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Abstract. In this paper we prove the existence of uniform global attractors in the strong
topology of the phase space for semiflows generated by vanishing viscosity approximations
of some class of non-autonomous complex fluids.
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1. Introduction

In this paper we consider a non-autonomous evolution problem which appears
in the investigation of the model of concentrated suspensions (proposed by Heb-
raud and Lequex [12]) with non-autonomous coefficients. More precisely, the
unknown function p(z,t), representing probability density, satisfies the following
equation:

p p &p D(p)

5t = 05 T DP)55 — xm\ -1 (@)p + — = do(2), (1.1)
where o > 0 is a parameter, xg\[—1,1) is the characteristic function of the open
set R\ [—1,1], §p is the Dirac delta function with support at the origin,

p(f)=a [ s,
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and the function b(t) is assumed to be non-autonomous. Moreover, mechanical
background of the model requires boundedness with respect to the time of the
average stress function

T(t) = /xp(t, x)dx.
R

Existence and uniqueness results for such model were proved in [4]. The theory
of global attractors was applied first for (1.1) in Amigé et al. [1], where the
existence of global unbounded attractors with respect to the weak topology was
proved for the case b(t) = 0. Numerical aspects were investigated in [2,13]. The key
point in [4,13] was the analysis of the so-called vanishing viscosity approximation
system, where the diffusion coefficient was everywhere positive. In [3,5-10, 14—
22| the existence of global attractor in the strong topology of the phase space
for m-semiflow generated by vanishing viscosity approximation was proved. Only
autonomous (i.e. b(t) = const) case was considered. In the present paper we
extend results from [14] to much more general non-autonomous case, using the
uniform global attractor approach [11,23-26].

2. Setting of the problem and preliminaries

Let a > 0 be a positive constant, 0 < ¢ <« 1 be a small parameter, and
b: Ry — R be a measurable function. Consider the following evolution problem
with non-degenerate diffusion:

9p p 9%p D(p :
% —b(t)% + (D(p) + 5)@ — XR\[=1,1](Z)p + ((x )50(35)7 a.e. iIn R x Ry;
(2.1)
p(z,t) >0, a.e. in R x Ry; (2.2)
/p(a:,t)dx =1, a.e. in Ry; (2.3)
R
/ |z|p(x,t)dr < oo, a.e. in R. (2.4)
R

Suppose that b is an essentially bounded function, that is, there exists a constant
B > 0 such that
|b(t)| < B for a.e. t > 0. (2.5)

Further we will use the following notation:
I = [’(R), H'= HYR), H ' = (H")*,

for each 1 < p < co. Let (-, -) be the pairing on H~1 x H! (on L7 x LP respectively
with p > 1 and 1 < ¢ < oo such that }D + % = 1) that coincides with the inner
product on L?, that is,

(f ) = /R f(@yu(z)d,
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for each f € L? and v € H' (for each f € L7 and u € LP, respectively).
Let 0 <7 < T < oo be arbitrary fixed. A solution of equation (2.1) on a finite
time interval |7, 7] is defined as follows.

Definition 2.1. Let 0 < ¢ < 1. A function p € L (7, T; L* N L?) N L*(7,T; H')
with % € L%(r,T; H™') is called a (weak) solution of equation (2.1) on [r,T], if
the equality

T
/ <<Zf,n>+b<t><§§,n>+<D<p<-,t>>+s><gi,§Z>+/I>1p-ndx) a

- /T DD (30,

holds for each n € L(,T; H').

(2.6)

Remark 2.1. We note that the right hand-side of equality (2.6) is equal to

/T D(p(t))n((),t)dt.

a

Remark 2.2. Let 0 < ¢ < 1, and p be a solution of equation (2.1) on |7, 7. Since
p € L?(1,T; H') and % € L3(7,T; H™1), then p € C([r,T]; L?), and, therefore,
the following initial condition

Pli=r = pr(z), a.e. in R, (2.7)

makes sense for p, € L' N L2,
Let
Xi={pe I3(R) : [ Jallpla)|do < oc},

which is a Banach space with the norm
Ipllx = lpllze + [ lellp(o) o, pe X

Remark 2.3. The embedding X C L' N L? is continuous. Moreover, X = 'n L?,
where

' ={pel: /|:ch\da:<oo}
R

is a Banach space with the following norm:

—1
bl = /R (1 + lzl)lp|de, peL

We understand condition (2.4) in the sense of the following definition.



4 N.V. Gorban at all

Definition 2.2. The solution p of equation (2.1) on [r, T'] satisfies condition (2.4)
on [r,T] if zp € L>®(7,T; L').

Remark 2.4. Let p be a solution of equation (2.1) on [7, T]. Then zp € L (7, T; L')
if and only if p € L*(7, T; X). Moreover, since p € L*(0,T; X), p € C([0, T]; L?),
and X C L?, we have that p € C([0,T]; Xu).

Let 0 < € < 1 be arbitrary fixed. Cances et al. [4, Proposition 2.1] proved
that for each p; such that

pr€ LINL>®, p. >0, /RpT(x)dm =1, /R\x|p7(x)dx < 00, (2.8)

problem (2.1)—(2.4), (2.7) on [r,T] has a unique solution p. Moreover,

pe L®Rx (1,T)), ope L*(0,T; L"),
p € C([r,T]; L2 N L), D(p) € C([r,T]),

and

/p(t,a)dazl, p(t) >0 for all t > 0. (2.9)
R

Therefore, the phase space for this problem can be defined as follows:
H:=clxE, E:={pe X : pELOO,pEO,/p(x)dle},
R

where cly is the closure in the space X (see Amigé et al. [1]). The convexity of
E implies the equality H = clx, E.

Remark 2.5. For 0 < ¢ < 1 it is easy to show that for every p, € E p €
C([r,T); (L* N L*),,). In particular, we have that p(t) € E for each t € [r,T].
Therefore, for each p € H the following two conditions hold: (a) p(x) > 0 for
a.e. x € R, and (b) [pp(z)dz = 1 [1, p. 212|. Moreover, for each 0 < ¢ < 1,
0<7<T < o0,and p; € H there exists no more than one solution p of problem
(2.1)-(2.3), (2.7) on [, T].

The main goal of the present paper is to show the existence of uniform
global attractors in the strong topology of the phase space H for the m-semiflow
generated by the non-autonomous problem (2.1)—(2.4).

3. Existence and properties of solutions

In this section we provide results from [14] about existence and topological
properties of (2.1)-(2.4).

Let ICj, R (Djf .) denotes the family of all globally defined solutions of problem
(2.1)-(2.3) ((2.1)-(2.4)) on [r,00) with p(7) € H. By definition, D}, C K,
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Lemma 3.1. [14, Lemma 3.1| There ezists a constant C > 0 such that, if
0<ex1l, 720 analpEle.:6 with p(T) € H,

then p € D _ and the following inequality holds:

T,
()l < Ilp()lzre 2 + 0, (3.1)

for each t > 7. Moreover, for each 6 > 0 and a bounded set (in fl) K CH
there exist constants T = T(0,K) > 0 and k = k(6,K) > 0 such that for each
0<e<1,7>0, and p € K} with p(t) € K the following inequality holds:

T,E

/ p(z,t)|x|dx <4, (3.2)
|x|>2k

foreacht>7+T and k > k.

Remark 3.1. According to Lemma 3.1, each globally defined solution p of problem
(2.1)-(2.3) on [1,00) with 7 > 0,0 < e < 1, and p(7) € H, belongs to L>°(, oo;fl).
In particular, the following equality holds:

Df. ={peKk}, :p(r) e H}.
The following result guaranties existence and dissipativity for the problem
(2.1)-(2.4).

Theorem 3.1. Let 0 < € < 1. Then for every p, € H problem (2.1)-(2.4), (2.7)
on [1,T] has a unique solution p. Moreover, p € C([1,T]; H). Moreover, there
exists Ry > 0 such that for an arbitrary bounded (in L?) set K C H and for
arbitrary € € (0,1) there exists a moment of time T = T(K, €) such that for every
7 >0 and p € D, satisfying p(T) € K the following inequality holds:

T,E
lp(t)l 2 < Ro, (3.3)

foreacht>1+T.
The next result guaranties the continuous properties of solutions of (2.1)-(2.4).

Theorem 3.2. [14, Lemma 3.3] Let 0 < 7 < T < o0, p* € H, b, € L>®(1,T),
and 0 < e, < 1 for eachn =0,1,... . Suppose that |b,(t)| < B for a.e. t € (1,T)
and p" € C([r,T); Hy) be a solution of problem (2.1)-(2.4), (2.7) on [1,T] with
parameters pl, ey, by, for each n > 1. If

p = pCin Hy, e, — €0 > 0, b, — by weakly-star in L>°(r,T),

then there ezists a solution p € C([r,T|; Hy) of problem (2.1)-(2.4), (2.7) on
[7,T] with parameters p2, o, bo, such that up to a subsequence the following con-
vergence holds:

p" — pin C([r,T|; Hy). (3.4)

Moreover, if p? — p2 in H, then the following statements hold:
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(a) p,p" € C([1,T); H) for each n > 1;

(b) the following convergence holds for the entire sequence:
p" — pin L*(r,T; HY), (3.5)
p" —=pin C([r,T]; H). (3.6)

If, additionally, b, — by in the Lebesque measure on [1,T], then

= = in L*(r,T; H Y. (3.7)

4. Existence and properties of uniform global attractors in the
non-autonomous case

To characterize the uniform long-time behavior of solutions for non-autonomous
dissipative dynamical system consider the wunited trajectory space IC;F’ y for the
family of solutions {K1 },>¢ shifted to zero:

Ky = {Tmy(-+7) - y(-) ekt h >0}, (4.1)
720

and the extended united trajectory space for the family {KX };>o:

’C:_ = ClCloc(R+;H) [’C;U] s (42)

where clomoe g, )] is the closure in C¢(R4; H). Since T(h)Kt, € KZ, for
each h > 0, then
T(h)KI C KT for each h > 0, (4.3)

due to
peroer, ;i) (T (R)u, T(h)v) < peroc(r ;) (u, v) for each u,v € C°°(Ry; H),

where pooc(r . p) 1s the standard metric on Fréchet space C'°¢(R,; H). Therefore
the set
X:={y(0) : y e K} (4.4)

is closed in H. We endow this set X with metric
px(x1,22) = ||z — 22l|x, 1,22 € X

Then we obtain that (X,p) is a Polish space (complete separable metric space).
Let us define the multivalued semiflow (m-semiflow) V. : Ry x X — 2%:

Ve(t,yo) = {y(t) : y(-) € LS and y(0) = w0}, ¢ >0,y €X.  (4.5)

According to (4.3) and (4.4) for each ¢t > 0 and yo € X the set V.(¢,10) is
nonempty. Moreover, the following two conditions hold:
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(i) Vz(0,-) = I is the identity map;
(ii) Ve (t1 +t2,y0) C Ve (t1, Vz (t2,90)) , Vi, t2 € Ry, Vyo € X,

where V; (t,D) = U V. (t,y), D CX.
yeD

We denote by distx(C, D) = sup.c¢ infgep px(c, d) the Hausdorff semidistance
between nonempty subsets C' and D of the Polish space X. Recall that the compact
set O, C X is a global attractor of the m-semiflow V. if it satisfies the following
conditions:

(i) O, attracts each bounded subset B C X i.e.

distx(V:(t, B),0:) — 0, t— +oo; (4.6)

(ii) O, is negatively semi-invariant set, that is, ©. C V; (¢,0,.) for each t > 0.

In this paper we examine the uniform long-time behavior of solution sets
{K} }r>0 in the strong topology of the natural phase space H (as time t — +00
for a fixed € > 0) in the sense of the existence of a compact global attractor for
m-semiflow V. generated by the family of solution sets {KC}_};>0 and their shifts.

Theorem 4.1. For each € > 0 the m-semiflow (4.5) has the connected stable
global attractor O, in the phase space X. Moreover, O; is bounded in H uniformly
meE.

Proof. Due to Theorems 3.1, 3.2 and classical results about existence of global
attractors (see [21]) it is sufficient to prove that V. is asymptotically compact,
that is,

every sequence {&, € Vi(t,,pg)} is precompact in H,

where t,, / +oo, [|pgllx <7 .

Let &, € Vi(tn,pd). Then 3¢, : [|& — &ullx < % and &, = pp(tn), pn is a
solution of (2.1)-(2.4) with p,(0) = pg and b, (-) :=b(- +73,), 7, > 0. Therefore,
from Theorem 3.1

lpn@®)|lx < Ro+r,¥Yn>1, t>0. (4.7)

So we can claim that {&,} is precompact in H,,. Indeed, since ||&,| 2 < Ro +r
then up to subsequence &, — ¢ in L2. Let us prove that up to a subsequence

& — & in ZL. Since &, = pn(tn), then (3.2) yields that for each § > 0 there exist
k() > 1, n(d) > 1 such that

/ &n(x)|z|de < é, V k> k(5), n>n(d).
|z|>k 3

According to Amigé et al. [1, Lemma 6.1]

(ﬁ)* ={o=({1+|z))u : ue L*}.
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Thus, we set dp(z) = (1 + |z|)€,(z) and prove that {d,} is a Cauchy sequence in
L} because

(1 + |2))(&n(x) = &m(2))u(x)dx

/ (o () — () ()| <
R

T 2lfuf e ( /|$|>ksn<x>|w|dm+ /I|>kfm<“'””'dm> <5

for each u € L™ and n,m > N = N(4, k). Since the space L' is weakly complete,
then up to a subsequence d,, — d in L. for some d € L'. Thus

z|<k

- d -1
=—— in L,
gn_>§ 1+’x‘ m w

If we consider the restriction of &, to each interval [—k, k|, then we deduce that
€ = ¢ and up to a subsequence &, — £ in H,,.

Now let us prove this convergence in the strong topology of H. Consider a
smooth real function 6 that satisfies the following three conditions:

(a) 9( ) =0, |s| < 1;
(b) <f(s) < |s| € [1,2]; (4.8)
() 9( ) =1, |s| = 2,

and define for £ > 1 .
Pk(l") = 9(@)-

According to Amigé et al. [1, pp. 215-216] after multiplying (2.1) by pr(z)p, we
obtain

2
+(D(pn(- ))+5n)(/Rpk(CC) (88];") da (4.9)

/0/ %dx) /pk(x)pidx =0.
R

Integrating by parts we deduce

bult) [ (utatpn e = =200 [ ' ypian,

/9/ apn _ 2k2/0// 2d.’I}

Then from (4.9) we have

1d 5 BB (a+1)B / 5
—— < — 4.1
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where 3 := max {|0'(s)| + |6"(s)|}.
Is|€(1,2]

Combining (4.7) and (4.10) we deduce from Gronwall’s Lemma that for some
positive constant C' = C(r)

/ pfl(x,t)dxge”rhcg),v&o, n>1, k> 1. (4.11)
|| >2k

On the other hand, for every solution of (2.1)—(2.4) we have the following
energy equality (for details see the proof of Lemma 3.2):

1d 2 8]9(1‘,25) 2 2
i e 02 ) ve) [ (P ) e [ 0P

= DD 5 n 0,

(4.12)
Let us consider the functions

Pn(t) = po(t+ (t, — 1)), t > 0.

Then p,, is a solution of (2.1)-(2.4) with b, () := b, (- +t,—1) = b( - +t,—1+7,),
Pn(0) = pu(tn — 1), pp(1l) = &, and p, satisfies (4.7), (4.9), (4.12). Moreover,
similarly to the previous arguments we deduce that up to subsequence

pn(o) = pn(tn - 1) — po in Hy.
Hence, from Lemma 3.2 we obtain for every T' > 1 that
Pn — D in C([O, T]; Hw), (4.13)

where p is a solution of (2.1)—(2.4) with p(0) = py and some b € L>°(0, +o0) such
that b, — b weakly star in L>(0,T) for each T' > 0. In particular, |b(t)| < B for
a.e. t > 0.

Since € > 0 is fixed, we can derive from (4.7), (4.12) and the Aubin-Lions
theorem [16] that for every k£ > 1 up to subsequence

pn—p in L*(0,T; L*(—k, k).
In particular,
Pn(t) = p(t) in L*(—k,k) fora.a.te (0,T).

By a diagonal procedure we obtain that up to a subsequence and for some
7€ (0,1),
(1) = p(1) in L*(—k,k), Vk>1. (4.14)

From (4.11) we get

/ P(z,T)dr < e 22 4 Cé” Vn>1, k>1. (4.15)
|x|>2k
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Combining (3.2), (4.14), (4.15) we have
Pn(T) = p(7) in X.
Then the second part of Theorem 3.2 guarantees the convergence
pn —p in C(r,T]; H).

In particular,
& =Dn(1) = p(1) in H.

Thus we obtain the required precompactness of {§,,} and, therefore, the existence
of the connected, stable global attractor ©.. O
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Abstract. We study here Dirichlet boundary value problem for a quasi-linear elliptic
equation with anisotropic p-Laplace operator in its principle part and L!-control in
coefficient of the low-order term. As characteristic feature of such problem is a specification
of the matrix of anisotropy A = AsY™ 4 Askew in BMO-space. Since we cannot expect
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1. Introduction

In this paper we deal with the following boundary value problem

—Ap(Ayy) +|ylP2yu=—divf inQ, y=0 ondQ,

1.1
u e LYQ), u(z)>0ae inQ, 1)

where

—A,(A,y) = —div (|(Vy, AVy)| "= AVy) (1.2)

is the anisotropic p-Laplacian, 2 < p < +o00, A is the matrix of anisotropy,
yq € L*(Q) and f € L>®(;RY) are given distributions.

The interest to elliptic equations whose principal part is an anisotropic p-
Laplace operator arises from various applied contexts related to composite mate-
rials such as nonlinear dielectric composites, whose nonlinear behavior is modeled
by the so-called power-low (see, for instance, [1,21] and references therein). From
mathematical point of view, the interest of anisotropic p-Laplacian lies on its
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nonlinearity and an effect of degeneracy, which turns out to be the major difference
from the standard Laplacian on RY. As characteristic feature of boundary value
problem (1.1) is a specification of the matrix of anisotropy A = B + D, where
B = A%Y™ = (A+ A" /2 and D := AsFe¥ = (A—A")/2, and the control u € L'(€).
In particular, we assume that the matrix A is such that

o?(x)I < B(z) < B*(x)] a.e. in Q,

where «, 8 € LY(Q), B(z) > a(x) > 0 almost everywhere in Q, a ¢ L*®(1),
a~l € LY(Q), and a, o~ !, and B extended by zero outside of Q are in BMO(RN).

We note that these assumptions on the class of admissible matrices are essen-
tially weaker than they usually are in the literature (see, for instance, [8,9,
11,19, 20]). In fact, we deal with the Dirichlet boundary value problem (BVP)
for degenerate anisotropic elliptic equation with unbounded coefficients in its
principal part and with L!-bounded control in the coefficient of the low-order
term. It is well-known that such BVP can exhibit the so-called Lavrentieff pheno-
menon, non-uniqueness of the weak solutions as well as other surprising consequen-
ces (see, for instance, [2,4]). As a result, the existence, uniqueness, and variational
properties of the weak solution to the above BVP usually are drastically different
from the corresponding properties of solutions to the elliptic equations with coer-
cive L*°-matrices of anisotropy (we refer to [6,26-28,31] for the details and other
results in this field). Another distinguishing feature of the boundary value problem
(3.1)-(3.2) is the fact that the skew-symmetric part D of the matrix A is merely
measurable and its sub-multiplicative norm belongs to the BMO-space (rather
than the space L™ (Q)) This circumstance can entail a number of pathologies with
respect to the standard properties of BVPs for elliptic equations with anisotropic
p-Laplacian even with ’a good’ symmetric part A and a smooth right-hand side f.
In particular, the unboundedness of the skew-symmetric part of matrix A € My
can have a reflection in non-uniqueness of weak solutions to the corresponding
boundary value problem. For more details and other types of solutions to elliptic
equations with unbounded coefficients we refer to [7,14-16,33]. So, in contrast to
the paper [32], where the author consider the case of well-posed Dirichlet boundary
value problem for a quasi-linear elliptic equation with unbounded coefficients in
its principal part, we deal with an ill-posed boundary value problem.

We introduce a special functional space X, p related to a given control u and
symmetric part B of matrix A, and prove (see Theorem 4.1) that the original
boundary value problem admits weak solutions in the sense of Minty. Moreover,
we show that for every control u € L!(§2), a weak solutions (in the sense of Minty)
to the corresponding BVP can be obtained as the limit of solutions to coercive
problems with bounded coefficients, using any L*°-approximation of BM O-matrix
A. Such solutions are called approximation solutions in [33|. Their characteristic
feature is the fact that they lay in variable space X, p and, in general, do not
satisfy the energy equality but rather some energy inequality. We also derive a
priori estimates for such solutions that do not depend on the skew-symmetric
part D of matrix A. As a bi-product of our approach, we derive the conditions
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guaranteeing the equality Hé’]g(Q) = VVO1 P (€2), i.e. we establish the density of
smooth compactly supported functions in I/VO1 7).

2. Notation and Preliminaries

Let © be a bounded open subset of RV (N > 1) with a Lipschitz boundary.
Let p be a real number such that 2 < p < oo, and let ¢ = p/(p — 1) be the
conjugate of p. Let MV be the set of all N x N real matrices. We denote by SY

skew
and Sé\;m the set of all skew-symmetric and symmetric matrices, respectively. We

always identify each matrix A € MY with the decomposition A = B 4 D, where
B = % (A + At) € Sﬁ\;m and D = % (A — At) € Sé\,@ew. Moreover, applying the
Cholesky method to the symmetric part of matrix A (see Isaacson and Keller
[30]), we deduce the existence of a lower triangular matrix L such that B(z) :=
3 (A(z) + A'(x)) = L¥(x)L(z). In what follows, by matrix norm in M”" we mean
a sub-multiplicative norm

A
I|A|| :== sup {||5|} = (maximal eigenvalue of A"/A)l/2 a.e. in Q.
l€170
gerN

BMO-Functions Defined on Bounded Domains. We recall that a function g
on RY belongs to the space BMORY) if g € L} (RY) and

loc

1
9l Barogen) == sup — / 19— gol dz < +o0,
@l Jo

1
where gg = ]{zgdac = @‘/dia:, Q = Q(z,r) is a ball centered at z and of

radius £(Q) = r, and the supremum is taken over all balls Q c R¥. Obviously,
L®(RN) ¢ BMO(RY). As an example of unbounded function in BMO(RY), one
can take In |x|.

For our further analysis, we make use of the following result: if g € BMO(RY)
then the John-Nirenberg estimate

]{2 19— gl? dz < Cyallgllpaogs, forall p>1 (2.1)

holds for any ball @ C RY (see [13]).

N(N+1)

Let L'(Q) 2z =L (O qu\;m) be the space of measurable absolutely integ-
rable functions whose values are symmetric matrices. By BMO(Q;S% ) we

denote the space of all skew-symmetric matrices D = [d;;] (the-so-called matrices
of bounded mean oscillation) such that D € L*(Q;SY_ ) and their sub-multipli-
cative norm extended by zero to the entire RY is in BMO(RY). The similar

specification holds for the space BMO(Q; MY).
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Matrices with Degenerate Eigenvalues. Let o, 3 be given elements of L'(Q)
satisfying the conditions

ate LYQ), a ¢ L®Q), 0<a(r)<B(z)ae in, (2.2)
a,a” !, B extended by zero outside of Q are in BMO(RY). (2.3)

Remark 2.1. As immediately follows from the John-Nirenberg estimate (2.1) and
assumption (2.3), we have

1 r
—1r r—1 -1 —1r r—1 -1

o oy <2 / o —a dx + 2 < / a dx) Q
o o o7~ 03] al, o
< 27"71‘Q| | -1 —1|rd + |Q| -1 d "
< ; « g T O T Qa T

b;

y (2.1)
< Car (I mso@n) + o i) Yr>1 (24

Here, Q) is a ball such that Q C @, and aél :][ a~1dz. The similar estimates
Q
hold true for a and B. So, we can suppose that a,a™!, 3 € L"(2) for all r > 1

provided the conditions (2.2)—(2.3) hold true.

We define the class of matrices 9,4 as follows

A=B+D=3(A+A)+1 (A=A,
o?|nll* < (n, Bn) < B?|lnll* a.e. in @ ¥y € RY,
Mea(Q) = AeMV B(z) = L'(z)L(x) a.e.in Q,

D € BMO(;SY,,.,),
a and [ satisfy conditions (2.2)-(2.3). J
(2.5)

Remark 2.2. Here, in view of the estimate (1, Bn) > o2||n||? a.e. in Q Vi € RY,
L is a triangular matrix with positive (a.e. in ) diagonal elements. Moreover, for
a fixed A € M4, conditions (2.2)—(2.5) imply the following inequalities:

I Ll Brromary < 1Bl Bromyy < +o0, (2.6)
(B(2)§,€) = [L(@)¢f < B(2)[¢f a e in Q VEeRY (2.7)
1L (@)¢]” < a2(@)|¢)> a e in Q, VEERY, (2.8)
and, therefore,
|L(z)|| < B(x) and [[L7Yz)]| <a'(z) a.e in Q, (2.9)

L, L7 e BMO(Q;MY). (2.10)
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Weighted Sobolev Spaces. To each matrix A € 9 ,4(2) we can formally associate
two weighted Sobolev spaces: W, 5(Q) and Hy% (), where W, 5(Q) is the set of
functions y € VVO1 1(Q) for which the norm

P 1/p
g = ([ (o +1(7. BV9)IE) o) (21)

is finite, and Ho’g(Q) is the closure of C§°(£2) with respect to the norm (2.11).
As follows from the definition of the class Mqq and estimates

/Q jyld < ( /Q w7 de) 191 < Oyl @y Y9 € WIBE@), (212

1 1
/|Vy|d$§ /|Vy|pozpdx /p</aqdaz> /i
Q
< ([ 167 B@ 0P d) o ey < Cllllypga (213)

the space Wo '5(€) is complete with respect to the norm [|-[| ;1. (@) 1tis clear that
) 0,B

H&:%(Q) and W&’E(Q), for p > 2, are uniformly convex reflexive Banach spaces
such that Hé:]g(Q) - W&’;(Q) (see, for instance [10]). In general, the identity
W&’g Q) = H&’%(Q) is not always valid (for the corresponding examples, we refer
to [5]).

Further we make use of the following observation. If we introduce the parameter
ps by ps = ps/(s+ 1) < p with a certain s > 0 and use the Holder inequality

with the parameter r = ‘Hs'—l = p% > 1, we obtain

/ ‘Vy|ps dx :/ |Vy‘psapsa*ps dx
Q Q

= (/Q Vy[PaP d:c)pS/p</Qa51 dw) Vs

s/(s+1)
< (/Q!(Vy,B(ac)Vy)yP/2 dm) o | L1
by (2.4)
<

4 Ps
. 2.14
Clyll 1 0y (2.14)
S/ (T (s +1)
e de < ([ )" o < oy, " (2.15)
Q Q Hy'5(Q)

Hence, each function y € Hé’]pg(ﬂ) belongs to the non-weighted space W, 1ps (Q).
Combining this fact with the Sobolev embedding theorem, we deduce:

Nps
> P,
N — bs
and, therefore, we have the compact embedding
WyP*(Q) < L"(Q) and Hyh(Q) < L"(Q),

N
<7 <pi = mherm

N
if s > — then p =
p

(2.16)
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Moreover, as follows from (2.16) and (2.14), the following the weighted Friedrichs
inequality

HyHL"(Q) < CHyHWOLpS(Q) = C”VZJHLPs(Q)N
: ) -1 l/ps p/2 1/p
< a1 ([ 1 B@TP? do

holds true for each y € Hy% (). Hence, the norm

» 1/p
W30 = (] 109 B0 ao) (217)

on the space H, L2 () is equivalent to the norm || - ||;;, 1.0, defined by (2.11).
0,B W 5(2)
) 0,B

Weak Convergence in Variable LP-Spaces Associated with Sé\;m-Matrices. Let
N

{ Bk} ey and B be a given collection of Sg,,,-matrices such that

B, Be LY (Q;SY ) and By — B in LY(Q;SY ). (2.18)

ysym ) sym

Let LP(Q, Bdx)Y, with p > 2, be the Lebesgue space of measurable vector-valued
functions f(z) € RY on Q such that

) 1/
liresany = ([ 105D dz) " < +oc.

We say that a sequence {vk € LP(Q, By, dx)N}keN is bounded if

limsup/ |(v/r€,B/r€vk)|g dr < +o0.
Q

k—o00

Definition 2.1. A bounded sequence {vj € LP(, By, dm)N}keN is weakly con-
vergent to a function v € LP(Q, Bdx)" in variable space LP(Q, By, dx)" if

lim [ (o, Bpvg) doe = / (¢, Bv) dz Vo € CP(Q)N. (2.19)
Q Q

k—o0

Definition 2.2. A sequence {v; € LP(, By, dx)N}keN is said to be strongly
convergent to a function v € LP(Q, Adz)" if

lim [ (bg, Brvg) doz = / (b, Bv) dx (2.20)
k—o0 9] 9]

whenever by — bin LI(Q, By dz)" as k — oo, where ¢ = p/(p — 1) is the Holder
conjugate of p.

Remark 2.3. Note that in the case By = B, Definitions 2.1-2.2 leads to the well-
known notion of convergence in weighted Lebesgue space LP (2, B dx)™.
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The main properties of the weak and strong convergence in LP($, By, dz)™ can
be expressed as follows (see [17,18] for the details):

Proposition 2.1. If a sequence {vk € LP(Q, By dx)N}keN is bounded and con-
dition (2.18) holds true, then it is compact with respect to the weak convergence
in LP(Q, By dx)V.

Proposition 2.2. If the sequence {vk € LP(Q, By d:v)N}keN converges weakly to
v € LP(Q), Bdz)" and condition (2.18) holds true, then

liminf/ |(vi, Bioy)|? dxz/ (v, Bv)|? da. (2.21)
Q Q

k—o0

Proposition 2.3. Assume the condition (2.18) holds true. Then the weak conver-
gence of a sequence {vj, € LP(Q, By, dac)N}keN to v € LP(Q, Bdx)N and

lim / (g, Brog)|2 dm:/ (v, Bv)|? dz (2.22)
k—oo J Q

are equivalent to the strong convergence of {vj}, oy to v in LP(Q, By, dz)™.

We make also use of the following inequality that was established by Maz’ya
in 1972 [23]. If p is a positive Radon measure, then

1/r
([loran) <cu [ 1velas voecr@. vreo. @)
Q Q

with the best constant N1/
p()T

Cy = —_—

M ot HY (0

where the supremum in (2.23) is taken over all open subsets of Q, with C*°-boun-
dary, such that Q' C €.

(2.24)

3. Setting of the Boundary Value Problem

Let yq € L?(Q) and f € L®(Q)" be given distributions. For a fixed A € Myq,
we consider the following boundary value problem:

—div (|(Vy, AVy)|"Z AVY) + |ylP2yu = —div f in Q, (3.1)
y=0 on 09,
uwe LNQ), wu(x)>0 ae in Q,

where we adopt u as a given control function.

It is worth to notice that, in view of the definition of the set 91,4, we deal with a
boundary value problem for degenerate quasi-linear elliptic equation with singular
coefficients. It means that even for symmetric matrices of coefficients A € Mgy
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this problem can exhibit the Lavrentieff phenomenon (i.e. Wol’g(Q) # Hé’g(Q))
and, as a consequence, non-uniqueness of the weak solutions. Thus, the oi“iginal
boundary value problem (3.1)—(3.2) is ill-posed, in general.

The another distinguishing feature of the boundary value problem (3.1)—
(3.2) is the fact that the skew-symmetric part D of the matrix A € M,y is
merely measurable and belongs to the space BM O(Q;MN ) (rather than the
space of bounded matrices L*° (Q; MM ) ). This circumstance can entail a number of
pathologies with respect to the standard properties of BVPs for elliptic equations
with anisotropic p-Laplacian even with ’a good’ symmetric part B of A and a
smooth right-hand side f. In particular, the unboundedness of the skew-symmetric
part of matrix A € 9,4 can have a reflection in non-uniqueness of weak solutions
to the corresponding boundary value problem. For more details and other types of
solutions to elliptic equations with unbounded coefficients we refer to [7,14-16,33|.

We associate to the boundary value problem (3.1)-(3.2) the following space
Xu,B = Hé,’%(Q) N LP(Q,udx). Here, LP(Q,udz) is a usual Banach space with
respect to the measure dyu = udz. Since u € LY(Q) and u(z) > 0 a.e. in Q,
it follows that u is a positive Radon measure and, hence, the space Holjg(ﬂ) N
LP(Q,udz) is well defined and it is a Banach space with respect to the norm

(see [3])
» 1/p
Il » = ( [ 19089 a+ [ |y|Pudw)

1
R !
Ilgre ) T Wir@ude) |

Definition 3.1. We say that, for a fixed control u and given distributions A €
Mg, and f € L=¥(Q)V, a function y = y(A,u, f) is a weak solution (in the sense
of Minty) to boundary value problem (3.1)-(3.2) if y € X, g and the inequality

p—2
‘T

/Q |(Vp, AV@)| 2 (AVe, Vo — Vy) dx + /Q P[P 2p(p — y)udz

> /Q (. Vo — Vy)de (3.4)

holds for any ¢ € C5°(£2).

To begin with, let us show that this definition makes a sense. Indeed, by the
initial assumptions and Holder’s inequality, we have

/ (/.Vp — Vy) d = / (LY f, LV — LVy)da
Q Q

<l /Q LIV — LVy| da

by (2.9), (2.17) -
< £l zoo @y lla ™ Lagey lle — yHH(yg(Q) <Cle-ylx,p (3.5)
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and
[ 1672t = y)uds < 1ol a6 = 9lis00an < Clle =yl - (39
As for the first term in (3.4), we observe that

(Ve, AV)["T = [(LV, [T+ (L) 'DL ' |LV)|"7 < |T|"% [LVP~?

T

and, therefore,

/Q (Vip, AV)| T (AVp, Vg — Vy) da
< [ 121F [L96l (ILV e, LV - LVy) ds
Q
< / ITIE LV~ LV — LYy da
Q

<lleliate, | ITIEP LV — LV da

1
<teltey ([ 1150 a) "l gy @0
Since,
/!\Tll2ﬁpdx</ (1+a72|D)? prdx
< gpa-l / (5p+ (a—qﬁ)pupu%) dx

<277 (181500 + 107 7 B0 g0y 1D sy
by (2.4)
< oo,

it follows from (3.7) that

p—2
/Q (Vi, AV)["3 (AV, Vo — Vy)de < Cllo — ylx, 5. (38)

Thus, the well posedness of each term in the variational inequality (3.4) and,
hence, the consistency of the definition of the weak solution in the sense of Minty
to the considered boundary value problem, obviously follows from the estimates

(3.5)-(3.6), (3.8).

Remark 3.1. The estimate (3.8) and the fact that (Ve(z), D(z)Ve(x)) = 0 a.e.
in Q by the skew-symmetry property of D, imply that the variational inequality
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(3.4) can be rewritten as follows

p—2
| 2

/Q |(Vo,BVyp)| 2 (AVp, Vyp — Vy) dx + /Q lolP (¢ — y)udz

> /Q (f, Ve — Vy)dz. (3.9)

Getting inspired by this, we call a function y € X, p a weak solution (in the sense
of Minty) to boundary value problem (3.1)—(3.2) if it satisfies the inequality (3.9)
for every test function ¢ € C§°(€2).

Taking this remark into account, it is reasonable to consider another definition
of the weak solution to the given boundary value problem, in the terms of distribu-
tions, which appears more natural:

y € X, p is the distributional solution to (3.1)—(3.2) if the integral identity

/QI(Vy,BVy)I%Q(AVy,VsO) d93+/9|ylp‘2y90udw=/9(f, Vp)dz  (3.10)

holds true for every ¢ € C3°(Q).

In spite of the fact that the relations between these definitions are very
intricate for general matrix A € M,y (for an example when these definitions
lead to the different solutions even for linear equations, we refer to [25]), we can
leverage the integral identity (3.10) for the following estimate

&=

‘ /Q |(Vy, BVy)

< [ P w Jelur de+ | (LY || LV | da
Q Q

(AVy, V) dm‘

-1 —

< 112y 1Pl @) + 1 2=y o oo 12l g
—1 —

< 19185l + 1Nzl oy | Il

=C,u, B, f)llelx, s (3.11)

Remark 3.2. As follows from (3.11), a weak solution to the considered problem
in the sense of distribution belongs to the special subset D(X, p) of the space
Xu.B = Hé’]’;(Q) NLP(Q, udz), elements of which possess the property (3.11). As
a result, if y € D(X, p) then the mapping

&

= [y, ¢0la :=/Q\(Vy,BVy) (AVy, V) dx

can be defined for all test functions ¢ € X, p using the standard rule

[y7 Z]A = lim [y7 (Pk]A
k—o0
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where {op}eny € C5°(Q2) and ¢ — 2z strongly in X, p (it is the case when
we essentially use the fact that C5°(€2) is dense in H&’%(Q) N LP(Q,udx)). In
particular, if y € D(X, g), then we can define the value [y,y]4 and this one is
finite for every y € D(X,, p), although the "integrand"

—2
(Vy, BVy)|% + |(Vy, BVy)|"Z (DVy, Vy)

needs not be integrable on €2, in general. As a result, we can derive form (3.10)
the energy equality for distributional solutions

v la + /Q yPude = /Q (f, Vo) d. (3.12)

However, as it follows from definition of the form [y, ¢]4, the value [y, y]4 is not
equal to Hy||‘?{ Ly )’ in general, and it does not preserve the inequality
0,B

Y914 2 ylfs o forally € D(Xyp).
0,B

Hence, even if the relation H&’%(Q) = W&’g(ﬂ) holds true, the energy equality
(3.12) does not allow us to derive a reasonable a priory estimate in [| - [|x, ;-norm
for the weak solutions in the sense of distributions.

4. On Solvability of Boundary Value Problem (3.1)—(3.3)

Our main intension in this section is to show that boundary value problem
admits a weak solution due to the approximation approach. It is clear that
the condition A € 9M,4(2) ensures the existence of the sequence of matrices
{Ak}en C Maa(Q) N L®(Q;MY) such that A, — A strongly in L'(Q;MY).
With that in mind we give a few auxiliary results.

Lemma 4.1. Let {Ap}cny C Maa(2) and A € Maq(2) be matrices such that

Ay € L*(;MY) Vi eN, (4.1)
Ay — A strongly in L*(;MY), (4.2)
(n, Agn) > o2|n® a.e. in QVneRY
and for some positive oy, € R, ay > a(x). (4.3)
Then
L)'= L' and T, —» T strongly in LY, MY), (4.4)
where

1 1
By, = i(Ak + A}) = LiLy, B:= §(A +AY) = L'L,
Ty =1+ (LL) 'DyL;t, T:=1+ (L) 'DL7Y, (4.5)

1 1
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Remark 4.1. The simplest way to construct a sequence {Ap},cny C Maa(92),
possessing the properties (4.1)—(4.3), is to set

Ay, = k' + [max {min {a;;, k}, —k}]gjzl
or apply the procedure of the direct Steklov smoothing to a given matrix A €
M ,q(2) with some positive compactly supported smooth kernel (see, for instance,

[15])-

Proof. The conditions (4.1)-(4.3) ensure that B! € LOO(Q,SQLW) for all k € N
and (up to a subsequence)

Dy(xz) — D(x) and L,;l(a:) — L Yz) ae in Q.
Moreover, since ay > « a.e. in €, it follows that
1L (@) € et <al(2) ae in Q,

where o=t € L1(Q) (see (2.2)). Hence, the sequence {L;l}keN is equi-integrable.
In view of the definition of the class M,4(2), the same conclusion can be made

for the sequence of skew-symmetric matrices {(L}Z)_ID;CL,:1 } pen- As aresult, the

property (4.4) is a direct consequence of Lebesgue’s Theorem. O

Lemma 4.2. Let f € L=(Q)Y be a given distribution, and let {Ap}pcny C Maa ()
and A € Myq(Q) be matrices satisfying the properties (4.1)—(4.3). Then, for an
arbitrary smooth function ¢ € C§°(2), the sequences

—2
{vk = [(Vep, BkV¢)|pTL,;1TkLkV<p}keN and {wy = By f},
are bounded in L(Q, By, dz)N and

vy — v =|(Ve, BV@)\LjL_ITLVgo strongly in variable LI(Q, By, dz)Y, (4.6)
wy, — w = B~Lf strongly in variable LI(Q, By dz)™
where the matrices Ty, and T' are defined by (4.5).
Proof. Indeed, by definition of the space L9(€2, By dz)", we have

o0l 0,y = [ 0 Bron)lf do = [ Lyl do
= [ (%0 B T DL do < ol [ 1L 171"
< el [ (577 (1+a~2Dul) 1)
<2 gl | (14 @~ HDLY) do
< 2l (1812 + 18128m 10~ 120 1 Dl

by (2.4)
< const < +o0. (4.8)
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Hence, the sequence {vj},cy is bounded in L4(Q, By, dz)™.
Further we notice that, by the initial assumption (4.2), Lemma 4.1, and BM O-
properties of the matrices L, L™!, and D, we see that the sequence

—2
(Ve, ByV)|'T T, Ly Ve
keN

is equi-integrable and
(Ve, BkV<p)|%TkLngo — \(ch,BVgo)\L;ZTLVgo a.e. in
for any ¢ € C§°(12). Hence, by Lebesgue’s Theorem, we have the strong convergence
(Vo, BiV)|"7 ToLiVe — |(Vep, BVy)| "7 TLVy in LNQRY).  (49)

As a result, this implies

tim [ (V. By) dz = lim / (Vi BoV)| T (Vih, T LVip) da
— 00 Q

k—oco Jo

by (49) / (V. BV9)|"T (V) TLV) da
Q
:/ (V4, Bv) de, Vi € CF(Q). (4.10)
Q

Thus, the sequence {vg},cy is weakly convergent in L9($, By, dz)™ to the

vector-valued function v = [(V, BVgo)\pT_QL_lTLVgo.

It remains to show that the sequence {vy} keN is strongly convergent to v. To
do so, we make use of Proposition 2.3. Following this assertion, it is enough to
prove the equality

lim /|(Q}k,Bk’Uk)|gd£L': lim / |Livg|? dx
Q k—oo JO

k—o0

= lim / ‘!(V%BN@)I%QTICLN@V dx
Q

k—o0
- / ‘|(vcp,Bw)\”T‘2TLw’q da :/ (v, Bv)? dz. (4.11)
Q Q
In view of the estimate

—2
(Yo, BuVe) " LV < LVl Tl < 57| T 90!

and the fact that the term (8P~1||T|||VeP~1)? = BP||T||9|VyP is in L1(Q) by
Remark 2.1, we see that the sequence {| (vk, Brug) |2 }k N is equi-integrable. On
€

the other hand, property (4.2) and Lemma 4.1 imply that, within a subsequence,

(Ve, BkV¢)\p772TkLk — [(Ve, BV@)\%QTL almost everywhere in €.
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Therefore, the equality (4.11) is a direct consequence of Lebesgue Dominated
Theorem. Thus, the strong convergence in variable space L9(S2, By dz)" of the
sequence {vy}cy is established.

The property (4.7) can be proved following the same arguments. O

For our further analysis, we make use of the following concept.

Definition 4.1. We say that a bounded sequence

{(Almyk) € Maa(Q) x [H&’Zk(ﬂ) N Lp(Qade)] }keN (4.12)

w-converges to the pair (A,y) € M,4(2) x [H&’%(Q) N LP(Q, udw)} as k — oo (in
symbols, (Ap,yx) — (A,y)) if

A, — A in LY(Q;MY),
yr —y in LP(Q2) and weakly in weighted space LP(2,udz),
Vyr — Vy in the variable space LP(Q, By, dx)".

In particular, as follows from this definition, if (A, yx) — (A,vy), then

i [ 4cllde = [ 4] da.

k—oco (9} )
lim /ykwudx—/ycpudw Vo e Cy° (),
k—o00 Q Q

k—o0

i [ (€8 do = [ (€ BV do vEE O,
Q Q
In order to motivate this definition, we give the following result.

Lemma 4.3. Let {(Ak,yk) € Mya(92) x [Hg%k(ﬁ) ﬂLp(Q,udx)} }k N be a se-
' €
quence with the following properties:

(i) A € L®(;MYN) Vi € N, and there exists a matriz A € Myq(Q) such that
Ay — A din LY (Q;MNV);

(ii) {yk € Hé’gk(ﬂ) N LP(Q,udx)}k y are bounded sequences, i.e.
’ €

sup [ (alye+ (Vo B ) do < +ocs (4.13)
keN JQ

Then, within a subsequence, the original sequence is w-convergent. Moreover, each
w-limit pair (A, y) belongs to the set Myq(Q) X [Hé’g(ﬁ) NLP(Q,udr)|.
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Proof. To begin with, we note that the conditions (i)—(ii) and estimates (2.12)—
(2.13) immediately imply the boundedness of the sequence

1,p D
{w € HiB@) nL(@Quda)}

in WH1(Q; M¥Y) and in variable spaces Hé’]gk (Q) and LP(Q2, udzx). Moreover, due
to the inequalities (2.14)—(2.15), we have the compact embedding
Nps
1,p * b
HO,Bk(Q> — LT(Q) for all 1 S r < Ps = m

Since pt = J\JIpr;s > p provided s > %, it follows that the sequence {yi},cy is

compact with respect to the norm topology of LP(2).

Thus, combining this fact with the compactness criterium for the weak conver-
gence in variable spaces (see Proposition 2.1), we can deduce the existence of a
pair (y,2) € LP(Q) x LP(Q,udz) x LP(Q, B dx)"N such that, within a subsequence
of {yx}pen, we have

yp —y in LP(Q), (4.1
yp — z in LP(Q,udz), (4.15)
Vyr — v in the variable space LP(Q, By, dz) (4.1

Our aim is to show that y = z, v = Vy, and as a consequence y € Ho:g(Q) N
LP(Q, udz). With that in mind, we note that for every measurable subset K C 2,
the estimate

/\Vyk]dx< /]LkVyk|pd:c) (/Ka_quyl’

1

(
(/ (Y, BiVyr)|® da:)g (/Ka—q dx)‘ll
4.1

by (
< C|K\2"HOC Yl L20(0)

by (2.4) B L
< ek (% (ol g+l saroy)) ™

implies equi-integrability of the family {|Vyk|g~}. Combining this fact with es-
timate (2.13) and property (ii), we deduce that the sequence {|Vyr|}, oy is weakly
compact in L!(€2). Since, for an arbitrary ¢ € C§°(Q)Y, we have

Bk_lg — B7l¢ strongly in variable LI(€, By, dx)™ (4.17)
by Lemma 4.2, it follows that

/(&Vyk) dﬂc:/ (B}, '€, BeVyy) dw
Q Q

by (4.16), (4.17), and (2.20) / (B’lg Bv) e
Q

=/Q<§,v> dr VEe @Y
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Thus, in view of the weak compactness property of {Vy}, oy in LY (N, we
conclude
Vyr = vin LYGRY) as n— oo, (4.18)
Since y, € WH(Q) for all k¥ € N and the Sobolev space W1(Q) is complete,
(4.14) and (4.18) imply Vy = v, and consequently y € H&’%(Q).
To end the proof, it remains to establish the equality y = z a.e. in ). Since the
sequence {y; € LP(Q2,udx)}, .y is bounded and for any measurable set K C (2,

we have
1/p 1/q
/ Y dr < (/ |y\pudm) (/ udx) ,
K Q K

it follows that the sequence {yru},.y is equi-integrable and weakly compact
in L'(Q) and, hence, the weak convergence (4.15) is equivalent to the weak
convergence

yru — zu in LY(Q). (4.19)

Further, we note that

, |ul dz
/]cp|uda;< sup M/ V| dx

< su M /|LV§0|pd:z: v /a_qu v
o HY1(0%) Q

< const ||g0HHé,§(Q) Vo e Cr ()

by Maz’ya inequality (2.23). Since the set C§°(12) is dense in H&’%(Q), it follows
that the family {u(yx — y)},cy is weakly compact in L'(£2). Taking into account
the compactness of the embedding H&’JPB(Q) — LP(2) and the weak convergence
yr — vy in LP(£2), we can suppose that yr — y almost everywhere in Q. Hence,
u(yr —y) — 0 a.e. in Q. Then the strong convergence u(yx — y) — 0 in L'()
immediately follows from the Lebesgue Theorem. Thus, in order to conclude the
desired equality y = z, it is enough to combine this inference with the property
(4.19). The proof is complete. O

We are now in a position to prove the main result of this section. Namely, we
show that the boundary value problem (3.1)—(3.3) admits a weak solution.

Theorem 4.1. For given f € L¥(Q)N, uw € LY(Q), u > 0 a.e. in Q, v > 0, and
for an arbitrary matric A € Mgq, there exists a weak solution y € X, g (in the
sense of Minty) to boundary value problem (3.1)—(3.2) with an a priori estimate

1

1 1
)7 (o aao@n + o faq)” (420

Iyllz,.s < (

and the energy relation

[ 10059y ao+ [ lyrude < [ (7.9)da. (4.21)
Q Q Q
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Proof. Let u € .4 be an arbitrary admissible control. For a given matrix A € 9,4
let us consider an approximation {A},cy C Maq(2) with properties (4.1)—(4.3),
and the corresponding variational problem

Find y; € Wy (Q) such that
—2
/Q (Vo Ak V)| 2 (AxVyy, Vo) da + /Q kP 2y pu da (4.22)
= /Q(f, V)dz, Y€ ().
Since Ay, € L>®(;MY), it follows that (Viyg, AxVyr) = (Vyr, Bx V). Hence,
by the well-known result of quasi-linear elliptic equations (see [29, Theorem 2.14]),

for every k € N, the problem (4.22) admits a unique weak solution y; € WO1 P(Q)
such that

/Q (Vi BeVye) | dor + /Q P de = /Q (f.Vy)de  (4.23)

and

—2
/Q ((V, BiVo)|' 2 (ApVe, Ve — V) da + /Q [P~ (e — yr)udz

(4.24)
> /(f, Vo —Vy,)dz, Ve C5(Q).
Q

It is clear that the energy equality (4.23) leads to the following estimate

Il , = [ (0 BTl Edot [ nPude < [ (L LT do

< HfHLoo(Q)NHoé_lHLq(Q)HkaHég @
By
1
< Coallflze@ (Il ao@n) + o™ 4q)) " lowlz, s,

Hence, the sequence {y},cy is bounded in variable space X, p,,

1

el < (Coll i)™

1

x (Il lpmrogn) + o dg)”» VEEN,  (425)

and, by Lemma 4.3, we can suppose the existence of an element y € X, g such
that (within a subsequence) y is subjected to the estimate (4.20) and

yp —y in LP(Q,udx), (4.26)
Vyr, — Vy in the variable space LP(Q, By, dz)V. (4.27)
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We are now in a position to pass to the limit in (4.24) as k¥ — oco. With that in
mind we make use of Lemma 4.2. In particular, we utilize the properties (4.6)—
(4.7). Then, it follows from Definition 2.2 and (4.26)—(4.27) that

/(f, Vo — Vyi)dr = / (B, f. By, (Ve — Vi) do
Q Q

k—o00 -1 . _ .
& /Q (B, B(Ve— Vy)) da /ﬂ (f. Vo — Vy) de,

—2
/Q (Vi BuV)| 7 (AxVep, Vo — Vi) da

—2
= /Q (\(V%BszO)!pTLngkLka,Bk (Vo — Vyk)) dx

k—o0

5 [ (Ve BV 5 L TLY 6. B (Ve - Vi) da
Q

— [ |(Vo, BY)|"T (AVp, Vi — V) da.
Q

Taking into account that

_ k—oo _
/Qlwlp 20(p — yp)udr =3 /QMP 20(p — y)udz

by (4.26) and definition of the weak convergence in LP(2,udz), we can pass
to the limit in (4.24) as k — oo and readily obtain the desired relation (3.9).
Thus, y is a weak solution to the boundary value problem (3.1)-(3.3). As for
the energy inequality (4.21), it follows from (4.23) and the weak convergence
properties (4.26)(4.27). O

Remark 4.2. As follows from approximation procedure that was used in the
proof of Theorem 4.1, it always leads to some weak solution of the original
boundary value problem. Such solutions are called approximation solutions in [33].
The characteristic feature of such solutions is the fact that they satisfy energy
inequality (4.21) and their a priori estimate (4.20) does not depend on the skew-
symmetric part D € BMO(;SY _ ) of matrix A € Myq(2). Moreover, it is
unknown in general whether approximation solutions are the weak solutions to
the boundary value problem (3.1)—(3.2) in the sense of distributions and belong
to the set D(X,, B).

5. On Density of Smooth Compactly Supported Functions in
WoB(9)

The aim of this section is to find out the sufficient conditions guaranteeing the
equality Hy(Q) = Wy'5(Q). With that in mind, it is enough to check whether,
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for each A € M,4(Q) and p > 2, the set of smooth compactly supported functions
Ce(Q) is dense in Wol,’g(Q).
Let f € W&’E(Q) be an arbitrary function. For any § > 0, we set
Qs :={z e : dist(z,00) >}
and Go(o) = [ wspalle sl dy, Vo e RY,
35/4

where
0, | >1,
with
-1
1
C = / exp <2> dx
B1(0) 22 =1
and

1
ws(lz]) = sw(lz]/0), Ve e RY,
so that ws € C2°(Bs(0), / wslx) dz = 1, wy(lz]) > 0 Ve € RV,
RN
Then, the following properties of (5 are well-known [24, Theorem 1.4.2]:
(i) 0 < (s(w) <1 for all z € RY;
(ii) (s5(x) =1 for all x € Qy;

(iii) ¢s(z) = 0 outside of Qs /;

6%575:) < % Ve € RN, i = 1,...,N, where C is a positive constant

independent of 9.

(iv)

Setting f(x) := f(x)Cs(x), we see that fO = 0 outside of Q5. Before proceeding
further, we make use of the following auxiliary result.

Lemma 5.1. Assume that, in addition to (2.2)-(2.3), the functions a and
satisfy the condition

a L Be L>®(0\Qs), where Q5 :={xcQ : dist(x,00) >} (5.1)

for some 6 > 0 small enough. Then for given A € My4(QN) and f € W&’;(Q), we
have

fewyh(Q) and |f - o1, =o0(1) asd — 0. (5.2)
) Wo,B(Q)
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Proof. Indeed, the inclusion f9 € Wolv’g(Q) is a direct consequence of the property
f% = 0 outside of Qg /2 and the following estimate

P
2

£ = [ (5P + |95, 5955)]) da
= [ (fal + 1L (69 f + 19G)P) do

S/Q(Iflp+p\LVf|p+p!f”Bp|VCa\p) dx

) ) 2N\’ )
<A+ PI g ) + I |V 5 ) | M

<CON Py g

which is valid for ¢ small enough (see (5.1)).

As for the asymptotic behaviour of the difference f — f(5 = f(1 — (5), we
provide this analysis utilizing the following chain of estimates

IF = Sy = [ 190~ GIPde+ [ 0= GIE(VA) ~ L(VeP da
< [ vz en [ 19s BV do

dp [ UPIVGE do
O\

cvnN\"
+ plIBIL < (\029) (5 ) /Q\Q 1P de. (5-3)
5

In order to estimate the last term in (5.3), we make use of the Maz’ya inequality
(2.23). This gets

1 ,CN(Q/)%
flPdz)? < sup _/ Vf|dx
</Q\§25’ | ) wcovn, HYHO) Q\Qg‘ |
£y @) i
< sup / LV fla™ " dx
e, HY7HOY) Jova, LS

- EN(Q/)%
SUp e
Q'CO\Qy HN=L(0%Y)

Q=
=

o ||L°°(Q\95)EN(Q/)

</Q\Q,; |LV f|P dx)
LN ()

< o™ zee TN AON :
<l Lo (\04) ﬂ’ilfllliﬂa rHN_l(aQ/)HfHW(};g(Q\Q(;)

(5.4)
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Since LN (V) < C*0HN1(09) for § small enough and with C* independent of
9, it follows from (5.4) that

p < P p
/Q\Qé|f| o < const 8 111y 10,

Thus, from (5.3) we finally deduce
18 = 56 1 0y < CUF g gy = o) 28820 (5
O

Taking this result into account and following the standard rule, we define the
smoothing of f?:

(F69. ) = [ wela = )G dy = e+ @), Vo eRY.  (50)

Then (f(s), () = 0 has a compact support in €2 provided € < §/2. Since (f(s), €
C5e(£2) and Wol”g(Q) C WhPs(Q) with continuous embedding for all p, < p (see
estimates (2.14)—(2.15)), it follows from the classical theory of Sobolev spaces that
(f¢s). — f¢s in WHPs(Q) as e — 0 and, therefore, up to a subsequence, we can
suppose that (f(s). — f(s almost everywhere in €. Let us show that (f(5), — f
in Wol”g(Q). Indeed, we can deduce from (5.6) that

V(1) @) < CMVL)@), V>0, (5.7)
3

where M (f)(x) = sup @ / | f(y)| dy is the Hardy-Littlewood maximal function.
Q Q

It is also known that [12, p.174]

a,l/a e m A, & Ina € closurepyo L™ (RY). (5.8)
r>1

Since Ina € closuregyo L¥(RY) is equivalent to InaP € closuregyro L= (RY),
it follows from (5.8) and (2.2)-(2.3) that o, fP € A,. Then, by the celebrated
Mackengoupt theorem [22], we have

el & ] (Vf%) ]papdeC(a,p)/RN IV foPa? dz,
gred, & / M(V )PP da < C(B, )/RN IV fOPBP dux.
Since the norms |¢| and /(&, BE) are equivalent in RV it follows that
BPoP e A, & / M(Vf), BM(Vf ))|%dx

< Oy /RN | (Vf5,BVf5) 5de (5.9)
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for some positive constant Cs depending on «, 3, and p. Using the fact that each
of the matrices A € M,q(Q) is assumed to be zero-extended outside of €2, we
deduce from (5.7) and (5.9)

JE 02,9 (7)Yt ae= [ 1(5 ()9 (1))

<cC RN|<Vf5 (Vr0)) [*

dx
_ c/ (V7. BOVI) [Edo < CUP g ) < #0010
Following the similar reasoning, it can be shown that
) p < dp < o|P . )
L) pde <o 190 de < Ul 0 <+ GD)

Hence, the sequence {(f5)5}€>0
view of the pointwise convergence: (f(5). — f(s almost everywhere in €2, we can
deduce the weak convergence (f(5). — f(sin Wolv’]g(Q). Then by Mazur’s theorem,
the element f := f(s can be attained in the strong topology of Wolv’g(Q) by the
convex combinations of {( f‘s)e}

is bounded in || - |10 ()-Dorm. Therefore, in
0,B

~0" It means that for any given 1 > 0 it can be

found a convex combination f¢ € C§°(Q2) of a finite number of elements of the
sequence {(f5)6}8>0 such that

4 é n
Hf* -/ ”W&’JZ(Q) <3

Besides, the property (5.2) implies that

_ 49 n
\f—f HWOI”,‘;(Q) <3 for 6 small enough.
Hence, for a given function f € T/VO1 2 (1) and arbitrary positive 7, we have
6
If = fi HWOI,’}‘;(Q) <.
Thus, we can formulate the obtained result as follows:

Theorem 5.1. Assume the set of admissible matrices Mqq(L) is such that in
addition to its definition in the form (2.5), the condition (5.1) holds true for some
positive small enough parameter 6. Then the set of smooth compactly supported
Junctions C§°(82) is dense in W()l”g(Q) or, what is equivalent, we have the equality

Hy5(9) = Wyh(Q).
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1. Introduction

The aim of this paper is to study optimal control problems associated to
degenerate elliptic variational inequalities in the so-called class of H-admissible
solutions. Dealing with degenerate problems leads us to the concept of weighted
Sobolev spaces such as W (€, pdzx) (see for example [5]), where p is degenerate
(in some sense) weight function, such that the differential operator associated to
our problem is not coercive in the classical sense. Hence, the classical approach to
investigate mentioned problems can’t be used. In [17] was proposed an alternative
method for solving optimal control problems for degenerate variational elliptic
inequality, using Hardy-Poincare inequality.

It is known that smooth functions are, in general, not dense in the space
W(Q, pdzx) that leads to the issues related to non-uniqueness of the setting of
correspondent boundary value problem and as a consequence, to several possible
settings of an optimal control problem associated to the mentioned control object.
If we consider the space H ({2, pdx) which is the closure of C§°(Q2) in W(Q, pdx),
then H (2, pdx) # W (Q, pdz), in general (see, for example [15]). In literature this
fact is called the Lavrentiev phenomenon.

In applications a degenerate weight function p appears as the limit of the
sequence of non-degenerate weights p®, for which the corresponding “approximate”
problem is solvable. In this paper we interested in attainability of H-optimal
solutions to degenerated problems via optimal solutions of non-degenerated prob-
lems, namely, we show that each optimal solution to the degenerate problem can

*Department of Integral and Differential Equations, Taras Shevchenko National University of Kyiv,
64/13, Volodymyrska Street, Kyiv, Ukraine, 01601, zadoianchuk.nv@gmail.com

© N.V. Kasimova, 2018.
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be attained by admissible solutions to perturbed problems, however there exists
at least one optimal solution of degenerated problem which can be attained by
optimal solutions to appropriate perturbed problems.

2. Notations and preliminaries

Let Q € RN (N > 3) be an open bounded set with regular boundary 952 such,
that 0 € RY is an inner point of Q. Hereafter we will denote a locally convex
space of all infinitely differentiable functions with supports in £ by C§°(2).

Let p: Q — R be a given function such that: p(x) > 0 a.e. on £,

pe L), pte L), VInpe L2(RY) i p+p 1 ¢ L®(Q). (2.1

Hereafter, we assume that there exists a closed subset O of the set Q) such
that
dist(0,09) =¢, p>e mc.B Q\O, 1 peL>¥(Q\0O) (2.2)

for some € > 0. In other words we assume that conditions (2.1) are not typical
for boundary layer of the set €.

Weighted spaces. We call a nonnegative function p with properties (2.1)—(2.2)
degenerate and consider weighted Hilbert spaces L?(2, pdz) and L?(2, p~!dx),
saying that

€ TS pdo) it s pamy = [ Fode <+

and g € L*(Q, p~tdz) if HgH%Q(Q pldn) = / g*ptda < 4o0.
’ Q
We define the space W = W (), pdz) as a set of functions y € VVO1 ! for which

the norm
1/2
lll, = ( [ oass | |vy|§wdx> (2.3)

is finite, and the space H = H(, pdx) as the closure of the space C§°(£2) with
respect to the norm (2.3).

Note, that spaces W and H are reflexive Banach spaces with respect to the
norm (2.3) due to the estimate

1/2 1/2

/IVy\dx < /p!Vylgdﬂf /pldw < Cllyllp,

Q Q Q

N 1/2
where [l = (z |nk|2) .
k=1

Since the smooth functions are in general not dense in the weighted Sobolev
space W, it follows that H # W, that is for a “typical” degenerate weight p
the identity W = H is not always valid (for corresponding examples we refer to
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[1,12,13]). However, if p is a non-degenerate weight function, that is, p is bounded
between two positive constants, then it is easy to verify that W = H = H}(Q).
We recall that the dual space of H is H* = W~12(Q, p~!dz) (for more details
see [5]).

Remark 2.1. [16, Remark 1] In the case when the weight p~1 € L1(£2), the space
H(Q, pdx) is continuously embedded into the space VVO1 Q).

Let us consider the next concept [17]
Definition 2.1. We say p : 0 — R is the weight function of potential type if p

satisfies conditions (2.1)~(2.2) and there exists such constant C(£2) > 0, that the
following inequality is fulfilled:
~ 20 (N —2)?

1 :
—C(Q) < —Alnp(x) — i\vmp\fw < PR in Q. (2.4)
RN RN

In this case the function V(z) = —Alnp(z)—3|VIn pl is called Hardy potential
for the weighted function p.

Elliptic Variational Inequalities.

Let V be a Banach space and K C V be a closed convex subset. Suppose also
that A : K — V* is a nonlinear operator and f € V* is a given element of the
dual space.

Let us consider the following variational problem: to find an element y € K
such that

(Ay,v —y)v > (f,v—y)v, YweEK, (2.5)

Referring to [9], we make use of the following assumptions.

Hypothesis 1. There exists a reflexive Banach space X such that X C V*,
the imbedding X < V* is continuous, and X is dense in V'*.

Hypothesis 2. There can be found a duality mapping J : X — X™* such that
Vy € K, Ve > 0 there exists an y. € K such that A(y.) € X and

Ye +eJ (A(ye)) = v
Theorem 2.1. [9, Theorem 8.7 Assume that Hypothesis 1 and Hypothesis 2

hold true. Let operator A : V. — V* be monotone, semicontinuous, bounded and
satisfy the following assumption: there exist an element vy € K such that

Ay .y —
W%—i—oo as |lyllv — oo, y € K.

Then for any solution y of variational inequality (2.5) the inclusion Ay € X takes
plase provided f € X.

Smoothing. Throughout the paper £ denotes a small parameter which varies
within a strictly decreasing sequence of positive numbers converging to 0. When
we write € > 0, we consider only the elements of this sequence, while writing
€ > 0, we also consider its limit ¢ = 0.
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Definition 2.2. We say that a weight function p with properties (2.1)-(2.2) is
approximated by non-degenerated weight functions {p®}.50 on  if:

pf(z) > 0 ae. inQ, p°, (p°)"! € L®(Q), Ve > 0, (2.6)

o= p, (0°)P = pt in LY(Q) ase — 0. (2.7)

Remark 2.2. The family {p°}.>0 satisfying properties (2.6)-(2.7) is called the
non-degenerate perturbation of the weight function p.

Examples of such perturbations can be constructed using the classical smooth-
ing. For instance, let ) be some positive compactly supported function such that
L*RN, [ Q(z)dr = 1, and Q(x) = q(—z). Then, for a given weight function

RN
p € L (RN), we can take p° = (p)., where

loc

() = [ Q<$;Z)p(2)dzz [aGutarei e
s

RN

In this case we say that the perturbation {p® = (p)c }e>0 of the original degenerate
weight function p is conctructed by the “direct” smoothing scheme.

Lemma 2.1. [10] Ifp,p~! € L} (RYN) then the “direct” smoothing {p° = (p)e }e>0
possesses properties (2.6)-(2.7).

Weak compactness criterion in L'(€). Throughout the paper we will often use
the concepts of weak and strong convergence in L(€2). Let {a.}.~0 be a bounded
sequence in L(Q). We recall that {a.}.~0 is called equi-integrable if for any § > 0
there exists 7 = 7(4) such that [ |a.|dz < § for every € > 0 and every measurable

S

subset S C Q of Lebesgue measure |S| < 7. Then the following assertions are
equivalent:

(i) A sequence {ac}.~0 is weakly compact in L!(£2).
(ii) The sequence {a.}c>0 is equi-integrable.

(iii) Given § > 0 there exists A = A\() such that sup [ |ac|dz < é.
>0 {Jac|>8}

Theorem 2.2. (Lebesgue’s Theorem). If a bounded sequence {ac}e~o C LY(Q) is
equi-integrable and a. — a almost everywhere on 2, then a. — a in L' ().

Radon measures and convergence in variable spaces. By a nonnegative Radon
measure on {2 we mean a nonnegative Borel measure which is finite on every
compact subset of 2. The space of all nonnegative Radon measures on £ will
be denoted by M (). If p is a nonnegative Radon measure on 2, we will use
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L"(Q,dup), 1 < r < oo, to denote the usual Lebesgue space with respect to the
measure u with the corresponding norm

1/r
£l r(udp) = /If(a:)\’"du
0

Let {pe}e>0, p be Radon measures such that . is s-weakly convergent to u in
M (2); that is,

e—0
Q Q

lim | pdu. = / pdu Vo € Co(®Y), (2.9)

where Co(RY) is the space of all compactly supported continuous functions. A
typical example of such measures is du. = p®(x)dz, du = p(x)dx, where 0 < p& —
pin L1(2). Let us recall the definition and main properties of convergence in the
variable L2-space [13].

1. A sequence {v. € L?(Q, du.)} is called bounded if

limsup/|v€|2d,u8 < 400.

e—0

2. A bounded sequence {v. € L?(£2,du.)} converges weakly to v € L*(Q, du) if

lim/vagoduE = /vcpd,u
e—0
Q Q

for any ¢ € C§°(Q) and we write v — v in L?(€2, dp.).
3. The strong convergence v. — v in L2(€, dju.) means that v € L?(Q, du) and

lin(l)/vgzad,ue = /vzd,u as z. — z in L*(Q,du.). (2.10)
E—
Q Q

The following convergence properties in variable spaces hold:

(a) Compactness criterium: if a sequence is bounded in L?(€2, dy.), then this
sequence is compact with respect to the weak convergence.

(b) Property of lower semicontinuity: if v. — v in L?(2, dy.), then

liminf/|v€|2d,u5 > /’U2d,u. (2.11)
e—0
Q Q

(c) Criterium of strong convergence: v- — v if and only if v. — v in L?(Q, dpu.)
and
lim / v |2dpe = /v2du. (2.12)
e—0
Q Q

Let us recall some well-known results concerning the convergence in the variable

space L?(€2,du.).
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Lemma 2.2. [10,13, 15] If {p®}c>0 is non-degenerate perturbation of the weight
function p(x) > 0, then:

(A1) ((p)7") = p~ ! iin L*(Q, pFda).
(A2) Jve — v in L3(Q, p°dx)]= Jve — v in LY(Q)].

(A3) If a sequence {ve € L*(Q, p°dx)}e=0 is bounded, then the weak convergence
ve — v in L2(Q, p°dx) is equivalent to the weak convergence p°v. — pv in

LY(9).
(A4) If a € L and ve — v in L*(Q, p°dx), then av. — av in L*(Q, p°dz).
Variable Sobolev spaces. Let p(x) be a degenerate weight function and let
{pF}e>0 be a non-degenerate perturbation of the function p in the sense of Defini-
tion 2.2. We denote by H (€, p°dx) the closure of C§°(£2) with respect to the norm
|| - | p=- Since for every e the function p° is non-degenerate, that is, p® is bounded
between two positive constants, the space H (2, p°dx) (and the spaces L?(Q, p*dx)

and L2(5, (p°) 'dx) ) coincides with the classical Sobolev space H(Q) (with
L*(Q)).

Definition 2.3. We say that a sequence {y. € H(Q, p°dz)}.>0 converges weakly
to an element y € W as e — 0, if the following hold: (i) This sequence is bounded.
(ii) ye — y in L%(Q, pfdx). (iii) Vy. — Vy in L*(Q, p°dx)".

Compensated Compactness Lemma in variable Lebesque and Sobolev spaces.
Let p,q such that 2 < p < 0o, 1/p+ 1/g=1 and let {p°}.~¢ be a non-degenerate
perturbation of a weight function p. We associate to every p® the space

X(Q, pfdz) = {fe LY(Q, podz)™| div (pff) c Lq(Q)} Ve >0 (2.13)
with the norm
- - _ > 1/q
1Alxc@pean) = (17U g pranys + 16 (6°F) I20y) -

We say that a sequence {f; € X(Q, ped:ﬂ)} is bounded if

e>0
limsup || fe[| x (0 peda) < +00-
e—0

In order to discuss the problem of H-attainability we need the following result.

Lemma 2.3. [3] Let {p°}e=0 be a non-degenerate perturbation of a weight func-

tion p(x) > 0. Let {fe Lq(Q,pEd:E)N} . and {gecH(Q,pdx) }e>0 be sequences
e>

such that {f;}€>0 is bounded in the variable space X (92, p°dx), f; - f weakly in
LA(Q, p°dx)N, {g-}es0 is bounded in the variable space H(Q, p°dx), g- — g in
LP(Q), and Vg. — Vg in LP(Q, p°dx)N. Then

21_13(1)/30 (fa,Vga>RN o = /gp (f,Vg)RN pdz, Yo € C°(Q).  (2.14)
Q Q
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Further, we consider a special “lifting” operator
T, : LP(Q, pdx) — LP(S2, p°dzx)

defined as follows

/Tsygopadx = /y(gp)spdx Vo € Cg°(Q), Ve > 0. (2.15)
Q Q

Firstly this operator was constructed in [14] for the case of an arbitrary measure.
Let us consider the following well-known result.

Lemma 2.4. [10, Lemma 7.2] Let p € L}OC(RN) be a degenerate weight function

and let {p° = (p)c}eso be a “direct” smoothing of p. Then for every element
y € LP(Q, pdx) there exists a sequence {Try € LP(Q, p°dx)} ..o such that T.y — y
in LP(Q, p*dx).

Let us recall that a function a € L?(Q, pdx) and a vector b € L?(2, pdx)N are
related by the equality

div(pb) = a if /(b, V)rypdr = —/agopda: Vo € C5°(Q). (2.16)
Q Q

In a similar way, for a® € L*(Q, p°dz) and b € L*(Q, p°dz)", we have

div(p®b®) = a® if /(ba, Vo)pnptdr = — /a‘E(ppEdw Vo e Cg°(Q).  (2.17)
Q Q

Note that by arguments of completion, the above identities can be extended to
test functions from H and H (S, p°dx), respectively.

Lemma 2.5. [10, Lemma 7.3] If a € L*(Q, pdx) and b € L?(2, pdz)™ are related
by (2.16), then a® = T.a and b° = T.b are related by (2.17).

Following [10,11] we can give a dual description of the weighted Sobolev space
H. Let us consider two spaces: the first is XZ as the closure of the set {(y, Vy), y €
Cs ()} in L3(Q, pdx) x L2(Q, pdz)N, hence, the elements of this space are pairs
(y,v), where y is a function in H and v = Vy is its gradient. The second space
Xg consists of pairs (y,v), where y € L?(2, pdz) abd v € L?(Q, pdx)N are such
that
/yapda: = —/(v,b)Rdix (2.18)
Q Q
for any (a,b) satisfying the conditions

a € L3(Q,pdx), be L*(Q, pdz)N, a = div(pb) (2.19)

It is easy to see that Xg and Xg are closed in L?(Q, pdx)N*! and Xg C Xg

Moreover, from [10, Lemma 7.4] (or [11, Theorem 1]) we have that X2 = Xg.
The next Theorem establishes the possibility of passing to the limit as € — 0
in variable space H (2, p°dzx).
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Theorem 2.3. [10, Theorem 7.1] Let p* = (p): be a direct smoothing of a
degenerate weight p € L}OC(RN) and let y¢ € H(Q, p°dx), y° — y in L*(Q, p°dx),
Vye — v in L2(Q, p°dx)N. Theny € H and v = Vy.

3. Setting of the Optimal Control Problem

Let K be a non-empty convex closed subset of the space W, and let K be
sequentialy closed with respect to the norm

Y 2
lyl? r:/Qydea:Jr/Q(VerQVIHpRdix. (3.1)

Let yoq € L2(Q), f € L?(Q,p 'dx) and uy € L?(Q,p tdz) be given dis-
tribution, and Up be a non-empty convex closed subset in L?(€2, p~! dx) such
that

Up={uecL?Q,ptds): |lu- uoll r2(0,p-1 doy) < R} (3.2)

Hereinafter functions u € Uy are considered to be admissible controls.
The main object we deal with in the paper is the following optimal control
problem for the variational inequality with control in the right hand side:
1 2 .
I(w,y) = 5 1y — Yadllz2(0,par) — 0k, (3.3)
u € Uy, y€ K, (3.4)

/(Vy,Vv—Vy)Rdia:Z/(f—i—u)(v—y) dr, YveK. (3.5)
Q Q

Let us consider the following linear operator related to the variational inequa-
lity (3.5):
A: W(}’z(Q; pdx) — (Wol’2(ﬂ;pdaz)) ,

that is defined by the rule:

<Ay’ Ll ?/>H(Q;pdx) - /Q (Vy, Vv — vy)RN pda} Yv e K.

Here
(o Vi @upday © (H (4 pdz))™ x H(; pdz) — R
is the duality pairing. It is clear that
Ay = —div(p(z)Vy).
Similarly to [4] let us consider the next definitions.

Definition 3.1. We say that a function y = y(u, f) € K is a W-solution to
degenerate variational inequality (3.4)-(3.5) if

(=div(p(z)Vy),v —y)w > (f +u,v —y)w (3.6)

holds for any v € K.
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Definition 3.2. Let K be a closure in the space C§°(Q2) of the set K N CFo(€2).
We say that a function y = y(u, f) € K is an H-solution to variational inequality
(3.4)-(3.5) if

<_ le(p(l’)vy), U= y>H(Q;pda:) > <f +u,v— y)H(Q;pdz) (37)
holds for any v € K.

Remark 3.1. Tt is easy to say that the set K C H is closed and convex.

Let us remark that in the case when the function p is a weight function
of potential type in the sense of Definition 2.1 we can prove the existence and
uniqueness of W-solution for the inequality (3.4)-(3.5), namely the following result
takes place:

Theorem 3.1. [17, Teopema 2] Let p : @ — Ry be a weight function of potential
type. Then for given f € L*(Q, p~'dz) andu € Uy the variational inequality (3.4) -
(3.5) has unique solution y = y(u, f) € K such that y = z/\/p and z € H} ().

Remark 3.2. Similar result with Theorem 3.1 concerning existence and uniqueness
of H-solution to problem (3.4)-(3.5) can be easily obtained using similar argumen-
tation.

Taking this fact into account we can introduce two sets of admissible pairs to
the optimal control problem (3.3)-(3.5):

Ew ={(u,y) e Us x W]y € K, (u,y) are related by (3.6)}, (3.8)

2y ={(u,y) €Uy x H|y € K, (u,y) are related by (3.7)}. (3.9)

Hence for the given control object described by relations (3.4)-(3.5) with both
fixed control constrains (u € Up) and fixed cost functional (3.3), we have two
different statement of the original optimal control problem, namely

< inf I(u,y)> and < inf I(u,y)>.
(u,y)EEW (w,y)EEH

Having assumed that W # H for a given degenerate weight function p > 0, we can
come to the effect which is usually called the Lavrentieff phenomenon. It means
that for some u € Uy and f € L?(Q, p~'dx) an H-solution to problem (3.4)-(3.5)
does not coincide with its W-solution [13].

Remark 3.3. In view of Theorem 3.1 and Remark 3.2, the set Zp is always
nonempty.

Let us consider the following concept.

Definition 3.3. We say that a pair (u°,3°) € L?(Q, p~'dz) x H is an H-optimal
solution to problem (3.3)-(3.5) if (u°,4°) € Zy and

1w’ y%) = inf  I(u,y)
(u,y)EEH
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Note that optimal control problem (3.3)-(3.5) is solvable, namely the following
result takes place.

Theorem 3.2. Let p(x) > 0 be a degenerate weight function of potential type.
Then the set of H-optimal solutions to problem (3.3)-(3.5) is non-empty Vf €
L2(, p~tdz).

4. Attainability of H-optimal Solutions

In this section we propose a regular algorithm of approximation (perturbation)
for the original degenerate optimal control problem (3.3)-(3.5) and it will be
shown that H-optimal solutions of mentioned problem can be attained by optimal
solutions of perturbed problems. Note that in view of Theorem 3.2 that the set
of H-optimal solutions to the problem (3.3)-(3.5) is non-empty.

Let p be a degenerate weight function with properties (2.2)-(2.1), and let
{pe}e>0 be a non-degenerate perturbation of p in the sense of Definition 2.2

Definition 4.1. We say that a bounded sequence
{(ue, ye) € Y(Q, pda) = LP(Q, (p°) "' da) x H(Q, p°da)}es0

w-converges to (u,y) € L2(Q, p~tdx) x W in the variable space Y(, p°dx) as
e — 0, if ue — w in L*(Q, (p°)"ldz), y. — y in L*(Q, p°dx), Vy. — Vy in
L(Q, pedx)V.

Definition 4.2. We say that a minimization problem
< inf  I(u, y)> (4.1)

is a weak variational limit (or variational w-limit) of the sequence

{<( inf Ig(ug,y€)> ; Ze CY(R, pfdx), € > O} , (4.2)

Ue »ys)GEs

with respect to w-convergence in variable space Y(£2, p°dz), if the following con-
ditions are satisfied:

(1) if {ex} is a subsequence of {e} such that £, — 0 as k — oo, and a sequence
{(ug, yi) € Z¢, }e>0 w-converges to a pair (u,y), then

(u,y) € Eg; I(u,y) < liminf I, (ug, yx); (4.3)
k—o0

(2) for every pair (u,y) € Ef and any value § > 0 there exists a realizing
sequence { (s, Je) € Y(Q, p°dx)}eso such that

(le,Je) € Ec Ve >0, (le,Je) w — converges to (i, ), (4.4)

||’LL - ﬂHL2(Q,p*1dac) + Hy - ng <9, I(’LL, y) > limsup Is(asags) — 0. (4'5)

e—0
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The last definition is motivated by the following property of variational w-
limits (for the details we refer to [2]).

Theorem 4.1. Assume that (4.1) is a weak variational limit of the sequence
(4.2), and the constrained minimization problem (4.1) has a solution. Suppose
{(ul,y0) € Z.} is a sequence of optimal pairs to (4.2). Then there exists a pair
(u®,y°) € Zp such that (ul,y?) w-converges to (u°,y°), and
inf  I(u,y) =1I(u’y°) =lim inf I (ue,y.).
(u,y)EEH €0 (ue,ye)€Ee

Let us consider the sequences {K.}c~o and {Uj}e>0 of non-empty convex
closed subsets, which sequentially converges to sets K and Up, respectively, in
the sense of Kuratovski as ¢ — 0 with respect to weak topology of spaces
H(, pfdz) and L?(%2, (p°)~'dz), respectively, and let Hypothesis 2 hold true for
X = L%Q,(p°)"tdx) and V = H(S, p°dx) Ve > 0. Taking into account Theorem
4.1, we consider the following collection of perturbed optimal control problems
for non-degenerate elliptic variational inequalities:

1
Minimize < I.(u,y) = 3 / ly(2) — Yaq?dz 3 , (4.6)
Q

ueU;, ye K., (4.7)

<_ diV(pE(LU)Vy), v = y)H(Q;pedaz) > <f +u,v— y)H(Q;pfdx) Vv € K, (48)

where the elements y,q € L?(Q), f € L*(Q,p~'dz) C L*(Q,(p°)"'dz) are the
same as for original problem (3.3)-(3.5). For every ¢ > 0 we define =. as a set of
all admissible pairs to the problem (4.6)-(4.8), namely (u,y) € Zp if and only if
the pair (u,y) satisfies (4.7)-(4.8).

Let us discuss the optimality conditions for problem (4.6)-(4.8). Let V =
H(Q,pfdz), H = L?(Q2). Taking into account suggestions of the section 2, we
have that V and H are Hilbert spaces, and V' — H continuously and V is dense
in H. Let us denote by (-,-) the scalar product in H. Let us identify H with its
conjugated H*, and let V* be the space conjugated to V. Then V. C H C V* and
every space is dense in the next one and corresponding embeddings are continuous.
Let U = L2(%, (p°) tdx) be the control space (which coincides with L%(Q)),
Uj is convex and closed in U by the construction. Let us consider an operator
AV = V* Ay = —div(p®(z)Vy), and functions f and y,4 as in previous
suggestions. For every control u € U the state y(u) is defined as the solution to
the following problem

Ay = f+u, y e H(Q,pdx). (4.9)

Let us consider for every u € U the cost functional

Ty) = 5 ly) — ullh (4.10)
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The optimal control problem is to find such pair (u,y) € U5 x H(2, p°dx) that

J(u,y) = (v,y(v))el}gnfo(Q,pde) J(v,y(v)) with conditions (4.9). (4.11)

It is known that the solution of the optimal control problem is characterized by
the inequality
J(u,y(w)) (v —u) >0, Yo € Uj. (4.12)

Since, A is an isomorphism of the space V to V* (see for details [8]), then y(u) =
A7Y(f 4+ u), and then

Y () (v —u) = A (v —u) = y(v) — y(u).
Hence, (4.12) is equivalent to the following inequality:
(y(w) = Yad, y(v) —y(u)) =2 0, Vv € Uj. (4.13)

Let A* € L(V,V*) be the conjugate operator to A and it is an isomorphism of
V on V* as well as A. For the control v € Uj let us define the conjugate state
p(v) € V by the next relation:

A*p(v) = y(v) = Yad- (4.14)
Then
(A*p(u), y(v) — y(w) = (5(0) — Yaar y(v) — y(w)) = (p(as), Ay(v) — Ay(us))
= (p(u).v — ) = (p(u), v — )y = / p(u)(v — u)da > 0,
Q

since p(u) € V C L*(Q, pdz), v — u € L?(Q, (p°) " dz). Similarly to [1, Theorem
1.4], obtained results can be formulated as the following theorem.

Theorem 4.2. Let a(u,v) = (Au,v) be a bilinear continuous and coercive form
on V, and cost functional be as in (4.10). The element u € Uj is the optimal
control if and only if the following relations are fulfilled:

—din(pf(2)y) = f+u inQ, yev,
—div(p*(x)p) =Y — Yaa inQ, pEV,
/p(u)(v —u)dz > 0, Yv € Uj.

Q

Remark 4.1. Let us recall that sequential K-upper and K-lower limits of a se-
quence of sets { Ej }ren are defined as follows, respectively:

Ky —limE, ={y€ X :30(k) > 00,3y -y, VkEN: Uk € Eo(iy}
Ks—liimEk:{yeX:Hyk%yﬂkaoEN:ykeEk}.

The sequence {E})}ren sequantially converges in the senseﬂ Kuratovski to the
set E (shortly, Ks-converges), if £ = K¢ — limFy = Ky — limEj,.
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Lemma 4.1. Let {p® = (p)c}es0 be a “direct” smoothing of a degenerate weight
function p > 0. Let {(ue,y:) € Zc}eso be a sequence of admissible pairs to
the problem (4.6)-(4.8). Then there exists a pair {(u*,y*)} and a subsequence

{(ue,, Yo, ) Yren of {(ue, ye) € Ecteso such that (ue, , ye, ) w-converges to {(u*,y*)}
as k — oo and (u*,y*) € Zpg.

Proof. Let us consider the following variational inequality:

<—diV(pavy5),U€ - y€>H(Q,pde) 2 <f T+ Ue, Ve — y€>H(Q,p5dac)7 Ve € K. (415)
Let us show the bondedness of the sequence {y. }e~¢ in the space H (£, p°dx). Let
us suppose that Y|l g(q,pedz)y — 00 as € = 0. Then on the one hand

(—div(p*Vye), ye — U€>H(Q,p5da:)

1f + uell L2, (p5)1da) 1¥e — Vel L2, peder) (4.16)
<f + uellp2(o,05)1da) 1Ye — Vel (@ pda)» Y0e € Ke, Ve > 0.

On the other hand , for arbitrary fixed element v € K let us consider the sequence
{ve € K }c>0 such that v. — v in H(Q, p°dzx) (note, that such sequence always
exists provided K = K, — limK,), and taking into account the definition and
properties of the space H (2, p°dz) and operator A : H(Q, p°dz) — (H(Q, p°dx))*,
Ay, = —div(p*Vy.), we obtain such estimations:

<Ay67y8>H(Q,p5dx) = /(Vy& Vya)RNPEdeT 2 Cl”ysHZH(Qypadx)a Cl > 07
Q

(AYe, ye — ve) H(Qprdn) = CrllYellTrapean) = 1 V¥ell L2 pmdo) v |V Vel 1200 pday -

Hence, we have the following relations

(—=div(p®V¥e), ye — U5>H(Q,p5d$)
1Ye = Vell (02 p2da)

L1921 g0 peaey — 1978 22060,y 1 V02 200 gty

1Yl (02, pedz) + Vel (0, pe dar)

CullyelFrq pran) = Collvell e peduy Ve | (02 pe )

HyEHH(Q,pEdm) + ||UE||H(Q,p5d:v)

> {1yl (g pe (Clﬂyellm,padm)—cguvsnm,pgdx)>
- H &
el H (9,0 dx) e |t pdz) + Vel (6, peda)

Ve || £ (2, p= dir)
Oy — Oy WellH (@, da)
1 2MyelTa (2, pe da)

= Hy€HH(Q,pEdCC) HUEHH(M — 00, € — O, 02 >0

HyE”H(Q,pEdm)
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since the sequence {v;}c~¢ is bounded in H (€2, p°dx). The obtained contradiction
with (4.16) implies that {y:}.~0 is bounded in H(, p°dx). Note that from defi-
nition of sets U5 we have that the sequence {u. € Uj}.~0 is bounded in the space
L3, (p°) " tdz).

Hence, there exists a subsequence {e;} of the sequence {¢}, converging to 0 and
elements u* € L2(Q, p~ldx), y* € L?(Q, pdx), v € L?(Q, pdz)™ such that u., —
u* in L2(Q, (p°)~Ydw), y., — y* in L2(, p°dx), Vye, — ¥ in L*(Q, (p°) tdz)N.
By Theorem 2.3, we have that y* € H and v = Vy* and, moreover, we have
y* € K and u* € Up.

In order to prove the lemma, it is left to pass to the limit in the inequality
(4.15) as e — 0. Let us take in Hypothesis 1 V = H(Q, p**dz), X = L*(Q). In
this case it is easy to see that the imbedding X < V* is dense and continuous,
and the imbedding H(Q, p°*dz) — L?(Q2) is compact and dense (for details we
refer to [7]). Since f € L*(Q, p~tdx) C L?(, (p°)~tdx) C L*(Q), then in view
of Theorem 2.1 we have div(p**Vy,,) € L?(Q) Vk € N. Let us consider the next
relation

/ div(p** Ve, )odr = — / (Vye,, Vo)pn pThdx
Q Q

- — /(Vy*,Vgo)Rdix = /div(pVy)cpdm, Vo e C5°(Q), as k — oo.
Q Q

Hence, div(p®*Vy,,) — div(pVy) in L*(Q2) so the sequence {div(p**Vye,)}ren is

bounded in L?(2).

Let us consider the sequence g¢, := vs, — ¥, We know that the sequence
{9e,, }ken is bounded in H(Q, p°*dz) and g, — ¢g := v —y* in H(Q, p°*dz) as

k — oo, where {v., € K., }ren weakly converges to v € K in H(, p*dx). In
view of properties of spaces L?(€, p°tdx) we have that the sequence {gc, }ren is
bounded in L?(Q) and g., — g := v — y* in L*(Q). Taking into account Lemma
2.3 we obtain

<_div(p5k (x)vy€k)7 Ve — y8k>H(Q,p5kd:E)
= (=div(p(z)Vy), v — ¥ ) H(pdz), aS k — o0 (4.17)

Let us consider the right hand side of the inequality (4.15).

/(f—i_ugk)(/ugk _yak)dxz/fvakdx_/fyakd$+/uakvakd$—/Uakyakd$~
Q

Q Q Q Q

Let us represent the last term by the following way:

—/uekygkdxi/ueky*dm— —/ugk(yak —y*)dx—/ugky*da:.

Q Q Q Q
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Since y., — y* in L*(Q, p°*dx), Vy., — Vy* in L*(Q, p**dx)", then

1/2 1/2
/ e, d < / e, 2%+ / ) lde | < Eqan,
(9] (9 Q
1/2 1/2
/ (Ve Jadex < / Ve, |29 da / () e | < Q).
Q Q Q

Therefore the sequence {y., }ren is equi-integrable on 2 and bounded in VVO1 ().

In view of compact embedding VVO1 1(Q) < LY(Q), there exists an element § such

that y., — ¥ strongly in L' (). However, it is easy to see that y., — y* in L(().

Hence, y* = 7 a. e. on Q. And we have that [ ug, (ye, —y*)dz — 0, k — co. Since
Q

ue, — u* in L2(, (p*)~ldx) and y., — y* in H(Q, prdzx), and L?(€, (p°%)Ldx)
is the conjugate space to L?((, p*dx), it follows that

/fvskdx%/fvdx, /fyskdx%/fy*dx,
Q Q Q Q
/uskvekdac% /u*vdw, /uakyek — /u*y*dw.
Q Q Q Q

Hence, the limit inequality for the inequality (4.15) has the form:
(=div(p(®)VY™), v — ¥*) (@ pdz) = (f + 050 = Y") H(Q,pda) - (4.18)

Moreover, in view of previous suggestions, we have

khm <_d1V(PEkV3/ek)a ’Usk - y€k>H(Q,pEdeIE)
— 00

= (=div(p(2)Vy"), ) ir(Q,pde) — limsup / (Ve Ve, Jrv pey d
k—o0
> (f +u"v = ¥") H(Q,pda)s
or

limsup/(Vyek,Vyek)RNpgkdx
k—o00
< (=div(p()Vy*), 0) g pdey — (F + 050 = Y (@, pdn)> TV € K.
Having put in the last inequality v = y*, we get
limsup/ \Vye, [>pdr < / \Vy* |2 pdz,

k—o00
Q

that together with the property of the lower semicontinuity with respect to the
weak convergence in L2(Q, ptdx), gives us that Vy., — Vy* in L*(Q, p**dx)V,
k — oo.The proof is complete. ]
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As an evident consequence of this lemma and the lower semicontinuity pro-
perty of the cost functional (4.6) with respect to w-convergence in the variable
space Y(£2, p°dz), we have the following conclusion.

Corollary 4.1. Let {ex} be a subsequence of indices {e} such that e, — 0 as
k — oo, and let {(ug,yr) € Z¢, tren be a sequence of admissible solutions to
corresponding perturbed problems (4.6)-(4.8) such that (uy,yr) w-converges to
(u,y). Then properties (4.3) are valid.

To discuss properties (4.4)-(4.5), we give a result which is reciprocal in some
sense to Lemma 4.1.

Lemma 4.2. Let {p° = (p)c}e>0 be a “direct” smoothing of a degenerate weight
function p(x) >0 and let (u,y) € Eg be any admissible pair. Then there exists a
relizing sequence {(te, ye) € Y(Q, p°dx)}es0 such that

(tie, §e) € Bc Ve > 0, G — u in L*(Q, (p°) " tdz); (4.19)
g =y in L*(Q,p°dx), V. — Vy in L*(Q, p°dx)N. (4.20)

Proof. Let us construct the sequence {(ic, Jc)}e>0 as follows:

/ Q(2)u(r +ez)dz (4.21)

Je € H(Q, p°dx) is an H-solution of (4.8) corresponding to w = t.. (4.22)

Let us show that for every e > 0 the pair (4., g-) is admissible to the corresponding
problem (4.6)-(4.8). Indeed, as follows from [10] there exists C' > 0 such that

) < C [ u(x+ez)dz
/

Taking into account the last inequality, properties of functions p and w, using the
replacement of variables in double integral, we have:

2

||ﬂs||%2(g,p—1dz) / /Q u(z +e2)dz | pldx

< / /u(x +ez)dz | plde < Cl//UQ(a:+€z)p1dzdx

Q Q
= CallullZ2(llo™ er0) < Csllulltaipm1am o™ 1) < o0,

where C1, Cy, C5 are some positive constants. Hence,

e € L*(Q, p~tdx) € L*(Q, (p°) dz),
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Ve > 0. Let T. : L*(Q, pdx) — L?(Q, p°dz) is a “lifting” operator, constructed in
(2.15). Since p~tu € L2(, pdz) (for details we refer to [10]), then

1. A~ e\ —1 — 1' e\—1
lim [ dep(pf) " de = lim [ u(p)e(p) " dx
Q

Q
=1lim [ p~ u(p)e(p®) " pda = lim/Ta(p‘IU)so(pE)‘lpadw
e—0 e—0

Q Q

= lim [ T.(p 'u)pdz = /ugop_ld:c.
e—0
Q Q

Taking into account properties of “lifting” operator (see Theorem 2.4), we have
that 4. — w in L*(%, (p°)"'dz). In view of the definition of Uj, we have that
t. € Ug. Thus, we conclude that the sequence {(t,J:)}e>0 € 2. As a result,
following arguments of the proof of Lemma 4.1, we have that § — y in L?(Q, pdx)
and Vj. — Vyin L?(Q, p°dx)" as e — 0, where y = y(u), for any subsequence of
{9 € H(Q, p°dz)}->0 and, hence, for the entire sequence. Here (u,y) € Zp is a
given H-admissible solution to problem (3.3)-(3.5). This concludes the proof. [

Corollary 4.2. Lemma 4.2 implies the equality I(u,y) = liné I (te, Je)-
E—>

As an obvious consequence of Definition 4.2, and Lemmas 4.1-4.2 with their
Corollaries, we can give the following conclusion.

Theorem 4.3. Let {p° = (p)e }e>0 be a “direct” smoothing of a degenerate weight
function p(x) > 0. Then the minimization problem (3.3)-(3.5) is a weak varia-
tional limit of the sequence (4.6)-(4.8) as e — 0 with respect to the w-convergence
in the variable space Y (2, p*dx).

5. General cinclusions

In this paper we substantiate the validity of an H-attainability concept. Note
that it can be considered in the case of solvability of initial degenerate optimal
control problem and corresponding approximate problems. In order to verify that
the set of optimal solutions to initial degenerate OCP is not empty, we invoke the
concept of degenerate weight function of potential type (see for details [17]). Also
for non-degenerate perturbed OCPs we construct the optimality conditions. As
far as we show that at least one optimal solution to the problem (3.3)-(3.5) can
be attained by optimal solutions to perturbed problems (4.6)-(4.8), and therefore,
we can apply the derived optimality system for € > 0 small enough to characterise
the attainable optimal pairs to the initial optimization problem.
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1. Introduction to the formulation

The magnetic induction equation

B,+Vx(Bxu)=0 (1.1)

is a constitutive part of the governing equations of ideal MHD [5]. In (1.1) u(t, x) is
the velocity field of a moving continuum, B(¢, ) is the magnetic induction field,
(t,x) refers to an inertial frame of reference, and the lower index ¢ indicates
the partial derivative with respect to t.

The magnetic induction equation has been studying by many authors, but in
the current study our concern is the following equation

B,+w-VB - B-Vw=\B, (1.2)

derived by Hornig & Schindler [7] for the evolution of the B-field and discussed
in [2,3,11]. In (1.2) w(t, ) is the velocity of the magnetic lines (the vector lines
of the B-field), A is ‘a scalar free function’.

If the solenoidal nature of the B-field (V - B = 0) is accounted for in (1.1),
then the former converts into the equation

B,+u-VB-B-Vu+ (V-u)B=0, (1.3)

exactly the same as the Zorawski criterion [13] for the B-field to be frozen in
the moving continuum. It follows from (1.3) that w, =w, and generally w) #u,
where w(t, z) =w, (,x) + w(t,z), u(t, ) =u (,x) + u(¢,©), and the lower

*Dept. of Differential Equations, Faculty of Mech & Math, Oles Honchar Dnipro National University,
72, Gagarin av., Dnipro, 49010, Ukraine, bvl@dsu.dp.ua

© Vladimir L. Borsch, 2018.
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indices mean respectively local orthogonal and tangent directions to a magnetic
line. But (1.2) is surely to differ from the criterion [13], and from this there stems
our interest to the formulation (1.2) of the evolution equation for B(t¢,x) and
especially to function A.

2. Preliminaries of the formulation

Following [7] we introduce some diffeomorphic mappings to study the formula-
tion (1.2) of the evolution equation for the magnetic induction.
The first one
=0, tX), XecD{t)CR3 t>t, (2.1)
maps domain D(t’) onto domain D(t), t > ', where X are coordinates parametri-
zing domain D(t') (sometimes called the Lagrangian independent variables), and
X =¢,(t,X) (2.2)

is the identical mapping. The inverse mapping

X =,(t,x), xeD(t), t=t, (2.3)

acts in the opposite direction (in time).
The partial derivative of (2.1) with respect to time is called the velocity of
the mapping

Iy (t, X)
t,X)= "4 1"~ 2.4
o(t, X) = Hou (2.4
and is easily presented in the Eulerian independent variables @
u(t,x) = v(t, 1, (t,x)). (2.5)

Diffeomorphism (2.1) is responsible for the motion of the continuum and is
the only solution to the following Cauchy problem ‘in the whole’

dx
— =u(t,x),
dt (2.6)
z(t') = X'
The second one
x=0p,tX), XecD{)CR? t>t, (2.7)

maps domain D(t') onto domain D(t), t > t', and

X = ¢, (1", X) (2.8)

is the identical mapping. The inverse mapping
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X =1,(tx), xeD(t), t=t, (2.9)

acts in the opposite direction (in time).
The partial derivative of (2.7) with respect to time is called the velocity of
the mapping

O, (t, X)

w(t, ) 5t

. (2.10)
X:'(/’w(tvw)

Diffeomorphism (2.7) is responsible for the motion (evolution) of magnetic
field B(t,x) and can be specified through velocity field w(¢,x). Newcomb [9]
and Stern [12] discussed some ways of specifying velocity filed w(¢, ) having
properties mentioned above.

The solutions to the following Cauchy problem

d

= B(te),

do z, ' €eDt), t=t, (2.11)
xz(o') =,

are called the magnetic lines (of the B field) and are given as the following dif-
feomorphism (the third one)

x =gtz o), (2.12)

where o is a scalar parameter along the magnetic lines.
Diffeomorphism (2.12) is the only solution to the Cauchy problem (2.11), since

_ Oppg(t, @', o)
B oo (2.12)

(2',0) =

B(t,x) (2.13)

We note that ¢,,, ¢,, and g are called sometimes the (phase) flows for fields
u(t,x), w(t,z) and B(t,x), whereas in [3] ¢,, and ¢ g are called the generating
functions for w(t, ) and B(t,x).

3. The main proposition of the formulation

Now we present a fully geometrical proof of the formulation (1.2) of the evolu-
tion equation for the magnetic induction extended compared to that given in [7].
The proof is based on a reparametrization of diffeomorphism ¢ g introduced in [7]
and the commutation condition of flows (proposition 4.2.27 in [1]).

Proposition 3.1. If diffeomorphisms ¢,, (2.7) and ¢ g (2.12) commute, the latter
being reparametrized the proper way; then the resulted evolution equation for
the B-field is determined uniquely.
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Proof. Let an arbitrary instant ¢’ be the reference one. This means that the Car-
tesian coordinates x at ¢’ are considered to be the Lagrangian ones: X =x. Then
take a magnetic line I'(#’) and parametrize it due to diffeomorphism ¢ 5 as follows

T = (IDB(t/)mMJ U) 3

where M € ['(t) is an arbitrary point: y; = @ g (', Ty, opp)- Choosing an infini-
tesimal increment Ao of the parameter we determine point N € T'(t):

N = @p(t, Ty, o) oy =om t+ Ao

At instant ¢’ + At, where At is an infinitesimal increment of time, diffeomor-
phism ¢,, maps magnetic line I'(¢') onto a magnetic line I'(¢' + At). The latter is
the image of the former due to diffeomorphism ¢,,, if we assume that the magnetic
lines are ‘frozen’ in the moving continuum, this implies that w, = v and gene-
rally w), #* w.

Diffeomorphism ¢,, maps points M, N € I'(t) into points M/, N" € T'(¢ + At)
as follows

{xM’ = Qow(t/ + At, XM) )
ZDN/ = (,D,w(t/ + At, XN) y

and finally, at instant ¢’ + At diffeomorphism ¢ g maps point M’ into point N”

TN = CPB(t/ + At, Ty s O'M//) s

where oy = opp + Ao, and zyp = gt + At, zpp, opp)-

Generally speaking, N” # N’, that is there is no commutation of diffeomor-
phisms ¢,, and ¢ g (Fig. 1, a).

It is clear that for commutation to occur, the parametrization of magnetic
lines due to diffeomorphism ¢ g should be changed as

x=pgt,x' otz o)), t>t, (3.1)

where a(t', ', o) = o, and the bar over the symbol of the diffeomorphism denotes
the proper reparametrization. The evident restriction to be imposed on function «
along magnetic line I'(#' + At) for diffeomorphisms ¢,,, ¢ 5 and @z to commute
(Fig. 1, b) is the following

CBN/ = @B(t/ + At, CL‘M/, O[N/) 5 (32)
where

da(t’ + At, 2y,
an = oy + Aar, Aa = o +807wM o) . Ao . (3.3)
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(£ +A) 9, I['(£'+Af)

Fig. 1. Evolution of magnetic line I between two instants ¢ and ¢ + At: infinitesimal
quadrilaterals MM'N’N formed by diffeomorphisms ¢,, and ¢ g without commutation
(a: N’ # N") and by diffeomorphisms ¢.,, ¢z and ¢ with commutation (b: N’ = N")

But we can easily find A« directly, without finding function «. Indeed, for
the reparametrized diffeomorphism @ g we have (one should refer to (2.11) and
replace o with « in the differential equation for the magnetic lines)

dx
-~ _B
da ’

hence, the required expression for A« in (3.2), (3.3) is

X — Xy
Aa = :
CTIB{ £ At,xyy)|

Expanding the expressions for the coordinates of points N, M’ and N’ into
series with respect to At and Ao and retaining only the terms of the first order
in At and Ao we obtain

dpp(t', zyp, on)

zN = @t Ty, op) + A 9% =z +Ac B, zy),  (34)
t', X .
Ty = L,Ow(t,, X)) + At W (2:8) Ty + Atw(t,’ Tng) s
(3.5)
/
T = (', XN) + At&'ow(g;XN) = TN + Atw(t, zy) .

Using the obtained expressions for the difference xp, — xpp yields to
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:IJN/ — :BM/ (3:5) CCN — :I)M + At (w(t,, :EN) — w(t,, wM))

G Ay B(t', xyp) + At (w(t’, Ty + Ao B(t', ) — w(t mM))

= Ao B(t,xy) + At Ao B(t',xzpp) - Vw(t', )

and the required expression for the proper value of A« reduces to the following

‘B(t,a wM) + AtB(t/7mM) ’ V'w(t’, wM)‘
OB(t', xyy)
ot

Ao =

Ac. (3.6)
‘B(t,a:M) + At +Atw(t',wM)-VB(t’,a:M)‘
Now we consider infinitesimal quadrilateral MM'N’N (Fig. 1,b) and set up

the following commutation equality for diffeomorphisms ¢,,, ¢p and @ g acting
on MM'N'N

@B (t, —+ At, (Pw(t/ =+ At, XM)? UN/) = (P,w (t, —+ At, LPB(t/, :BM, JN)) . (37)

The necessary and sufficient condition for the above equality to hold is the following
commutation condition [1]

2 2
[ai oi 28 (1 #u(l, X), alt, a))] = [8560 ow (L ep(t e, a>>] . (68

where the brackets herein after denote that a quantity enclosed is calculated
at point (#',xy;). Using the defined derivatives (2.10) and (2.13) of ¢,, and ¢
in (3.8) yields to

;[B (t, P (t, X)) % a(t,m,a)] = % {w (t,ch(t,w,J))}

The derivative of the term in the brackets at the right hand side of the above
equality is evident

Ipp(t, Ty, oMm)
do
and the same is true for the product in the brackets at the left hand side

Vw(t', ) = B(t, ) - Vw(t', )

8B(t/7 CCM) 8‘1010 (t/a wM) / da ! (9201

= (aB(g’t””M) Fw(t,zy) - VB(t’,a:M)) Bj] + B(t,zy) [a‘f‘;t].
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To calculate the first derivative on o and the mixed derivative of function «
we use the divided differences as follows

=1

)

0o | Loy IBU + AL zyy)| Ao S8 |y — 2y [ B+ AL 2y )|

|zny — 2y || Bt 2yy)|

- lim :]-7
3% T — oy | B + Atz )|
|.’L'N/ - :BM/| B |mN — ZCM| Aa
2 B(t' + At,x,,, B(t' Ao
#a]_  TBE+ALay)  Blal _ A
ot do At—0 Ao At At—0 At

Ac—0

For completing the calculation of the mixed derivative we consider the numerator
of the last expression separately as follows

“B—l—AtB-V'w”

Aa 1 @9

'B+At88?+At’w~VB'

‘B+AtB.VwHB+At%?+Atw-VB‘

ot

'B+AtaB+Atw~VB‘

‘B+AtB-Vw‘+‘B+Ataa?+Atw-VB‘

X

B
‘B—kAtB.Vw‘—F‘BJrAtaat+Atw'VB‘

2 2
<B+AtB-Vw> —(B+Ataalf+Atw-VB>

‘B—FAtaB—FAtu%VB'

ot

‘B+AtB-Vw‘+‘B+At68? +Atw-VBu

B-(Vw)-B-B-2Z _w.(vB).B+0O (Y

2At 5

‘B—FAtaB—i-Atw-VB'

ot

‘B+AtB-Vw‘+‘B+AtaEf +Atw.v3u
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Replacing the numerator of the expression for the mixed derivative of function «
with the above one and taking the limit at At — 0 we obtain the final expression
for the mixed derivative

oo

ot 0o

Gathering all the terms obtained when treating commutation condition (3.8)
we conclude that the required evolution equation for the magnetic induction reads

—)\——LBlP(; o +w.(VB).B_B.(Vw).B>]. (3.9)

1 /10|B|?
B,+w-VB-B -Vw = ( 9|B|

= BE\2 A —|—w-(VB)-B—B-(Vw)-B>B.

A
(3.10)

Arbitrariness of point (¢, x);) means that the equation obtained is valid at
any point (¢,x) € D(t) and this is denoted by dropping the brackets referring
to point (¥, xy;) in (3.8). O

4. The Galilean invariance of the formulation

The MHD phenomena in the non-relativistic limit are Galilean invariant [10],
but the original magnetic induction equation (1.1) does not obey the Galilean
transformation. It was Godunov [6] who showed that (1.1) transforms to formula-
tion (1.3) being Galilean invariant if the solenoidal nature of the B-field is accoun-
ted for explicitly. And what about evolution equation (3.10)7

Proposition 4.1. Evolution equation (3.10) is Galilean invariant.

Proof. Let (1,€) be an inertial frame of reference such that

T=1,
{ (4.1)
E=x—ta,

where a is a constant velocity, then velocity field w(t, ) and magnetic induction
B(t,x) observed in (7, €) and indicated by an asterisk are

{w*(ﬂﬁ) ~ w(t,z) - a,
B*(1,6) = B(t,x).

When changing the frame of reference from (¢, x) to (7, &) the partial deriva-
tives transform as follows
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OB 0B* 0¢ o OB*
ot~ or +§'(V£B>_ or

—a- (VgB*) ,

hence, applying the above transformations to the terms on the left-hand side of
evolution equation (3.10) yields to

oB*
or

_ 0B
- or

The similar transformations are easily applied to the terms in the parentheses
on the right-hand side of evolution equation (3.10) as follows

—a- (V¢B*) +w" - (V¢B*) +a-(VeB*) - B"- (Vew")

B -W—a-(VSB )-B
+w"- (V¢B*)-B*+a- (V¢B*) - B"— B*- (Vaw") - B
OB

5+ w*- (V¢B*) - B* — B*- (Vew") - B*.

Gathering all the transformed terms we obtain the following evolution equation
for the magnetic induction in frame of reference (7, €)

=|B*|2< +w* - (VeB") B —B-(ng)-B>B.

2 0T

The resulted equation is seen to be the same as the evolution equation in
frame of reference (¢, ). This completes the proof. O

5. The incompleteness of the formulation

Function A in (3.10) looks if it were obtained directly from (1.2) by the dot
product of the former and the local vector B(t, ) as follows

B-B,+w-(VB)-B—-B-(Vw)-B=\B:B, (5.1)

nevertheless evolution equation (3.10) is obtainable by direct calculation of mixed
derivative (3.9) in commutation condition (3.8). This is an evidence that evolution
equation (3.10) is incomplete. Actually, the dot product of (3.10) and the local
vector B(t,x) produces the trivial identity 0 = 0, i.e., the evolution equation
being under consideration ‘works’ only in planes normal to the local vectors B(t, x).
The situation is clarified by the following
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Proposition 5.1. Evolution equation (3.10) for the magnetic induction is incomp-
lete, i. e., it actually includes only two evolution equations for two scalar quantities.

Proof. Let domains D(t),t > t', be parametrized using Cartesian orthogonal coor-
dinates & = (z, x5, 3), hence, B=(By, By, B3), w=(w;, wy, w3), and evolution
equation (3.10) be rewritten in matrix form as the following quasilinear system
of the first order

3
ou ou
An(U) — A_(U; = G(U; 2
O( ) 8t +I; n( ,’UJ) a-ﬁUH ( ,V’UJ), (5 )
where
By ‘BP — BB —B, B, —B,B;
U= Bz ) AO(U) = —3231 |B‘2 - B2B2 _B2B3 )
B3 _B3Bl —B3B, |B‘2 — B3 B;

A (Ui w) = Ag(U) C(w) = Cy(w) Ag(U),  Cy(w) = w,diag (1,1,1),

|B|2 ¢>1(B; V'w) - ¢(B§ Vw) B,
G(U;Vw) = | |BJ* ¢o(B;Vw) — ¢(B;Vw) B, |,
|B|? ¢5(B; Vw) — ¢(B; Vw) By

@1, ¢, and ¢3 being linear forms and ¢ being a quadratic form in the components
of the B-field as follows

ow,, 5
8$ ) _LleL¢L(B7vw)

L

3 3
¢(B;Vw) = > " BB, %ﬁj = ZTBL (Zl B,

k=1 1=1

We use matrix notation U for the dependent variables in matrix formulation (5.2)
of evolution equation (3.10) and its constitutive parts and vector notation B in
the scalar functions and the entries of the matrices.

Matrix A, is singular: det Ay = 0, rank Aj = 2, but being real symmetric it
has real eigenvalues: \; = 0, Ay = |B|?, A\; = |B|?, and complete sets of the left
(rows) and the right (columns) normalized real eigenvectors

B, B By Bs B3 B

L(U)=R Y (U)=|B|™* | —B;Bs —ByBs BB+ ByBy |,
—ByB, BB, + B3B; —ByB4
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& _Bs _Bz

By By B,

R(U) = L_l(U) = % 0 1
By

1 1 0

The left and the right eigenvectors are normalized as above to diagonalize
matrix A, as follows

L(U) Ay(U)R(U) = diag (0, |B*, |B|*) = Q(U),  Ay(U) = R(U)Q(U) L(U).

Applying this property to system (5.2) yields to

Q(U) (L(U) oy > C(w)L(U) gf) = H(U; Vw) , (5.3)

where the source term on the right-hand side has the following explicit form

0
H(U;Vw) = L(U)G(U; Vw) = | |B]? ¢3(B; Vw) — ¢(B;Vw) B3 |, (5.4)
|B‘2¢2(B§ Vw) — ¢(B; Vw) By

whereas the terms on the left-hand side need to be simplified using a proper
transformation of the dependent variables U.

The proper choice of the variable transformation is prompted by the differential
terms on the the left-hand side of system (5.3) leading to the following matrix-
column product

B,BydB, + ByBsydB, + ByBy dBy
IB2L(U)dU = | —B,B;dB, — ByBs dBy + (BB, + ByB,)dBs | |
—ByB, dB, + (B, B, + B3B;)dB, — B, Bs dBy

where scalar multiplier |B|? represents the non-zero entries of matrix Q(U).

The 1-forms given by the entries of the resulted column vector above and
denoted below respectively as w;, wy, and ws, are evidently to be integrable,
the integrating factors being as follows

1 1 1
9 B = )9 B = —— =
1(B) B, (B} + B3 + B3) 2(B)
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Hence, we find that

/B2 + B?
0,(B) wy = dvy = d$,

2

/B? + B3
03(B)W3 - d'U3 - d%?

\ 3

—
ot
ot

Nz

and the new dependent variables are V(U) = (vy, vy, v3).
Eventually, the first differential equation of system (5.3) vanishes, whereas
the remaining two ones read

0 &) 3 Wy, 0 0 Vg Do (1}1, Vg, Vs vw)
al, | T2 oo || =
t Vg =1 L 0 wy Tr vy p3(vy, v, v3; V)

where

Pa(v1, 03, v5; V) = |6,(B) by (Bi Vo) .

Ps(v1, 03,055 V) = [65(B) hy (B V)|

and hy, hs are two non-zero entries of column vector H (5.4). Both equations of
system (5.6) are coupled through source terms p, and ps.
Finding the above system completes the proof. O

6. Conclusions of the formulation

1. Evolution equation (1.2) is uniquely determined by diffeomorphisms ¢,,,
¢pg and @p. This means that function A explicitly depends on the local values
of fields B(t, ) and w(t, ) and the partial derivatives of B(¢, x) as it is seen from
formulation (3.10) of the evolution equation, rather than being ‘a free function’.

2. Evolution equation (1.2) is influenced by velocity field w(t, ), nevertheless
substituting velocity field w(t, ) into (1.2) does not convert the former into
magnetic induction equation (1.3), since in both formulations (1.1) and (1.3) of
the magnetic induction equation and in evolution equation (1.2) for the magnetic
induction the velocity fields have quite different meanings.

3. Evolution equation (1.2) is Galilean invariant similarly to formulation (1.3)
of the magnetic induction equation.

4. Evolution equation (1.2) is incomplete, since it is reduced to system (5.6) of
two partial differential equations for dependent variables vy, v4 (5.5). System (5.6)
needs to be supplemented with a constraint imposed on variables (v, vy, v3), either
algebraic or differential, to admit the well-posed formulations [4,8] of IBVP.
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5. Variable v; (5.5) is introduced similarly to variables vy, vs using the left

eigenvectors but variable v; turns out to be blind to the sign of component B; of
the B-field, contrary to variables v,, v3 accounting for the signs of components B,
and Bj. Therefore, an other choice for v; may be more appropriate.
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