):
(2:1) 2:1) (1) (%:17) (10:2,5)

(4:1) (4:1) (4:0.5)(6:0.5) (10:14.,5) (5:5)

(5:11) (1:8.5)

(1:6.5) (7:13)

2:11) (12:7) @4:1.5) 6

(4:3.5) (6:5) (8:5) (11:4) (3:2)

>

Generate &
Calculate

Just Calculate 4 Calculate from file

Puc. 4.1. Intepdeiic kopuctyBaua
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Ha mamem (1) posramioBaHi BKJIAIK{, Ha SKHX PO3MilleHl (DYyHKIIOHAIbHI

€JIEMEHTH. JJs 33JlaHHS MOYAaTKOBUX YMOB 3ajadi (2); BUBEIEHHS MOOYI0BAHOTO

yrnopsiakyBanHs (3); kepyBaHHs (4). 3aleXHO Bil 00paHOT BKJIAJKU 3aCTOCOBYETHCS

BIJIMOBITHUNA METOJ] MpOTpaMH, IO pPeai30Bye alrOpuUTM pO3B’sA3aHHS 3ajaaul

YHOPSIAKYBAHHS:

«Isolated vertices» — meton Indep_Alg;
«Complete bipartite» — merox CB_Alg;
«Series-parallely — meton SP_Alg;
«Star» — merop Star_Alg;

«Olive tree» — metox Olive_Alg;

«Alg 1-2» — metoau Alg_1 Ta Alg_2;
«Mod alg» — metox Alg_3.

[TouaTkOB1 YMOBM BBOJSITHCS Ha MaHeNl (2) pI3HUMHU CIIOCOOaMU, 3aJI€AKHO BiJ

oOpanoi Ha (1) BKIaaKu:

y BUIJISI1 TAOJIMIII 31 CTOBIIISIMY, 1110 BIAMOBIAAIOTh HOMEPY Ta BarOBOMY
koedirienty BepmuH (Ha «Isolated verticesy);

JIBOMA HATYPaJIbHUMH YUCJIaMH, 10 BiJIMOBIIAI0Th KIIBKOCTSIM BEPILIUH B
noisx (Ha «Complete bipartite» Ta «Mod alg»);

TaOJIMIICIO 3 OJHUM CTOBIIIEM, B IKOMY 331aI0ThCA MOTY>KHOCTI MHOXHUH
BEPUIMH MAapajeNbHO-MIOCHIIOBHUX miaArpadiB, 1o 00 €HAYIOThCS
HUIIXOM TIOCHIZIOBHOT KOMIIO3UIIll, Y BUIVISIAI HATypaJibHUX YHCEN,
ounbImx 3a 2 (Ha «Series-parallel»);

OJIHUM HATypaJbHUM YHUCJIOM, IO BIAMOBIAA€ KITBKOCTI HEIEHTPAIbHUX
BEPIIMH BXIAHOT 4M BuXigHOI 3ipku (Ha «Star»), JaHIOrIB, IO
yYTBOPIOIOTH OJBKOBE jepeBo (Ha «Olive Tteey), Bepiunn rpada, 110 He

micTuth ayr (Ha «Alg 1-2»).

JIisi TOCTaHOBOK 3ajayi, J¢ BIAMOBIAHUN Tpad Mae CTPYKTYpy MOBHOTO

JBOAOJBHOTO, MPU 3arajibHii KUIBKOCTI BepIIMH He Oumbimiil 3a 50, peanizoBaHO

MOXJIMBICTh BifoOpakeHHsI 1boro rpada B iHTepdeiici (puc. 4.2) 3a IT0MOMOTOIO

merony DrawCBGraph.
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Number of vertices in the first part:
Number of vertices in the second part: I:I
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Puc. 4.2. Ilpuknan BimoOpakeHHs IBOJOJIBHOTO Tpada

Ha (3) micns 3aganHs KOpUCTyBaueM MOYATKOBUX JIAaHUX Ta PO3B’s3aHHS 3a/1a4l
3aMKMCY€eThCSA MOOYIOBAaHE 32 BIAMOBIAHUM aJITOPUTMOM MapajeibHe YHOPSIKYBaHHS.
KoxeHn cToBneup Tabiuill BIANOBIAAE OJHOMY MICIIO YHOPSAKYBaHHS, a BIAMOBIAHI
eJIEeMEHTH pO30WTIB BepmMH Trpada 3amadi  BiIOOpakalThcs Yy  QopMmari
YHOPSAIKOBAHKUX Map, K OMKUCAHO y po3aiii 1.

VY dparmenti intepdeiicy (4) posramoBaHl KHOMKH KepyBaHHs. KHomka
«Generate & Calculate» aBromatnmuHO TeHepye rpad 3amadi 3rigHO 3 OOpaHOIO
BKJIa7K010 (1) 1 3amIOBHIOE BiAMOBIIHI Mo Ta Tabmwmii, a «Just Calculate» HatomicTsb
JIMIIE 3YMTY€E BBEJICHI JIaHi 3 efeMeHTiB inTepdeiicy. Jns Bknamok «Isolated verticesy
ta «Series-parallel» nomano MOXKIHMBICTH BBEICHHS MTOYATKOBUX JIAHUX 3 TAOJIMII, 110
Oepetbest 3 daitny popmary XIsSX. Ilpukinan moyaTKOBHX TaHUX, B3ATHX 3 (aiiy,
HaBeeHo Ha puc. 4.3. KoxHa 3 onmrcaHuX KHOIOK ITiC/Is 00pOOKH MOYaTKOBUX JTAaHUX
3a/layl aKTUBY€ BUKOHAHHS BIJNOBIAHOTO METOJY MpOTrpaMu, IO pEani3oBye

BIJIMOBITHUI aJTOPUTM.



133

A B C

1 1 9
2 2 4
3 3 2
4 4 3
5 5 7
6 6 8
7 7 4
8 8 5
9 9 6
10 10 8
11 11 4
12 12 9
13

Puc. 4.3. IIpuknaz 3anucy noyaTKOBUX JaHUX y (aiimi

TexcroBe mose, po3raioBane B YacTHHI iHTepdeicy (5) HeoOXiIHe 1S 3a1aHHS
IIMPUHU  YIIOPSAKYBaHHS 3a7adi (3HaueHHs 3a 3aMoBUyBaHHAM — 5). Ilpum
3aCTOCYBaHHI alropuTMiB 3.1-3.3 MocCmiI0BHICTh 3aJaHUX 3HAYCHB Nj CJIi/1 3aMuCyBaTH
yepe3 KoMy, 0e3 mpoOutiB. SKIO 3a/1aHOi KOPUCTYBaye€M MOCIIIIOBHOCTI BUSIBUTHCS
HEJIOCTAaTHbO, TO JOJATKOBI 3HAYEHHS MOCIIAOBHOCTI JOAAAYThCS aBTOMATHUYHO
IUIIXOM JyOJIFOBaHHSI OCTAHHBOT'O 3HAYEHHS, 3aIMCAHOTO Y TEKCTOBE mosie. Y pasi
3aCTOCYBaHHS IHIIUX aJITOPUTMIB HEOOX1THO BBECTH HATypaJIbHE YUCIIO, Olble 3a 1.

®parmeHT (6) MICTUTh TEKCTOBI 00’ €KTH 1HTEep(ENCy, B sIKI MICIS PO3B’I3aHHS
3a/1a4i ymopsaAKyBaHHS 3aITUCYFOThCS:

- 3HAYCHHSI IOBXXWHU yTNOPSIKYBAaHHS IPU JO3BOJICHUX MTEPEPUBAHHSX;
- MOXJIMBHUI BUTPAIIl BiJl 3aCTOCYBaHHS MEPEPUBAHb;
- mnoOyAoBaHE YMOPSAIKYBaHHS y CKOpOuYeHIM Qopmi s 3amayd manoi

PO3MipHOCTI (KUTBKICTh BepiuH rpada 1o 20).
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BUCHOBKH

Huceprartiiiina poOoTa MICTUTh HOBI aKTyajbHI pe3ylbTaTU TEOPETHUYHUX
JOCITIIKEHb, 10 CTOCYIOTHCS OJTHOTO KJIacy 3a/1a4d TUCKPETHOI onrtumi3artii. [{e 3amaui
napajiebHOTO  YIOPAJIKYBaHHS BepUIMH oprpadiB, 10 S[KUX 3BOJATHCA Pl
OPUKJIATHUX 33734, SKI BPaxOBYIOTb MOJIHMBICTh MEPEPUBAHHS ISl ONTUMI3aLii
BIJIMOBIHUX MPOILIECIB.

VY3aranpHIOIOYH MPOBEACHI AOCHIKEHHS 32 TEMOIO, MOXHA 3pOOUTH HACTYIIHI
BHCHOBKU:

1. [TpoBeneHmit ormsz Ta aHasi3 MONEePEAHIX JOCTIKEHb 3a TEMOIO BUSIBUB,
10 MOTPEOYIOTh MOAAIBIIOTO JTOCHIKEHHS PAJl aKTyaJIbHUX MHUTaHb, MOB’SI3aHUX 3
IOIIYKOM DPO3B’S3KIB 3aJad MapajielbHOrO YHOpsAKyBaHHS BepuinH oprpadis. Lli
3aJ]aul BUHUKAIOTh Y pAJl NPUKIaAHUX cdep, 30KpeMa OB’ A3aHUX 3 BUPOOHUIITBOM,
0OCIIyrOBYBaHHSIM, YIIPaBIIHHSIM MMPOEKTAMHU.

2. [Tonanpmioro  po3BUTKY [JicTaB MaTeMaTHYHUN  amapar  Teopii
napaneNbHUX YIOPSIKYBaHb, 30KpeMa OyJio BBEJCHO HOBE MOHSITTS PO3OHUTTSA IS
BEpIIIMH, Ha OCHOBI SIKOTO y3arajibHEHO O3HAYCHHS MapajieIbHOTO YIOPSIKYBaHHS, a
TaKO)X HWOTr0 OCHOBHMX XapakTepucTuk. Lle y3arambHeHHsS [103BOJIsIE BpaxoBYBaTH
MO>KJIMBICTh 3aCTOCYBAaHHS MIEPEPUBAHD Ta 3a/1aHl P13HI BaroBi KOE(ilI€EHTH BEPIIHH.

3. Jlnst 3ama4 ynopsiiKyBaHHS OTPUMaH1 HOBI TEOPETHYHI PE3yJIbTaTH, IO
CTOCYIOTBCSI MOXJIMBUX NE€pPEpUBaHb MPU BUKOHAHHI pOOIT, a came: BUSBIECHO HOBI
nigkiaacu rpadis, s SKUX NEPEPUBAHHS MOXKYTh MOKPAIIMTH PO3B’SI3KH; BBECHI
OLIIHKK JUIsl anmpiOpHOTO BH3HAYEHHS BUTpAIy y BUMNAJKax, Koiu rpad 3amadi
HAJICKUTh OJHOMY 3 LIUX MIJIKJIACIB; BU3HAYCHO, BIJ] SKUX MOYATKOBUX JaHUX 3ajadl
3aJIeKUTh MOXJIMBUN BUTpall y BHUMAAKY, KOJU Tpad Mae CTPYKTypy HOBHOTO
JBOJOJLHOTO; MPOAHATI30BaHUN BIUIMB 33J]JaHUX BAroBUX KOE(QIII€EHTIB BEPIITUH HA
e(heKTUBHICTb MEPEPUBABHbB JIJIS1 OJTHOTO CHEIIAILHOTO KJIacy JIepeB.

4, [lokazaHO  MOXJIMBICTH  TIOKpAIICHHS  HAOMKEHUX  PO3B’S3KIB,
OTPMMAaHUX 3a JBOMa BIJOMHMH aJTOPUTMaMH TMOJIHOMIQIbHOI CKJIAAHOCTI, 3a

PaxyHOK JI03BOJIy MepepuBaHb OKpemux poOiT. [loganbmioro po3BUTKY AiCTalIO



135

JOCIIIJIKEHHSI 3B’S3KY 3a/Jauy YNOPSAKYBaHHS 13 3ajJadyaMu IaKyBaHHSA, 30KpeMa
chopMyILOBaHI YMOBH, 3a SIKMX MOJKJIMBE B3a€MHE 3BEACHHS OJIHI€T 3 HUX JO 1HIIO1.

S. 3anpomnoHOoBaHO HOBI €()EKTHBHI aJTOPUTMH PO3B’SI3aHHA 33734
VOOPSAAKYBAaHHS TIPU JONMYCTUMHUX Ta 3a00pOHEHUX TIEPEPUBAHHIX B OJIHIN
y3araJbHEHIH IMOCTaHOBII, sSIKa Tiepeadavac 3aany MUPUHY YIOPSIKYBAHHS y BUTIISII
BEKTOpA, KU BU3HAUYA€ MAKCUMAJIbHY JIOMYCTUMY KUIBKICTh €JIEMEHTIB, 1110 MOXKYTh
OyTH po3MIIIIeH] Ha KOXKHOMY MiCIll YHOPSAKYBaHHSI.

6. Po3pobneno mporpamMHuii MPOAYKT 3a JOMOMOTOI0 3aco0iB  MOBH
nporpamyBaHHsi C# B sIKOMYy pealli30BaHO BIJIOMI Ta 3alpPOINOHOBaHI aJITOPUTMHU
PO3B’s3aHHS 337a4 YIOPSIIKYBaHHS TIPH TI03BOJICHUX Ta 3a00POHECHHX TIEPEPUBAHHSX.

1. [IpoBeneHo BIAMOBIIHI OOYMCIIOBAIbHI €KCIICPUMEHTH IS Baslijarii
OTPUMAaHUX TEOPETUYHUX PE3YyJIbTATIB, a CaMe 3alpOMOHOBAHUX OIIIHOK BUTpAIIY BiJl
NepepuBaHb, PO3POOJICHUX aJITOPUTMIB pO3B’SI3aHHS 3a7adl YNOPSJIKYBaHHS B
y3arajJibHeH1! TOCTAHOBIIl, J€¢ BIAMNOBIAHUI rpad HAISKUTh O MIJKIACY MOBHUX

ABOJOJIBHUX, abo CKJIaJa€ThCAa 3 MHOKHHHA 130JIbOBAHHUX BCPIINWH.
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