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NUMERICAL SIMULATION OF THE MASS TRANSFER IN A
HEMODIALYSIS CELL MACHINE

BHenpeHue coBpeMEHHBIX MATEeMATHYECKHX MeTOJ0B B H3y4YeHHe MPOLECCOB
OMOJIOTMYECKUX CHCTEM SIBJISIETCH XapPaKTepHbIM ISl Hamero BpemeHu. HapaboranHublii
rPOMAa/IHbII HAYYHBIH MOTEHIIHAJ TOYHBIX HAYK M COBPEMEHHAsl BHIYUCINTEIbHASI TEXHUKA
MO3BOJIIIOT peliaTh CJOKHBbIE 3aJa4d ¢ OoJblIMM Ha0opoM mnapaMerpoB. OaHUM U3
CJOKHEHIIUX  HANPaBJIeHHWH B COBPEMEHHOW Hayke fIBJsieTCS  MOJAeJIMPOBaHHUE
MacCOOOMEHHBIX NPOLECCOB B KUBBIX CHCTEMax H, B YACTHOCTH, B OPraHHU3Me YeJIOBEKa M
CO3/1aHHe MeIUIMHCKON anmapatypsl JJis1 BbINOJHEHUS TeX WIN UHBIX Je4eOHbIX onepanuii.
Camo co31aHMe TaKOH anmapaTypbl HEBO3MOKHO 0€3 YeTKOro MOHMMAaHHUs OMO(PU3UYEeCKUX U
XHUMHYECKHX MPOIEeCcCOB, KAK B anmnapare, TAK 1 B OpraHu3Me, HAXOAsIIeMCH 10/ BJIHAHHEM
padorsl anmapara. Hau0oJiee SIpKUM NpPpUMEpPOM B3aMMOCBSI3M OPraHU3Ma W anmnapara
SIBJISIETCH MPoLecC reMoananu3a. MareMaTu4ecKOMY ONMCAHUIO 3TOI0 MPoOIecca MOCBAILIEHO
y’ke HeMmayso pabdor. B jgaHHOM craThbe mpeacTaBJeHA MaTeMaTH4YeCKasi Mojelb,
ONMUCHIBAIOIIAS THAPABJIMYECKYIO CTOPOHY MPOLECCca ¢ Y4eTOM CONPOBOKAAIIIUX 3¢ deKTOoB,
a Tak/Ke KOHBEKTUBHO-AU((PY3HOHHBINI MacCONEepPeHOC HeNTPAJbHbIX KOMIIOHEHTOB NPH
B3aMMOEHCTBUN HMX C MOJynpoHunaemoii memOpanoii. IIpoBeneHHble pacueThbl MOKA3aIU
Ba)KHbIe OCOOCHHOCTM TAKHMX CHCTEM, a TaKKe BJIMSIHHE 3aJal0UIUX [apaMeTpoB Ha
pacnpeesieHle pacCMaTPUBAEMbIX BeJIMYHUH B KANMJLUIAPE U THAJIU3HOM KaHaJje.

Knrouesvie cnoea: Mamemamuueckoe moOenuposanue, Macconepesoc, KOHYEHmMpayuu
KOMNOHEHMO8 KPOBU, OHKOMUYeCcKoe 0asieHue, 2eMoOUaIu3

BnpoBagkeHHsI Cy4aCHHX MATeMAaTHYHUX METO/IIB 10 BUBYEHHSs Npo1eciB 010J10TiYHIX
CHCTEM € XapaKTepHMM /Ui Hamoro u4acy. HampauboBaHuii Beju4e3HUIl HAYKOBMM
NMOTEHIiaJl TOYHHUX HAYK I Cy4YacHa O004YMC/IIOBAJIbHA TeXHiKa N03BOJIAIOTH BHPILIyBATH
CKJIAJHi 3aBJIaHHS 3 BEJMKHUM Ha0opoM mapaMeTrpiB. OQHMM 3 HAWCKIAJHIIINX HANIPSAMKIB Y
cy4YacHiii Hayni € MOJeJI0BaHHSI MaCOOOMIHHUX NpPoOILeECiB B ’KHBHX CHCTeMax i, 30KkpemMa, B
OPraHi3Mi JIIOAMHU i CTBOPEHHS MEAWYHOI amaparypd s BHKOHAHHS THX YM IHIIMX
JiKyBaJbHUX onepaniii. Came CTBOPeHHs TaKoOl amaparypd HEMOKJIMBO 0e3 4YiTKOro
po3ymiHHs OioisuyHux i XiMiYyHHMX mDpoueciB, ik B amnapari, Tak i B opraizmi, mo
3HAXOAMTbCA MiA BIVIMBOM pobotum amapary. Haiifinbm sickpaBUM  NPHKJIAI0M
B32a€MO3B'SI3KY OpraHi3my i amapary € npouec remofianizy. MareMaTH4HOMY ONHUCY LbLOTO
npouecy NPHUCBAYEHO BKe 4YMMaJI0 poOiT. Y daHiid CcTATTi mpeacraBjeHa MaTeMaTH4YHA
Mojesib, 110 ONMMCY€ TiPaBJiYHY CTOPOHY IMpouecy 3 YPaxXyBaHHSIM CYNPOBO/KYHYHUX
e(exTiB, a TAKOK KOHBEKTHBHO-IH(Y3IiHHI MacCONepeHoC HEHTPATbHUX KOMIIOHEHTIB NpH
B32€MO/iI IX 3 HAIBIPOHUKHOI0 MeMOPAaHOI0.
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IIpoBeaeHi po3paxyHKH MNOKAa3aJM BaK/JIHBi 0CO0JMBOCTI TaKHX CHCTEM, a TaKOK
BILUIMB 33/IaHUX NapaMeTpPiB HA PO3MOAiJ PO3IJAHYTHX BeJUYUH B Kaniaspi i giajgizHomy
KaHaJIi.

Knrwuoei cnoea: MarematuyHe MOJENIOBaHHS, MAcOINEPEHOC, KOHIEHTpallii KOMIOHEHTIB
KpOBi, OHKOTHYHHUI TUCK, T€MOT1aJIi3

The introduction of modern mathematical methods in the study of the processes of
biological systems is characteristic of our time. The accumulated huge scientific potential of
exact sciences and modern computer technology allow solving complex problems with a large
set of parameters. One of the most difficult areas in modern science is the modeling of mass-
exchange processes in living systems and, in particular, in the human body and the creation of
medical equipment for performing certain medical operations. The very creation of such
equipment is impossible without a clear understanding of biophysical and chemical processes,
both in the apparatus and in the body, which is under the influence of the apparatus. The
most striking example of the relationship between the body and the apparatus is the process
of hemodialysis. A lot of work has already been devoted to the mathematical description of
this process. This paper presents a mathematical model describing the hydraulic side of the
process with allowance for accompanying effects, as well as convective-diffusion mass transfer
of neutral components when they interact with a semipermeable membrane. The calculations
carried out showed important features of such systems, as well as the influence of the control
parameters on the distribution of the quantities under consideration in the capillary and the
dialysis channel.

Keywords: Mathematical modeling, mass transfer, concentration of blood components,
oncotic pressure, hemodialysis

Introduction. One of the directions of the modern scientific development of
the space industry is associated with a long stay and life support of a person in
extreme conditions. The range of problems related to the creation of space technology
currently includes not only the tasks of uninterrupted power supply and ensuring the
reliability of mechanisms, but also, first of all, providing high-quality medical
services based on modern medical equipment, in particular using membrane
technology. Artificial blood purification (hemodialysis) in modern medicine has been
universally recognized and is used as an effective method for ionic homeostasis,
detoxification and dehydration of the body. The process of hemodialysis is associated
with the occurrence of complex mass-exchange processes in the channels separated
by membrane partitions through which the fluid is filtered and diffuses relatively low
molecular weight blood components (muscular, creatine, toxic substances, allergens,
etc.). One of the circuits of the hemodialysis apparatus used is a bundle of hollow
fibers, the walls of which are semipermeable membranes. The blood of the patient is
delivered inside the fiber, and the dialysis solution is injected into the interfiber
space, as a rule, in countercurrent. Due to a certain pressure drop across the
membrane, the fluid flow, which constitutes 90% of blood plasma, together with the
metabolites, flows into the dialysis channel, as a result of which the concentration of
the formed material and proteins in the fiber increases, which is accompanied by an
increase in viscosity blood. Blood is a heterogeneous medium, it consists of blood
particles (shaped material, dispersed medium) and dispersive fluid mass - plasma.
Plasma is a biological colloidal solution that contains both low molecular weight
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substances and high molecular weight protein compounds (proteins). One of the most
important effects associated with the hemodialysis process is the osmotic increase in
pressure in the capillary pressure (oncotic pressure), which is due to the interaction of
the plasma pro- teins with the membrane and the carrier fluid. In general, the
hemodialysis process can be considered both from hydrodynamic positions and from
the positions of diffusional mass transfer in the presence of molecular interaction of
the components with each other and with the surfaces of the apparatus [1, 2]. At
present, the hydraulic side of the theory of hemodialysis has acquired a relatively
simple form, based on the solutions of the equations of hydrodynamics under the
laser mode of flow in the channels [2—4].
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Fig. 1 Flow Chart

Mathematical formulation of the problem. Flow dynamics. If the cell shown
in Fig. 1 is taken as the cell element, then the equations describing the dynamics of
the fluxes and the preservation of the masses of the blood components can be written
as follows (the Newtonian model of the liquid is considered):

Ge = 177;'0C ra dPc dpc (1)
dx
PR (RR RM) Y, 2 dpg

Gy =—-"11% Rs —R 2R In(Ry /R —_ 2
R=78 {( )ZInR/R (R M)+ v In(Ry R)]}dx (2)
dd% = 27RMm PRVMR 3)
Gpr =Const, Gg =Const, 4)

R
Vear =Km(Pc = PR = Ponc): VMR = R_CVCM : (5)

M

where G., G., Gg, Gpg, G. - costs, respectively, of blood, dialysis fluid, liquid
released from the blood into the dialysis channel, proteins, formulated material ; p,,
p, IS the pressure in the capillary and dialysis channel accordingly; p., pg IS density
of blood, dialysis solution (the density of the emitted liquid is taken equal ogr); 4.,
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ug are the dynamic coefficients of viscosity, respectively, of blood and solution; R
, Rp» Ry are radii (see fig. 1).

To these equations it is necessary to add the dependencies of viscosity and
oncocteric pressure on the corresponding parameters [5]:

st = ipy 1+ 2.5H +0.0735H2), (6)
Pone =0.21-cp, +1.6-1072-¢3, +9-107° . ¢3,, 7)

where up, Is dynamic coefficient of viscosity of the plasma; H is volume fraction
of the form material (hematocrit); cp, IS mass concentration of proteins in plasma.

Somewhat more complex dependences of the dynamic viscosity on the hematocrit
fraction are given in [2], the formula for the blood density is also given there.

pc =1030(1—H)+1090H . (8)

The written system of equations forms the basis of the hydrodynamic theory of
hemodialysis, and with varying degrees of simplification has been considered in
contemporary literature [2—4, 6].

In fig. 2 - 5 shows the results of calculations of costs and pressures in the
channels of the device (R; = 0.3 mm; Ry = 0.34 mm; Rz = 0.7 mm).
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Fig. 2 Changes in blood flow in the fiber (A - fiber length 15 cm; B - fiber length 20 cm):
1-K=10"°,2-2.10°, 3-3.107,4-4.107°.
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Fig. 4 The change of oncotic pressure in the fiber (the same designationsj'
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Fig. 5 Changes in the flow rate of fl\l;id through the membrane (designations are the same)

The curves show qualitatively a change in the hydrodynamic parameters from
the channel length and membrane resistance. From fig. 2 it follows that the costs in
the capillaries, quite noticeably react to the magnitude of the flows. This is natural,
because the flow rates themselves in the capillaries are not rational, as a result of
which the membrane resistance must be clearly defined. Shown in fig. 4, the
separation of oncotic pressure curves suggests that its values may be significant in the
process. The calculations carried out in [3] for a more complex rheological model of
a fluid, showed small differences in the pressure distribution in the channels
compared to the Newtonian model, as a result of which the authors of this work - use
the Newton model of a liquid to study mass transfer processes. The mathematical
model and the method of successive approximations of this work allows one to
determine the fluxes and pressures in the capillary and dialysis channels, depending
on the driving parameters and hydraulic characteristics of the membrane.
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Mass transfer. In addition to flow distribution during hemodialysis, an
important issue is the distribution of blood components in the dialysis cell. In the
previous section, emphasis was placed on the separation of flows due to the
corresponding pressure drops, which determine the hydraulic behavior of media, i.e.
it was assumed that the diffusion fluxes are small compared to the dynamic ones. In
real cases, the gradients of the components can be significant, and the filtration
hydrodynamic velocities are small, which should lead to an increase in the weight of
the diffusion component. In addition, diffusion processes may also be of self-interest,
since With the help of the introduction of some active components that prevent, for
example, blood coagulation, it is possible to regulate the process itself, either to fix
the output of the desired component, or, for example, to regulate the patient's
calcium-phosphorus metabolism [ one]. Finally, significant scientific interest are ion-
exchange processes in which the presence of membranes or phase supernotes has a
great influence on the dynamics in general and on mass transfer [7,8]. Here we
consider the diffusion processes of neutral components, one of which (1) is associated
with blood, the other is distributed from the dialysis channel (component 2). A
similar problem related to calcium metabolism was considered in [3]. The basic
equation can be written as:

a(p-c-) opiC;  OpiCi | o oc; ) oc;
it it it j j
+U +V =|—| piD;— |+—| piD;r— ||+ J;, 9
ot X or o\ P17 o ) rar | T o J ®)

where t is time; x, r- coordinate system; u,v- speed components derived from the
hydraulic task; c;- concentration of the j-th component; D; - diffusion coefficient;

J; determines the change in concentration due to reactions. We further assume that
the densities and diffusion coefficients are constant J; =0, and the initial values of

the concentrations are zero. As the boundary conditions, we use the following
relations.
In capillary:

a(0r)=cq, (00/2X),_ =0;
(6cy/0x),_o =0, (6cy/0x),_, =0; (10)

in the membrane;

(6c1/0x),_g=0, (0c,/0x),_ =0;
(6cy/0x),_o =0, (6, /0X),_, =0; (11)

in dialysis channel:
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(6cy/0x),_o =0, (6c1/0X),_, =0;
(602 /GX)XZO = 0 y C2(L, r) = C20 . (12)

At the boundaries of the regions, in accordance with the theory of mass transfer, we
accept the corresponding equality of the concentrations and fluxes of the components
[9].

On the axis of the capillary symmetry conditions
(6cy/0r),_q =(0cy 10r),_o =0; (13)

on the border of the capillary membrane: ¢;(x,r)_ge40 = Hnc €% Fr=ro—o,

8Cj 801
vej —Dj— =|vc;—Dj;—- ; (14)
or or
r=Rc-0 r=Rc+0

on the border of the membrane - dialysis channel:
€ (X, Nr—rm-0 = Hwmr iCi (X Dr—rm-+0

8Cj 6CJ
VCj_Dj_ = VCj_Dj_ ; (15)
or or
r=Rm-0 r=Rm+0

on the canal wall (éc,/ar),_g, =(6c, /0r),_g, =0. The written system of equations

and boundary conditions is sufficiently general. It makes it possible, through the use
of certain quantities or other, to model interesting, complex cases of mass exchange,
and also to move to simpler equations. In particular, in a number of papers, for
example, in [10, 11], mass transfer coefficients are used for mass fluxes of
components between channels (through a membrane). In this paper, a model problem
Is considered — the transfer of a low-molecular complex from the blood to the
dialysis channel and, conversely, some component from the diamal solution to the
capillary when the speeds and Henry coefficients change Hmc and Hmr.

In fig. 6 - 9 shows the distribution curves of the considered compounds in the
capillary and the dialysis channel for various cases (Hmr=1; v=a(ug /Ugq)/d(x/L)
was taken constant along the capillary, the diffusion coefficients in the membrane are
an order of magnitude smaller than in solutions). The main changes of the setting
parameters and the corresponding numbers of curves are given in the table.
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Table 1. The main changes of the setting parameters

1 2 3 4 5 6
UcO | 001 | 001 | 001 | 001 | 0,01 | 0,01
uQ0 | 002 | 002 | 0,04 | 0,04 | 0,02 | 0,02
Vv 0,1 0,2 0,1 0,1 0,1 0,2
Hmc 1 1 1 2 2 2
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Fig. 6 - The distribution of the concentration of C1 in the capillary
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Fig. 7 - The distribution of the concentration of C1 in the dialysis channel
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Fig. 8 - Distribution of C2 concentration in the capillary
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Fig. 9 - Distribution of C2 concentration in the dialysis channel

The given concentration curves of the considered components give an idea of
their distribution in the channels, depending on the input velocities, filtration
filtration flows in the membrane and Henry coefficients. Here, an important
circumstance is the transition of component 2 from the dialysis solution to the
capillary with blood, which is generally undesirable. This issue requires special
attention and must be carefully developed. The second important point is related to
the magnitude of the Henry coefficient, which has a significant effect on the
distribution of the companion under consideration. This formulation of the problem
and the numerical solution method allow calculating the distribution of blood
components and dialysis solution in the capillary and dialysis channel depending on
the determining parameters of the convective-diffusion process.

Conclusions. In the most general form, the problems of fluid hydraulics and
convective-diffusive mass transfer in a cell of a hemodynamic apparatus are
formulated. The performed numerical solutions have shown the effect of flows on the
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flow of fluid in the channels and on the change in oncotic pressure of the blood. The
distributions of the considered components of blood and dialysis solution in the
channels are found, the effect of Henry overflows and coefficients on the
concentrations of these substances is shown.
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