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The Betti numbers of the space C();3

3anpoIrioHOBaHy IPAaIi0 MPUCBIYEHO BUBYEHHIO TomoJioriuHoro mpocropy CQs. Ilpo-
cropu Cf2, € aHasorom mMpocTopiB y3arajJbHEHUX JOCKOHAJIUX CILUIAWHIB (), O BUOAAKY
KoMIuIeKCHo3HaYHuX dyHKIi. KoxeH cmiaiin npocropy C(), 3a/aeThcs cucremMoro BY-
3iiB Bigpiska [0,1] Ta cucTeMOIO0 YKce] OJAMHUYHOIO KOJA KOMILJIEKCHOI ILIOIIMHU, AKi
BU3HAYAIOTh 3HAYEHHs CIUIAaiffHA Ha HpoMi>kKkaxX Mixk By3yamu. IlluM kKomnieKcHO3Had4HIi
crutaiinu npocropy C), Bimpi3HAOTHCS Bij y3arajJibHEeHUX JOCKOHAJINX CIJIAMHIB IIPOCTO-
Py €),, 3HAYEHHsI KOTPUX HA HPOMIXKKaX MiX By3JlaMU 33/Jal0ThCs JINCHUMU YNCJIAMU
muoxkuHu {t1}. fk i nas npocropy §2,, Tonosoris npocropy C(2, HacaimysaHa 3 mpo-
cTOpy cyMOBHUX QYHKIIii L1, B [bOMY BUIIAJIKy KOMILJIEKCHO3HauYHuUX. CucremaTudHe g0-
CJIiI>KeHHsI TOMOTOHIYHUX iHBapiaHTiB mpoctopy (), 6ysio 3anouarkoBane B.I. Py6anom,
AKWN MMO0yAyBaB KJITHHHY CTPYKTYPY IIBOTO MPOCTOPY, i 3 1T gomomoroio 1985 pokKy 3Haii-
IIOB IPyNHU N-BUMIpHUX romoJoriii mpoctopy §2,, a 1999 poky moBHicTiO po3B’si3aB 3a4a41y
BimmykanHs rpyn #ioro koromouioriii. B momasbimomy romoTorivHi iHBapianTu mpocropy
), suBuasiuca B.A. KomieeBuM, ssKnii BCTaHOBUB OAHO3B’si3HicTh (),, Ta A.M. ITacbkom,
AKWM 3HANIIIOB TOMOTOIIIYHI IPYIN IUX IIPOCTOPIiB y BUMipHOCTaX Bid 2 g0 n. TomoJsoriuHi
npocropu C(2,, 6ys0 BBeaeno B pobori 2015 poky A.M. IlacbkomMm, B sikiii aBTOp o0y yBaB
Ha C(),, cTpyKTypy KJITHMHHOrO IIpocropy, anajioriuny BBeaeniit B.I. PyGanom kiiTuHmHiki
CcTpYKTypi mporopy (),, i 3 1T momomororo noBiB omHO3B’si3HicTh npoctopiB C(, mist Bcix
n > 2. Y pobori 2016 poky A.M. Ilackko 3HaiiioB romosiorii mpocropy Cf2,, y BumipHo-
crax 0,1,2,2n—1,2n,2n+ 1 (kaituaanit npocrip C(,, mae BumipHicts 2n+ 1), Ta BcraHOBUB
piBHicTb HymIO eiisiepoBol xapakTepuctuku npocropy C(, ams Bcix n > 1. ¥V 3amporo-
HOBaHill crarTi HocaigKyoThcs unciaa Berri (panru romosoriyaux rpyn) npocropy CQs.
Buxkopucrosyrodu obuyucnenuii y npaui [3] sBHuil Burisg oneparopa mexi, B pobori 3Haii-
JieHo 6e3mocepeJHBO rpynu 3-BUMIpHUX MUKJIB Ta rpynu 3-BuMipuux mexk rmpocropy CQjs,
110 T03BOJIMJIO 3HAUTU 3-BUMipHY TPyIy I'OMOJIOTI# 1iboro mpoctopy. BpaxoByumn Bigowmi
3 [4] rpynu romouoriii npocropy CQs; y Bumipnocrax 0, 1, 2, 5, 6, 7, 3ualigoHo 4Yucsaa
BerTi npocropy C23 y Bcix BumipHOcTsiX, KpiMm BumipHocTi 4. Hucso Berri y BumipuocTi
4 3HAXOVUMO MIJISXOM MiZpaxyHKYy eiijiepoBoi xapakTepuctuku. TakuM UmHOM, y cTATTi
3HalizieHo Bci yuciaa Berri npocropy C()s.

Key words: yzazarvrenutd 0ockonaiut cnaatn, KAimunnud npocmip, wucaa Bemmi

The space C()3 is considered. The Betti numbers of the space C(3 are calculated.
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Let w(t),t > 0, be the non-negative, continuous increasing function, w(0) = 0, and
n € N. Consider integer ¢ > 0 and the system of the knots

O=mo <m <...<ng<ngt1 =1
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Let G be the real line R or the complex plane C. Consider the function (w-spline)

F(n,s,t) = s - min{w(t — ng), w(nesr — 1)}, for t € [k, Nyl (1)

with s, € G, |si| = 1 and the subspace of the space L;[0, 1] that consists of the splines
(1) for ¢ < n. If G = R this subspace coincides with the space (2, in case of G = C it
coincides with the space C(2,,. The researches of the homotopy invariants of the spaces
2, has been started by V.I. Ruban [5], [6] who has built CW structure on €2,, and
calculated the cohomologies of the space €2,. V.A.Koshcheev [1| has proved that the
spaces 2, are simply connected. A.M. Pasko [2] has established that the homotopy
groups

2<k<n-1,

0,
) {z F—n

The spaces C(2,, have been introduced in the paper [3]. In [3] A.M. Pasko has built
on CS2, the structure of 2n+1 - dimensional CW-complex and proved that the spaces
CQy,, n > 2, are simply connected. In [4] A.M. Pasko has established that

Z, gakmo k= 0,k =2n + 1;
0, akmo k =1,k = 2;
Hi (C8h) = g+ AaKIo k = 2n — 1; )

7, akmo k = 2n.
for any n > 2. So in [4] A.M. Pasko has found that the Euler characteristic x (C€2,,) = 0.
CW-complex is a Hausdorff space E written as a union

E:GUeZ

q=0kel,

of the non-overlapping sets e (q-cells) in such a way that any g-cell ef has a continuous
characteristic map f{ : D? — E of closed g-dimensional ball D? to E such that the
restriction of f! to IntD? is a homeomorphism between IntD? and ef. Herewith E
satisfies the conditions:

(C) the boundary éf = &} \ e} of any g-cell lies in the union of a finite number of
j-cells for j < ¢;

(W) subset F' C E is closed if and only if all the intersections F' ()&} are closed.

The g-skeleton of the CW-complex F is the union ske,(E) = |J e]. The CW-

<

complex F is said to be finite if it consists of finite amount of cells. e
Consider CW-complex E. The set of the g-cells of E may be used as the basis
of a free abelian group C,(F£). Elements of Cy(E) are called g-chains. There are the
homomorphisms of groups 0 = 9, : Cy(E£) — C,—1(E). This homomorphisms are
called boundary operators. Consider the groups Z,(E) = Kerd, (the groups of g-cycles)
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and By(E) = Imd,;; (the groups of ¢-boundaries). The identity 0,0,+1 = 0 implies
B,(E) C Z,(E) that allows to define the homology groups H,(E) = Z,(E)/B,(E).

Let us describe the CW-complex structure of C(2,, introduced in [3]. Consider the
set of two symbols A = {1, e}, integer 0 < ¢ < n and the sequences

U= UUy... Uy, Uj € A.

For each sequence u let h(u) be the number of u; such that u; = e. Each m-cell,
0 <m < 2n+ 1, is determined with some sequence u = ugu;...u, where m = ¢+ h(u),
we denote such m-cell as ¢?(uguy...u,). It is proved in [3] that the boundary of the
m-cell ¢?(uguy...u,) is equal

o (uguy...uy) = Z (=D)* e (ug ..., ... uy), (3)

k: up=1

where ug . .. Uy . . . uq is the sequence wy...u, in which the symbol w;, is missed.
Consider the 3-cells of the 7-dimensional CW-complex C(23:

A(1111), *(11e), (lel), *(ell), c'(ee).
By the virtue of (3) their boundaries are
O (1111) = dc*(11e) = dc*(ell) = dc*(ee) = 0,

and
Oc*(lel) = c'(el) + c'(1e).

Therefore Z3(CS23) is a free abelian group with the basis
A(1111), *(11e), 2 (ell), c*(ee).
On the other hand
?(11e) = —0c*(11el), c*(ell) = dc*(1ell), c*(ee) = Oc*(1ee),

so c?(11e),c?*(ell),c!(ee) are 3-boundaries. The 3-cell ¢*(1111) is boundary of no 4-
chain because the codes of all the 4-cells of the space C(23 unclude the symbol e, so
the codes of their boundaries do. Therefore H3(C(3) is the free abelian group with the
basis ¢3(1111). Hence

Hy(CSy) = 7. (1)

It follows from (2), (4) that

Z, itk=0,3,7;

0, ifk=1k=2
@2 =371 irr_s, ®)
73, itk =6.
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So only H,(CQ3) is unknown. The equality (5) implies that the Betti numbers
Br(CQ3), k # 4 (the ranks of the homology groups) of the space C{23 are equal

1, ifk=03,T;
0, itk=1k=2;
CQ — Y 9 ? 6
B (C82s) 4, if k=5 (6)
3, ifk=6.
It is known from [4] that the Euler characteristic x(CS2,) = 0,7 > 1. Thus

7

X(CQ) = ) (=1)*5,(CQs) = 0. (7)

iy

0
It follows from (6), (7) that 54(C€Q3) = 2. So we have proved the theorem.

Theorem 1. The Betti numbers of the space CQ3 are

(1, ifk=0,3,T;
0, ifk=1k=2
B (CQ) = {2, if k=4
4, if k=5;
(3, k=6
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