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On interpolation of operator, which is the
sum of weighted Hardy-Littlewood and
Cesaro mean operators

HdoBeneHo, 1o onepaTopM, sKi € cCyMOI0 JBOX cepejiHiX BaroBux Xapiai-JIiTTaByna
ff xt)p(t)dt i Yeszapo ff )t "p(t)dt, obmexkeni B mpocropax Jlopenna A, .(R),

HKmo d)yHKuil f(z) € A%a( ) samoBoabH#KOTH yMoBy |f(—z)| = |f(x),x > 0, Ta
He3pOCTanqI/Ix HaIIiBMYJIbTUMIIKATUBHUX (PYHKIN 1), A9 AKX BUKOHYIOTHCS TaKi YMOBU:
t ¢( ) < I%f) nyis Beix 0 < t < 1; npm gesknx 0 < e < 1, 0 <0 < 3 dynxnii ¢(t)t'F,
( )t ® MOHOTOHHO He cHajalTh i MYHKIT 1 (t)t, ¥ (%) € abCOJIIOTHO HellepepPBHUMM.
JoBenena ocuHoBHa Teopema aisi Gyskiii f(z) € A, o(R), ki 3a70BOIBHAIOTE yMOBY
lf(=z)| = |f(x),x > 0, Ta Qs HE3pPOCTAIOYMX HANMIBMYJIbTUILIIKATUBHUX (QYHKUiil 1,

IJIsi AKUX BUKOHYIOTHCA YMOBU % < ZZ’(%) < % oaga Beix 0 < ¢t < 1, Ta gas

0 <e< %,0 <0< % dbyHKIIT w(t)t1*5,¢(%) t~% MOHOTOHHO He CHAJAIOTh, a (YHKIHT
P(t)t, ¥ (%) € abcounroTHO HernepepBHuMu Biguocuo ¢t € (0,v), me v € (0,00). A came, mio,
aKino GyHKuia ¢(t) maoxuau P TaKa, o ajs gesikuxX a € [1,00) BUKOHYETHCSI yMOBa

1

[ [My(u™)] g dM ey (u f (M, ] aM,, (2 )(u) < o0, TO icHye Taka crana C > 0, mwo ajs
0
Bcix dyHukuin f(x) € A%G(O oo) Mae Miclle HepiBHicCTB

[i@proraen) <o [woraen) .

0 0

ne ¢ € ob’enqnanuam GyHKUiil ¢(t) = signt i MHOXKMHU JI0IATHUX, 3POCTAIOYNX, OILyKJIUX

abo BrHyTMX Ha HeCKiHYeHOMY HPOMiXkKy [0,00) dyHKUiii ¢(t), siki 3aJ0BOJILHSIOTH

yMoOBU tlir_lgogo(t) = ¢(0) = 0, tlim p(t) = oo Ta p(2t) = O(p(t)), xomu t — +0, t — oo
= —00

My(t) = sup f;((s;)) (0 < t < 0); f*(t) — He 3pocTaroya mepecraHOBKAa MOAYs byHKIIT
0<s<oo
1
fl@); (Tyf)(x ff (zt)(t)dt+ [ f (%) t~14(t)dt. Baysarkmmo, mo toai oneparop (T f)*(z) €
0

oIepaTopoM CJIaBKOTO THUITY (w(t)t, P(t)t, ﬁ, ﬁ)

Tako>k goBe/ieHi JocTaTHI yMOBH, 100 oIlepaTopH, IO € CyMOIO JBOX CE€PeIHiX BaroBuUx
oneparopiB Xapgi-JlirtiByna ta Yesapo, komum ¢(t) = t7%, me a € (0,%) obMmerkeHi
B mpocropax Jlopenusi A, .(R), akmo dysknii f(z) € A, .(R) 3a50BOJBHAIOTE yMOBY

[f(=2)| = [f(@)], © > 0.
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Kaowosi caosa: dyndamenmanvrua Gynruyia, onepamopu caabkozo muny, noka3HUKy pO3MAazYy-

sanhsa Pynryit, npocmopu Jlopenysa.

JokazaHo, 4TO OIeEpaTophl, KOTOpre €CTh CyMMOM JBYX CPEIHHX BECOBBIX Xapau-
1
JInrrnsyna [ f(xt)y(t)dt n Hesapo f J($)t7™(t)dt, orpanmdensl B mpocTpancTBax Jlopenma
0

Ay o(R), ecmn dyskmun f(x) € AWI( ) ymosaerBopsitor ycaosuio |f(—z)| = |f(z)|,z > 0, n
HEBO3PaCTAMIIUAX HOJIyMyJII)TI/IHJII/IKaTI/IBHI)IX dyHKUWMt 1), AJ8 KOTOPBIX BBINOJTHOTCH

clleayloliye ycCJIOBUHA: w(t < 1/)( ) ) aia Beex 0 < ¢t < 1; nmpu HekoTopbix 0 < ¢ < 5

0 <0< 3 byakumm p(t)tr—=, ¥ (; ) ~° MOHOTOHHO He yObIBaOT M (yHKuMU Y (t)t, 1 (%)
SIBJISIIOTCST aGCOIOTHO HenPepbIBHBIMU. Tak>Ke NOKA3aHHbIE JOCTATOYHBIE yCIOBUS, YTOObI
omepaTopbl, KOTOPBIE SIBJISIOTCS CyMMOM ABYX CPeJHUX BECOBBIX ONEpAaTopoB Xapau-
JInrtasyna n Yesapo, korga ¢(t) = t~*, rme a € (0,1), orpannuensr B npocrpaHcTBax
JIopenna A, ,(R), eciim dynkmun f(z) € A, o(R) ynosaerBopsior yciosumo |f(—z)| = |f(z)],

x > 0.

Kaouesvie crosa: dyndamenmanvnas Gyrnkyus, onepamopos cAab020 muna, noka3ament pacms-

orcenua Ppynryuu, npocmparcmea Jlopernua.

It is proved that operators, which are the sum of weighted Hardy-Littlewood
ff (zt)y(t)dt and Cesaro ff )t~ "1 (t)dt, mean operators, are limited on Lorentz spaces

AWZ( ), if the functions f( ) € Ay o(R) satisfy the condition |f(—x)| = |f(z)|,« > 0, for such
non-lncreasmg semi-multiplicative functions 1, for which satisfy the next conditions:
w(t (1) < 1%52) for all 0 <t < 1; at some 0 <e < %, 0<§ < i functions ¥(t)t' ==, ¢ (1) ¢~°
do not decrease monotonically and functions (¢ )t, w (1) are absolutely continuous. Also,
there are proved sufficient conditions that the operators, which are the sum of weighted
Hardy-Littlewood and Cesaro mean operators, when ¢(t) = t~%, where a € (0,%), on
Lorentz spaces A, ,(R), if the functions f(z) € A, .(R) satisfy the condition |f(—x)| = |f(z)|,
x> 0.

Key words: fundamental function, operators of weak type, index of stretching function, Lorentz
spaces.
MSC2010: PrI 41A05, SEC 47A58, 46E30, 46A32

1. Introduction

Let the function ¢ : [0,1] — [0, 00]. be given. In the work of Carton-Lebrun and
1

Fosset [1] the boundedness of the weighted Hardy-Littlewood mean [ f(xt)y(t)dt
0

1
in BMO(R™). In [1] it is proved that the operator [ f(xt)y(t)dt is bounded in
0
BMO(R"), when the function ¢'~"1(¢) is bounded on [0,1]. Xiao [2] considered the
1
weighted Hardy-Littlewood mean and the weighted Cesaro [ f(%£)t™"4(t)dt, mean, for

0
an arbitrary Lebesgue measure of the complex-valued function f, given on R"™ and
expanded the result of Cardon-Lebrun and Fosset on the boundedness of the weighted
Hardy-Littlewood mean in BMO(R™). When ¢ = 1,n = 1, then we have a classical
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Hardy-Littlewood mean (Uf)(z) = % [ ft)dt,z # 0, and the classical Cesaro mean
0

(V)(x f IWat 2 > 0 and (Vf)(z) = — i @dt, x < 0. Hardy considered the

boundedness of the operators U and its conjugate V' in space L,(0,00) [2].

Our task is to prove that the operators, which are the sum of two weighted Hardy-
Littlewood and Cesaro mean operators, are bounded in Lorentz’s spaces A, ,(R) for
functions f(z) € A, (R), such as |f(—z)| = |f(x)],2 > 0, and functions 1, described
below. For functions 1 the following conditions v : [0, 1] — [0, o], are fulfilled , non-
increasing semi-multiplicative, that is, such that for any x and ¢ the inequality holds

P(xt) < P(x)(t); % <Y(3) < % for all 0 < t < 1. In addition to the above
conditions for 1), let for some 0 < ¢ < %,O < & < % the functions ¢(t)t' =, ¢ (%) do
not downgrade monotonously and the functions ¢ (t)t, ¢ (%) are absolutely continuous
relative to t. Also, the problem is to prove sufficient conditions for an operator that
is the sum of two weighted Hardy - Littlewood and Cesarro mean operators, where

Y(t) =t~ where o € (0, 1), are bounded in Lorentz spaces A, 4(R) for such functions

f(z) € Apa(R), that [f(—z)| = [f(z)], z > 0.

2. Designation and definition

Let ® be a union of a function ¢(t) = signt and a set of positive, increasing,
convex, or curved on infinite interval [0, 00) of functions ¢(t), satisfying the conditions
tlir}rl()@(t) = ¢(0) =0, tlim @(t) = oo and ¢(2t) = O(p(t)), when t — 40, t — oo. For
— —00

the function ¢(t) of the set ® we denote through M, (t) = sup w((s? (0 <t < o0) and
0<s<oo

Y, 0, correspondently, its lower and upper stretch indices [3].

Denote through S(R™) the space of real Lebesgue-measurable functions on R™ and
f*(t) — non-increasing rearragement of the function f(z) € S(R™) module.

Let a € (0,00] and ¢(t) be a non-downgrading absolutely continuous function on
an infinite interval [0, 00) such that ¢(0) = 0. The Lorentz space A, ,(R™) consists of

1

[e.9]

functions f(z) € S(R"), for which a quasi-norm || f||a,, = <f(f* (t))“dgp(t)) " in the
0
case p(t) # signt, 0 < a < oo or a quasi-norm ||f|[x, . = sup [f*(t)p(t) is finite, if
0<t<oo

=00 [4].
Let the functions ¢ (t), p1(t) € ® be such that ¢(t) # signt and po(t)/¢1(t) increase
on (0, o). The space A, 1( ")+A,, 1 (R™) consists of functions f(z) € S(R™), for which

the sum f FX(t)dpo(t) + f f*(t)des(t) is finite. If q(t) = signt and the conditions
sup M, ( J(1—Inu) < 1 are fulfilled, then the space of such functions f(z) € S(R")

O<u<l1

that ff Ydpo(t) + ff t71dt < oo [4] is denoted Ay, 1(R™) + LY (R™).
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Then we will assume the functions pg(t), @1 (), Yo(t), ¥1(t) € D, po(t)/p1(t) increase
on (0,00), the domain of values ¢o(t)/p1(t) coincides with the domain of values
o(t)/11(t) and m(t) — Lebesgue-measurable, the positive solution of the equation

wo(m(t))/er(m(t)) = Yo(t) /¢ ().

A quasilinear operator T is called a weak type (¢o, o) operator, if there C' > 0 is
such that for any f(z) € Ay, 1(R™) and ¢ > 0 the inequality is performed

(TF) (H)olt) < C /FWM%W),

when g (t) # signt, or inequality
(Tf)"(t)wbo(t) < C sup (f*()po(t))

0<t<oo
in the case of yo(t) = signt [3].
A quasilinear operator T is called a weak type operator (¢o, %o, 1, %1), if there is

such C' > 0, that for any f(z) € Ay 1(R") + Ay, 1(R™) and ¢ > 0 the inequality is
performed

m(t) 0o
(TF) () < C wwnlfme%mwww@>{/fmm%w>,
0 m(t)

when ¢ (t) # signt, or inequality

m(t) o0
(TF) (1) <C | (o(t)™ / fr(u)do(u) + (1 ()™ / frwpudu |,
0 m(t)
in the case ¢;(t) = signt and sup (M, (u)(1 —Inw)) <1 [5].
O<u<l1
Positive constant M, My depend of 1, denote by C' the positive constant, which in

each case may be different and does not depend on the essential parameters.

3. Known results

In his work Carton-Lebrun and Fosset [1] on the boundedness of the weighted
1
Hardy-Littlewood mean [ f(xzt)y(t)dt in BMO(R™). Xiao [2] expanded the result

0
of Cardon-Lebrun and Fosset on the boundedness of the weighted Hardy-Littlewood
mean in BMO(R") and proved that the weighted Hardy-Littlewood mean operator
is bounded in L,(R"), where p € [1,00], ¢ : [0,1] — [0,00), if and only if, when
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n

1
[t ry(t)dt < oo is bounded in BMO(R™), ¢ : [0,1] — [0,00), then and only
0

1 1

then, when f@/z t)dt < oo. Cesaro’s weighted mean operator ff(f) t="p(t)dt is
0

bounded in L »(R"™), where p € [1,00], ¥ : [0,1] — [0,00), if and only if, when

t (1_5>w(t)dt < 00. The condition of the boundedness of weighted Cesaro mean

o Lo .

1
f (%) t™y(t)dt in BMO(R") is [t="(t)dt < oco.
0
The following statements are proved below.

Theorem 1. If n = 1, a function ¢ : [0,1] — [0,00) is non-increasing and
semi-multiplicative and such that 1%1) < 9 (1) < 124—2 for all 0 <t < 1. For some
0<e< %,0 << % the functions ()t ¢ 1[1( )t % do not downgrade monotonously
and the functions 1(t)t, (%) are absolutely continuous relative to t € (0,v), where
v € (0,00). If the function ¢(t) from the set ® is such that for some a € [1,00)

satisfies the condition
1 00
/[M¢<u—1)}adM¢(t)t(u)+/[Mw( )] dM(
0 1

then there is such a constant C' > 0 that for all functions f(x) € A,q(0,00), the
inequality is performed

y(u) <o,

|

/ (Tof) O de(t) | <C / (f* (1) dip(2)

Proof. Let’s denote through

(Tyf)(x /fm ﬁ+/f fw

Let x > 0,z > 0,u > 0. We convert the sum of two integrals by substitution

Tt =z, xdl = 2,7 = u, —@—du

from @)% Jrows G

By replacing the variables z = 7,dz = dr;u = 7,du = d7, we transform this sum of
integrals to the sum and use the semi-multiplicity of function (t)

[ G+ f s
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Functions |f(7)| > 0,9 (%)

(Tuf)(a é/ Al (2 /|f I (£) & <

() /If (r)dr + (o /|f |¢()d?§
<v(3)7 [ oz o [T w()%

Firstly, we use the condition of the theorem that, for some 0 < ¢ < = 0 <0< 3
the functions ¢ (t)t'==.4) (1) t™° do not downgrade monotonously and the functlons

Y(t)t, 1 (1) are absolutely continuous relative to ¢ € (0,v), where v € (0, 00):

/ W < [ 2t < Lot =1 [ o,

3

/i /M %(-H/{d(w(%))’

0

() /|f Nd(ro(m) + (e /|f (v (1)) <
i> /|f )d(T(r +—w /\f \d( ())

The function ¢(<T g is increasing for all 0 < 7 < oo.

By the property 13 of non-increasing rearrangements from [3], we obtain

* (@)t (@) _
Tt (e)] = C/o firidmn (¢(:c)x’ w(r)) B

o(fron@te Jron@)%).

0
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In the right side there is a non-increasing function, by the property 18 of non-
increasing rearrangements from [3| we obtain

(Tuf)(x) < () / P+ [ (1)_

The operator (T}, f)*(x) is a weak type operator <¢(t)t, Ww(t)t,
We apply Theorem 6 from work [4], we have

|H

L)
@ o)

@

o0 a o0

[iayreraon) <o [rwrao

0 0

Theorem 1 is proved.
Corollary 1. If n =1 the function f(z) € Ay o(0,00),9(t) =t*,0 < a < 3, the
function p(t) of the set ® is such that for some a € [1,00) satisfies the condition

1 00

/ (M (u™)]* dMpr—a () + / (M, (u™)]* dMe (u) < .

0 1

Then there is such a constant C' > 0, that for all functions f(x) € Ay 4(0,00) the
inequality is performed
[iroraaw| <o [roraw

0 0

The provement follows from Theorem 1, since the function ¢, o € (0, 1) satisfies
the conditions of Theorem 1. Corollary 1 is proved.

Theorem 2. Suppose n = 1, ¥(t) = 1, the function p(t) from the set ® is such
that for some a € [1,00) satisfies the condition

/1 (M ()] du + 7 (M, ()] v du < co.

Then there is such a constant C' > 0 that for all functions f(x) € A,q(0,00), the
inequality is performed

Q=

oo a

[impraraen) <c| [urord

0
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Proof. Hardy [6] studied at n = 1, ¢(t) = 1 the boundedness of operators
L[ fde, [ @dt. On the other hand, the operator
0 T

(Tf)(x) = / flatia+ [ 1 () de =

T

== / F(u)du + ]O @du < / (bt + 7 ! *f)dt

0

is a weak type operator (t,t,signt, signt) and there is performed sup ¢(1 —1Int) < 1.
0<t<1
From this, according to the property of non-increasing rearrangements 13 and 18, we

obtain t
* 1 * f*<7_)d7_
wirw <y [ reas [HUT

Then, as m(t) = t, according to Theorem 7 from the paper [4], from the condition

1 e )

/[Mw(u_l)}‘lldu—l—/[M¢(u_1)};u_1du<oo

0 1

Theorem 2 follows.

Let S(R) be given, a Lebesgue measure, m be introduced, which puts in
correspondence to each interval (a,b) where the number m(a,b) = b — a, where
—o00 < a < b < oo. The distribution function m, = m{z : |g|(z) > A}, where
A > 0, corresponds each function g(z) € S(R) being given on the negative on the
semicolon. On the positive of the semicolon, there is an positive function g;(7), whose
distribution function is m, = m{z : |g:|(x) > A}, where A > 0 and such that
mig(A) = my, (A). The rearrangement of the function gi(7) € S(R) is determined
by the formula g;(t) = inf{\ : m, (\) < t}. The norm in space E(—00,0) is given by
9]l B(=00,0) = [197]| B(0.00)-

Denote through (7', f)*(t) a non-increasing rearrangement of the image (T3 f)(x)]
module with negative z, and positive numbers we denote respectively by (T, f)*(t).

Theorem 3. If n = 1, a function ¢ : [0,1] — [0,00), is non-increasing, then it
1s semumultiplicative and such that % < (%) < % for all 0 < t < 1, at some
0<e< %, 0<d< % functions (t)t'=¢ (%) t=% do not downgrade monotonically
and the functions ¥(t)t, (%) are absolutely continuous relative to t € (0,v), where
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v € (0,00). If the function o(t) from the set ® is such that for some a € [1,00)
satisfies the condition

/1 dM¢ (u) + 70 [M(u

Then there is such a constant C > 0 for functions f(x) € Ay,.(R) such that
|[f(—=2)| = |f(z)|,z > 0, the inequality is performe

)(u) < 0.

My,

e =

1
a

S

[l@uro)an)| < | [impordam) <c| [orao

Proof. Let x < 0,¢t > 0, we use functions f(x), such that |f(—|z|)| = |f(|x])|, then

(T f)(x /fxt dt+/f( )t—1¢(t)dt:

=juemmwwﬁ+ju(%ﬂ)tw@ﬁ=

/If [z [t) [ (t dt+/| ( ) W (t)dt.

And for positive |z| we have already proved the statement of the theorem, hence
we obtain for negative x:

(T (@) < [(Ty ()]

Using the properties 13 and 18 of non-increasing rearrangements of functions from
paper |[3], we obtain

(Tyf)"(t) < (Tuf)" (1)

Then we use Theorem 1 of this paper and Theorem 6 of paper [4]
Theorem 3 is proved.

Corollary 2. Ifn =1, ¢() =t 0< a < %, the function o(t) of the set ® is

such that for some a € [1,00) satisfies the condition

1 00
/ thl a + / tha( ) Q.
0 1
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Then there is such a constant C > 0, that for all functions f(z) € Ay q(R), for such
that | f(—z)| = |f(z)|,z > 0, for t > 0 the inequality is performed

/[(ﬂf)*(t)}adso(t) < /[(szf)*(t)]“dsﬁ(t) <C /(f*(t))“dsO(t)

Proof. The corollary follows from Theorem 3, since the function ¥(t) = t=%, a € (0, 3)

2
satisfies the conditions of Theorem 3. The corollary 2 is proved.
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