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The Bojanov-Naidenov problem for
trigonometric polynomials and periodic
splines

Posrisinaerscs 3amaua BosinoBa-HaiiienoBa Ha MHOXx«KuHax T, (TPUrOHOMETPUYIHMX
noJiiHoMiB nopsiiky He 6inbioro 3a n, n € N) ta S, , (nepioguynux cniaiinis nmopsiaky r,
r € N, minimanbHoro nedekry 3 Byssnamu B ToukKax krw/n, k € Z). A came, mis 3agaHux
n,r € N3 p, A> 0 i noBinbHoro dikcosanoro BiapisKy [a,b] C R po3B’sizana ekcTrpemaiabHa
3aza4a

b
/ le(@®)dt = sup, ¢ >p, 1)

Ha KJjlacax
Tp(A) :=A{T € To : [[Tlp,s < Allsinn(-)llp,5, & € (0,7/n]}

n

Ta

Sh () = {s(-+7) 15 € Sup, s

|P75 S A”@”J‘”P,& 6 € (va/nL T € R}a

e
[2llp,s == sup{llzllL 0,0y : @ bER, 0<b—a<d},

a ¢, — (2n/n)-nepionuunnii cinaita Eitsepa mopsaky r. Ak Hacaimok, ans k=1,...,r —1
poO3B’s3aHa eKcTpeMaJsibHa 3a1a4a

b
/ e ®(@)9dt > sup, ¢ 1, @)

Ha kJyacax TP (A) Ta 5’3’;7T(A).

HoBeneno, mo kiacu TP(A) ta Sg,r(A) € LMIMPIINME 33 KJIACH
T.(A,p):={T €T, : L(T), < AL(sinn(-)), }.

Ta
Spr(A,p) ={s(-+7):5€ Snr, L(s)p < AL(onr)p, T € R},

BigmoBigHo, Ha sikux 3axad4i (1) i (2) 6ysio po3B’s3ano paniiue, e

L(x), :=sup {Hx||Lp[a’b] ca,beR, Jz(t)] >0, t e (a,b)}.

Kpim Toro, mas moBijabHOro BiApisky [a,b] C R ma kmacax TP(A) ta SP  (A) orpumano

n,r

po3B’a30K Bimomol 3aga4di Epgenia mpo xapakTepu3aliifo TPUTOHOMETPUIHOTO IOJIiromMy
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T € TP(A) (moninomianbHoro criaiiny s € S; ,.(A)), rpadik akoro Ha 3aganoMy BipizKy
Ma€ MaKCUMAaJIbHY [JOBXKHUHY.

Knmowoei caosa: 3adava Boanosa-Hatidenosa, nosinom, cnaaln, nepecmanoska, meopema
NOPILEHAHHA.

Hna zamauux n,r € N; p, A > 0 m NDpousBOJBHOro (PUKCHPOBAHHOIO OTPe3Ka
[a,b] C R peliena skcTpeMajbHasl 3aJa4a ff|x(t)|th — sup, ¢ > p, HA MHOXKeCTBax
TPUTOHOMETPUYECKUX TMOJMHOMOB T mopsiaka < n u 27-NEePUOAUYECKUX CILUIAWHOB §
MOpSIAKA I MUHAMAJIBHOIO AedeKTa ¢ y3jaMu B TOYKaxX kw/n, k € Z, yIOBIE€TBOPSIOIINX
yeonmo [T],s < Allsinn()ps s [5llps < Algnsllps . 8 € (0, 7/n]. e [zly.s = sup{liallz, 0.
a,beR, 0<b—a<d}, ap,,— (2r/n)-nepuonuaeckuii ciutaiin Eitepa mopsinka r. Kak
CJIe/ICTBUE, pellleHa Ta ke JKCTpeMaJibHasl 3ajadva [Jis MPOMEXKYTOYHBIX IIPOU3BOTHBIX
z®, k=1,.,r—1, npu g > 1.

Kmouesvie caosa: 3adauwa Boanosa-Hatidenosa, moasumnom, cndaiin, nepecmanoska, meopema
CPABHEHUA.

For given n,r € N; p, A > 0 and any fixed interval [a,b] C R we solve the extremal
problem fab|x(t)|th — sup, ¢ > p, over sets of trigonometric polynomials 7 of order
< n and 27-periodic splines s of order r and minimal defect with knots at the points
kr/n, k € Z, such that ||T|,s < Alsinn()|ps, lISlps < Al@nrlps, 6 € (0, m/n], where
lzllp,s := sup{l|zllz,(a,0) : @ bER, 0<b—a<d} and ¢,, is the (2r/n)-periodic spline of
Euler of order r. In particular, we solve the same problem for the intermediate derivatives
z®, k=1,..,r—1, with ¢ > 1.

Key words: Bojanov-Naidenov problem, polynomial, spline, rearragement, comparison theorem.

MSC 2010: Pri 41A17, Sec 41A44

1. Introduction. Let G denote the real line R or a finite interval [a, b] or the unite
circle I, wich is realized as the interval [0,27] with coinsident endpoints. We shall
concider the spaces L,(G), 0 < p < oo, of all measurable functions z : G — R such
that ||z||, = ||z||z,@) < oo, where

1/p
|z, := </ |z (t) P dt) , if 0<p< oo,
G

|z||, := vraisup |z(¢)|, i p=oc.
teG

For 7 € N and p,s € (0,00] let L] . be the space of all functions = € L,(R) for
which 2"~Y is locally absolutely continuous and z(" € L,(R). We shall write ]l
instead of [|z[|; g and L, instead of L, .

It is well known (see for example [1, page 47|) that the problem of finding the best
constant C' in the Kolmogorov-Nagy type inequality

a 1l
1zl < C Iy [l (1.1)
over the class of functions z € L7 _, where a = %, q,p,s > 1,re N, k€ Ng:=

NU{0}, & < r, a < (r — k)/r, is equivalently reduced to the following extremal
problem:
lz®l, — sup (1.2)
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over the class of functions z € L, ; satistying
1215 < Ary - l2lly < Ao, (1.3)

where Ag, A, are the fix positive numbers.

Many mathematicians investigated the problem of finding the best constant in (1.1).
There are only few cases in which sharp inequalities of the form (1.1) are known for
any 7 € N and any k < r. The survey of the results in this directions are given in [1]
— [3]. For arbitrary interval [a,b] C R Bojanov and Naidenov have solved the problem

b
/@(\x(k)(t)\)dt Lysup, k=1, —1,

a

over the class of functions z € L7 satisfying (1.3) with p = s = oo, where ® is
continuously differentiable function on [0, 00), positive on (0,00) and such that ®(t)/t
is non-decreasing and ®(0) = 0. In particularly, Bojanov and Naidenov have solved
the problem of Erdés [5] on characterization of the trigonometric polynomial of fixed
uniform norm that has maximal arc length over [a, b].

We shall consider the class W of the continuous, nonnegative and convex functions
® definsd on [0, 00) and such that ®(0) = 0. For p > 0 set [6]

L(z), :=sup {||z||lL,jan) : a,b€R, |2(t)] >0, t € (a,b)}. (1.4)

Note that L(z)s = ||7]|s and L(z'); < 2]|2||0o-
The following modification of the Bojanov and Naidenov problem was solved in [7]:

b
/®(|:p(t)|p)dt —sup, e W, p>0, (1.5)

a

over the class of functions z € L7 satisfying
”x(r)”oo <A, L(x), < A, (1.6)

As a special case was solved the problem

b
/<I>(|:v(k)(t)|)dt —sup, ¢eW, k=1,...,r—1, (1.7)

a

over the same class of functions = € L7 _.

The generalizations of the results of the article [7] are given in [8], [9].

Denote by ¢,(t), r € N, the " 2r-periodic integral with zero mean value on a
period of the function ¢ (t) = sgnsint and for A > 0 set ), () := A7"p, (AL).
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The solution of the problems (1.5) and (1.7) was given in [10] over the class of
functions x € L satisfying

2o < Ary Nzllps < Ar- lorrllps, 0 € (0, 7/A]

where
|z lp,s == sup{||z|/ 05 :a, bER, 0<b—a <o} (1.8)

Note that the value ||z, s for p > 1 is the norm but the value L(z), is not.

Let n,r € N and p, A > 0. Denote by 7T, the set of all trigonometric polynomials of
order < n. Let S, , be the set of 2m-periodic polynomial splines of order r with knots
at the points krw/n, k € Z. Set

TN(A) :=AT € T : [ Tlp.s < Al sinn(-)[lp,s, 0 € (0,7/n]} (1.9)

and
Sh(A) i={s € Sy Isllp,s < Allon,rllps, 0 € (0,7/nl}, (1.10)

where the value ||z|,,s is defined by (1.8).

We solve in this paper the problem (1.5) and (1.7) over the classes TP?(A) and
SP (A) (Theorems 1 and 3). As a special case we solve the problem Erdés over the
same classes.

2. Preliminaries. For n, r € N and p, A > 0 set

Y, r(t) = U (K, t) ;== Asinnt, if K =TF(A),

Vn,r(t) = Yn (K, ) i= Apy (1), if K =50 (A). (2.1)

Lemma 1. If a function x is continuous on R and the supremum

g
sup{/ lz(t)|dt : «,B € R, B—aﬁé}

is realized on interval [a,b] then |x(a)| = |x(b)| [11].

Lemma 2. Let n,r € N and p, A > 0. If K = TF(A) or K = S; (A) then, for
any function x € K, the following inequality holds true

[2]loe < [¢on, (£, ) lloc- (2.2)

Proof. Fix a function x € K and arbitrary a € R. Let m be a point of maximum
tn, (K, t). Note that

m+6/2

o (K, I 5 = / @ (K, t)dt, &€ (0,x/n]

m—4§/2
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So we conclude from (1.9), (1.10) and (2.1) that

ats m+3/2 m+58/2

1 1 2

5 [ wetorae< s [ oo aonde=3 [ o o
a m—46/2 m

Letting 6 — 0 yields

|z (a)[” < by (K m) = [|ibn, (K ) [IE

wich is equivalent to (2.2).

Lemma 2 is proved.

We shall call f € L! (R) is comparison function for z € L. (R) if |2 < ||f]loo
and it follows from z(&) = f(n), £,n € R, the inequality |2/(£)| < |f'(n)| (if there are
the derivatives).

Lemma 3. Let n,r € N and p, A > 0. If K = TP(A) or K = Sk (A) then the

function ¢, (K, t) is the comparison function for any function r € K.

Proof. Fix a function # € K. By Lemma 2 the inequality (2.2) holds true. If
K = TP(A) then it follows from (2.2) (see, for example, the proof of Theorem 8.1.1 [1])
that the function ¢, (K, t) = Asinnt is the comparison function for z.

Let now K = SI (A). Then ¢, (K, t) = A, .(t). So applying Tikhomirov
inequality (see, for example, |1, Lemma 8.2.1|)

20

|2 || oo < , T E Sy,
||90n,r||oo

we conlude from (2.2) that ||2("||, < A. Hence, in view of (2.2) the function z satiesfies
the conditions of Kolmogorov comparison Theorem [13]. By this Theorem the function
U, (K, t) = A, »(t) is the comparison function for z.

Lemma 3 is proved.

Let x € Li[a,b]. The rearrangment of the function |z| is denoted by r(z,t) (see, for
example, [14, §1.3]). We also set r(x,t) =0 for t > b — a.

Lemma 4. Letn, 7 € N; p, A>0;, € W. If K =TF(A) or K =5} (A) then,
for any function v € K and arbitrary interval [a, b] C R with b —a < 7 /n there holds
the inequality

b m—+0

[tz [ (v opa, (2.9
a m—0
where m is a point of maximum of the function 1, (K, t) and the number © is such
that
Ypr(m—0) =1, (m+0), 20=>b—a.
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In particularly,

b ctm/n
[etsmas [ . (x op) (2.4)

where ¢ is a zero of the function 1, (K, t).

Proof. Fix a function z € K and interval [a, b] satiesfying conditions of Lemma 4.
Let us prove (2.3). Set 0 := b — a and let the supremum

B
sup{/ O (Jz(t)|P)dt . «,8 € R, B—agé}

is realized on an interval [a, []. Obviously, there is such interval that § — a = 4. It is
enough to prove the inequality (2.3) for [a, b] = [a, 5]. Then, by Lemma 1

|z(a)] = [z(b)]. (2.5)

Denote by 7 the restriction of the function x on [a, b] and let 1) be the restriction
of the function %, , on [m — O, m + ©]. Let us prove the inequality

¢ e
/ rP(z, t)dt < / rP(, t)dt, &> 0. (2.6)
0 0

First, we show that the difference §(t) := r(Z, t) — 7(1, t) has at most one change of
sign on [0, 00) (from - to +). Note that

6(0) < |[zlloc = 1t rlloc <0 (2.7)
in view of Lemma 2. Set
A:=min{|Z(t)| : t € [a, b]}, B :=max{|Z(t)|: t € [a, b]}.

If B < |¢p,r(m + O)] then the difference d(¢) has no change of sign. Assume that
B > |{y - (m+0)] and set C' = max{A, |, ,(m+ ©O)|}. Because of (2.5) and (2.7), for
any z € (C, B), there exists the points

tic€la, b, i=1,...m, m>2 y;€m—60,m+0|, j=1,2,

such that
2= [2(t:)] = [¢(y))]- (2.8)

By Lemma 3 v, , is the comparison function for z. So for the points ¢; and y;, satisfying
(2.8), the following inequality holds true

7' (t)] < [ ()]
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Hence, if the points ©, ©, > 0 are chosen such that
z=1(T, 01) = (¥, Oy),

then by the theorem about differentiation of rearrengement (see, for example, [14,
statement 1.3.2])

(@ 00)] = [Z |f'<tz->|-1]

It follows that the difference 6(¢) := r(Z,t) — (¢, t) has at most one change of sign on
[0,00) (from - to +). It is exactly the same for difference 9,(t) := rP(Z,t) — r?(¢, ).
Let us consider the integral

< [Z W(yj)!_ll = |r'(¥, 02)|.

It is clear that I,(0) = 0. Taking into account the definitions (1.9) and (1.10) of the
classes TP(A) and SE (A) we have

1,(&) = [|zllp,s = 1Unrllps <0, =0

Besides, the derivative I(t) = 6,(t) has at most one change of sign on [0, c0) (from - to
+). Therefore, I,(¢) < 0 for all £ > 0 and the inequality (2.6) is proved. Applying
Theorem of Hardy-Littelwood-Polya (see, for example, [14, Statement 1.3.11]) we
deduce (2.3) from (2.6). It is evident that (2.4) follows from (2.3).

Lemma 3 is proved.

Corollary 1. Let n,r € N; p, A > 0. Then, for any q > p, we have
TY(A) CTi(A);, - SE.(A) € S5 L(A),
where the classes TP(A) and ST, (A) are defined by (1.9) and (1.10).

Proof. Setting ®(t) = t9/? in the inequality (2.3) and taking into account the
definitions (1.9) and (1.10) we immediately derive both inclusions.

3. The main results. Let n,r € N; p, A > 0; [a, b] C R . Following Bojanov and
Naidenov [4] let us write the length of [a, b] in the form

b—a=1-—+20, 1eN[]J{0}, 20¢€(0, n/n). (3.1)
n
Choose 7 € R such that
|wn,r(a +O+7)= W)n,r(b -0+ T>| = ”wn,rHoo ) (3.2)
where the function 1, , is defined by (2.1). Set
SP(A):={s(-+7):s€ 5 (4), TR} (3.3)

(the definition of the class S% .(A) is given by (1.10)). If K = TF(A) (see (1.9)) or
K = Sﬁyr(A) then it is clear that ¢, (- + 7) € K for any 7 € R.
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Theorem 1. Letn, r € N; p, A>0. If K =TF(A) or K = S’ﬁyr(A) then, for any
function ® € W and arbitrary interval [a, b] C R,
b b
sup /@(|x(t)|p)dt: reK :/®(|¢n7r(t+7)|p)dt,

where the number T is defined by (3.2). In particularly, for ¢ > p,

b b
sup /|x(t)|th: ek :/|¢n,r(t+7)|qczt.

Proof. Fix any function € K and arbitrary interval [a, ] C R. Let us write the
length of [a, 0] in the form (3.1). Set ay, := a + kn/n, k=0,1,...,l. By Lemma 4

Qg1 ct+m/n
/ O(|x(t)P)dt < / <I>(|¢n7r(t)|p)dt, k=0,1,....1 —1,
and
b m-+0O
/ B (t)P)dt < / B (i (B)P)dl,
a; m—0

where ¢ is a zero, m is a point of maximum of the function ¢, , and the number © is
defined by (3.1). Therefore,

b ctm/n m+0
[eteomias - [ au o+ [ ol or-
= [ @t dr

Moreover, the equality is realized here for the function x(t) = 1, (t47). First statement
of Theorem 1 is proved. Setting ®(¢) = t%/? in it we have second statement.

Theorem 1 is proved.

Foen,r € N and A,p > 0 set

T.(A,p) ={T €T, : L(T), < AL(sinn(-)),}.
and
Snr(A,p) ={s(-+7):5€ Sn,, L(s)y < AL(ppnr)p, T € R},

where the value L(z), is defined by (1.4). For K = T,,(A,p) or K = S,,.(A, p) define
the function
U () = Yn (K, t) ;== Asinnt, if K =T,(A4,p),

U r(t) = Yo (K, t) :== App (), if K =25,,(A0p). (3.4)

10
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Theorem 2. Letn, r € N; p, A > 0. Then
T.(A,p) CTE(A),  Su.(Ap) C S (A),

wrere the classes TP(A) and ggT(A) is defined by (1.9) and (3.3) .

Proof. Fix any function z € K ( where K = T,,(A,p) or K = S, ,(A,p)) and the
number 0 € (0, 7/n]. Let us prove the inequality

[ llp.s < [¥nrllp.s- (3.5)

For a function x € T,(A,p) or x € S,,.(A,p) and arbitrary interval [a, b] satisfying
b—a < 7/n it was proved |9, Teopemsr 7, 9| that

b m+0
[etsoris [ e o vew (3.6)
a m—0

where m is a point of maximum of the function v, , and 20 = b —a . Setting ®(t) =t
in the inequality (3.6) we have the estimate (3.5). It follows from (3.5) in view of the
definitions (1.9), (1.10) and (3.3) both of inclusions.

Theorem 2 is proved.

Remark 1. It follows from Theorem 2 that the problem (1.5) is proved in Theorem
1 over wider classes than in Theorems 7 and 9 in [9] where this problem has been
proved over the classes T, (A, p) and S, (A, p)).

Next Theorem contains a solution of the problem (1.7) over this more wide classes
To(A) and 5P ,(A)).

Let n,k, r € N; A, p > 0; [a, b] C R and the length of the interval [a, ] is presented
in the fom (3.1). Choose 7, € R such that

(e + O + 1) = [ (0 = © + )| = 1Y) e (37)
where the function v, (K, t) is defined by (2.1). Besides, let & < r for K = S’ﬁjr(A)).

Theorem 3. Let n,k,r € N; A,jp>0. If K =TP(A) or K = gﬁvr(A) and k <r
then, for any function ® € W and arbitrary interval [a, b] C R, we have

b b

sup /®(|x(k)(t)|)dt: veK :/@(|¢gf;(t+7k)|)dt,

a a

where the number 1y, is define by (3.7). In particularly, for any q > 1,
b
sup /|x(k)(t)\th: reK /W £+ 7|7t

11
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Proof. Fix any function x € K and arbitrary interval [a, b] C R. Let us prove the
first statement of Theorem 3. By Lemma 2

[Zlloo < [[thnrloo- (3.8)
It follows that A .
12D loe < 1905 )10, (3.9)

where i € N if K = TP(A) and i = 1,2,...,r if K = 52 _(A). Really, ¢, ,(t) = Asinnt
if K = TP(A) and the inequality (3.9) follows from (3.8) and well known Bernstein
inequality

Izl < ' Jlzllee, i E€N,
for trigonometric polynomials z € T,,. If K = gﬁ’r(A) then ¢, .(t) = Ap,-(t) and (3.9)
follows from (3.8) and Tikhomirov inequality (see, for example, [1, Theorem 8.2.1])

H‘Pn,r—i Hoo

@n.rlloo

[ o0 < Nzllo, i=1,2,..m,

for splines = € S,,,.. So for any interval [, 3] satisfying [z®)(t)| >0, t € (a, B), we
have

/lw t)ldt = [2#7D(8) — 2"V ()] < 22" Vloe < 2095l = LI,

where the value L(z), is defined by (1.4). It follows that L(z®)), < L( ff,)a)l For a
function = € T,, or x € S, satisfying last inequality and for arbitrary innterval [a, b]
it was proved [9, Teopemsr 7, 9| the estimate

b b

[ (@< [o el ocw

a a

where 7 is defined by (3.7). The equality is odtained here for the function x(t) =
U (t+ 7). The first statement of Theorem 3 is proved. Setting in it ®(¢) = 7 we have
the second statement. Theorem 3 is proved.

It is well known that arc length I[a,b] over [a, ] of a function z € L'[a,b] is given
by formula {[a, b] = f 1+ 2/(t)2dt. It is clear that &y € W for the function ®¢(t) =
V1 + t2. Consequently, setting (ID = &g, £ = 1 in the first statement of Theorem 3
we obtain the solution of the problem of Erdés on characterisation of trigonometric
polynomials 7" € T?(A) that has maximal arc length over [a, b]. Besides, we solve the
same problem over the space of splines gﬁw(A).

Corollary 2. Letn, r € N; A,p > 0, [a, b] C R.

Among all trigonometric polynomials T € TP(A) the mazimal arc length over [a, b]
has the polynomial T' = Asinn(t + 1), where 7 is the same as in Theorem 3.

Among all splines s € 5'577”(14) the mazimal arc length over |a,b] has the spline
Ap,, . (t+ 1), where 7y is the same as in Theorem 3.

12
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